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PREFACE  TO  PART  I. 


I~N  the  following  work  I  have  aimed  at  writing  a 
-*-  working  text-book  on  Statics  for  the  use  of  Junior 
Students. 

Throughout  the  book  will  be  found  a  large  number 
of  examples;  most  of  them,  with  the  exception  of 
many  of  those  at  the  end  of  the  Chapter  on  Friction 
and  the  Miscellaneous  Examples  at  the  end  of  the 
volume,  are  of  an  easy  type. 

I  have  tried  to  make  the  book  complete  as  far  as 
it  goes;  it  is  suggested,  however,  that  the  student 
should,  on  the  first  reading  of  the  subject,  omit  every 
thing  marked  with  an  asterisk. 

I  must  express  my  obligations  to  my  friend 
Mr  H.  C.  Robson,  M.A.,  Fellow  and  Lecturer  of 
Sidney  Sussex  College,  Cambridge,  for  his  kindness 
in  reading  through  the  proof-sheets,  and  for  many 
suggestions  that  he  has  made  to  me. 

Any  corrections  of  errors,  or  hints  for  improvement 
will  be  thankfully  received. 

S.  L.  LONEY. 

BARNES,  S.W. 
December,  1890. 


PEEFACE   TO   SECOND   EDITION. 

TN  the  second  edition  few  alterations  have  been  made, 
-*-  An  alternative  method  of  verifying  the  Paral 
lelogram  of  Forces,  suggested  to  me  by  Mr  W.  P. 
Workman,  M.A.,  Head  Master  of  Kingswood  School, 
Bath,  and  a  set  of  easier  Miscellaneous  Examples  have 
been  introduced. 

For  a  large  number  of  corrections  and  suggestions  I 
am  indebted  to  the  kindness  of  many  correspondents. 


S.  L.  LONEY. 


ROYAL  HOLLOW  AY  COLLEGE, 
EGHAM,  SURREY. 
September,  1892. 
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STATICS. 

CHAPTER  I. 

INTRODUCTION. 

1.  A  Body  is  a  portion  of  matter  limited  in  every 
direction. 

2.  Force  is  anything  which    changes,   or   tends   to 
change,  the  state  of  rest,  or  uniform  motion,  of  a  body. 

3.  Rest.     A  body  is  said  to  be  at  rest  when  it  does 
not  change  its  position  with  respect  to  surrounding  objects. 

4.  Statics  is  the  science  which  treats  of  the  action 
of  forces  on  bodies,  the  forces  being  so  arranged  that  the 
bodies  are  at  rest. 

The  science  which  treats  of  the  action  of  force  on  bodies 
in  motion  is  called  Dynamics. 

In  the  more  modern  system  of  nomenclature  which  is  gradually 
gaining  general  acceptance,  the  science  which  treats  of  the  action  of 
force  on  bodies  is  called  Dynamics,  and  it  has  two  subdivisions, 
Statics  and  Kinetics,  treating  of  the  action  of  forces  on  bodies  which 
are  at  rest  and  in  motion  respectively. 

5.  A  Particle   is  a  portion  of  matter  which  is  in 
definitely  small  in  size. 

6.  A  Rigid  Body  is  a  body  whose   parts   always 
preserve  an  invariable  position  with  respect  to  one  another. 

L.  s.  1 


2  STATICS. 

In  nature  no  body  is  perfectly  rigid.  Every  body  yields, 
perhaps  only  very  slightly,  if  force  be  applied  to  it.  If  a 
rod,  made  of  wood,  have  one  end  firmly  fixed  and  the  other 
end  be  pulled,  the  wood  stretches  slightly;  if  the  rod  be 
made  of  iron  the  deformation  is  very  much  less. 

To  simplify  our  enquiry  we  shall  assume  that  all  the 
bodies  with  which  we  have  to  deal  are  perfectly  rigid. 

7.  Equal  Forces.     Two  forces  are  said  to  be  equal 
when,  if  they  act  on  a  particle  in  opposite  directions,  the 
particle  remains  at  rest. 

8.  Mass.     The  mass  of  a  body  is  the   quantity  of 
matter  in  the  body.     The  unit  of  mass  used  in  England  is 
a  pound  and  is  defined  to  be  the  mass  of  a  certain  piece  of 
platinum  kept  in  the  Exchequer  Office. 

Hence  the  mass  of  a  body  is  two,  three,  four...  Ibs., 
when  it  contains  two,  three,  four...  times  as  much  matter 
as  the  standard  lump  of  platinum. 

9.  Weight.     The  idea  of  weight  is  one  with  which 
everyone  is  familiar.     We  all  know  that  a  certain  amount 
of  exertion  is  required  to  prevent  any  body  from  falling  to 
the  ground.     The  earth  attracts  every  body  to  itself  with 
a  force  which,  as  we  shall  see  in  Dynamics,  is  proportional 
to  the  mass  of  the  body. 

The  force  with  which  the  earth  attracts  any  body  to 
itself  is  called  the  weight  of  the  body. 

10.  Measurement  of  Force.     We  shall  choose,  as  our 
unit  of  force  in  Statics,  the  weight  of  one  pound.    The  unit 
of  force  is  therefore  equal  to  the  force  which  would  just 
support  a  mass  of  one  pound  when  hanging  freely. 

We  shall  find  in  Dynamics  that  the  weight  of  one 
pound  is  not  quite  the  same  at  different  points  of  the 
earth's  surface. 
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In  Statics,  however,  we  shall  not  have  to  compare  forces 
at  different  points  of  the  earth's  surface  so  that  this  variation 
in  the  weight  of  a  pound  is  of  no  practical  importance ;  we 
shall  therefore  neglect  this  variation  and  assume  the  weight 
of  a  pound  to  be  constant. 

11.  In  practice  the  expression  "weight  of  one  pound" 
is,   in  Statics,   often   shortened   into    "one   pound."     The 
student  will  therefore  understand  that  "  a  force  of  10  Ibs." 
means  "a  force  equal  to  the  weight  of  10  Ibs." 

12.  Forces  represented  by  straight  lines.     A  force  will 
be  completely  known   when  we  know  (i)  its   magnitude, 
(ii)  its  direction,  and  (iii)  its  point  of  application,  i.e.  the 
point  of  the  body  at  which  the  force  acts. 

Hence  we  can  conveniently  represent  a  force  by  a 
straight  line  drawn  through  its  point  of  application ;  for 
a  straight  line  has  both  magnitude  and  direction. 

Thus  suppose  a  straight  line  OA  represents  a  force, 
equal  to  10  Ibs.  weight,  acting  at  a  point  0.  A  force  of 


5  Ibs.  weight  acting  in  the  same  direction  would  be  repre 
sented  by  OB,  where  B  bisects  the  distance  OA,  whilst  a 
force,  equal  to  20  Ibs.  weight,  would  be  represented  by  00, 
where  OA  is  produced  till  AC  equals  OA. 

An  arrowhead  is  often  used  to  denote  the  direction  in 

which  a  force  acts. 

• 

13.     Subdivisions  of  Force.     There  are  three  different 
forms  under  which  a  force  may  appear  when  applied  to  a 

1—2 


4  STATICS. 

mass,  viz.  as  (i)  an  attraction,  (ii)  a  tension,  and   (iii)  a 
reaction. 

14.  Attraction.     An  attraction  is  a  force  exerted  by 
one   body   on   another   without   the   intervention  of   any 
visible  instrument  and  without  the  bodies  being  necessarily 
in  contact.     The  only  example  we  shall  have  in  this  book 
is  the  attraction  which  the  earth  has  for  every  body ;  this 
attraction  is  (Art.  9)  called  its  weight. 

15.  Tension.     If  we  tie  one  end  of  a  string  to  any 
point  of  a  body  and  pull  at  the  other  end  of  the  string,  we 
exert  a  force  on  the  body ;  such  a  force,  exerted  by  means 
of  a  string  or  rod,  is  called  a  tension. 

If  the  string  be  light  [i.e.  one  whose  weight  is  so  small 
that  it  may  be  neglected]  the  force  exerted  by  the  string  is 
the  same  throughout  its  length. 

For  example,  if  a  weight  W  be  supported  by  means  of 
a  light  string  passing  over  the  edge  of  a  table  it  is  found 


W 


that  the  same  force  must  be  applied  to  the  string  whatever 
be  the  point,  A,  £,  or  C  of  the  string  at  which  the  force  is 
applied. 

Now  the  force  at  A  required  to  support  the  weight- 
is  the  same  in  each  case ;  hence  it  is  clear  that  the  effect 
at  A  is  the  same  whatever  be  the  point  of  the  string  to 
which  the  tension  is  applied  and  that  the  tension  of  the 
string  is  therefore  the  same  throughout  its  length. 
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Again,  if  the  weight  W  be  supported  by  a  light  string 
passing  round  a  smooth  peg  A,  it  is  found  that  the  same 
force  must  be  exerted  at  the  other  end  of  the  string  what 
ever  be  the  direction  (AB,  AC,  or  AD)  in  which  the  string 
is  pulled  and  that  this  force  is  equal  to  the  weight  W. 


W 


Hence  the  tension  of  a  light  string  passing  round  a 
smooth  peg  is  the  same  throughout  its  length. 

If  two  or  more  strings  be  knotted  together  the  tensions 
are  not  necessarily  the  same  in  each  string. 

The  student  must  carefully  notice  that  the  tension  of  a  string  is 
not  proportional  to  its  length.  It  is  a  common  error  to  suppose  that 
the  longer  a  string  the  greater  is  its  tension ;  it  is  true  that  we  can 
often  apply  our  force  more  advantageously  if  we  use  a  longer  piece  of 
string,  and  hence  a  beginner  often  assumes  that,  other  things  being 
equal,  the  longer  string  has  the  greater  tension. 

16.  Reaction.  If  one  body  lean,  or  be  pressed,  against 
another  body,  each  body  experiences  a  force  at  the  point  of 
contact ;  such  a  force  is  called  a  reaction. 

The  force,  or  action,  that  one  body  exerts  on  a  second 
body  is  equal  and  opposite  to  the  force,  or  reaction,  that 
the  second  body  exerts  on  the  first. 

This  statement  will  be  found  to  be  included  in  Newton's 
Third  Law  of  Motion  [Part  II.,  Art.  73]. 
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Example.  If  a  ladder  lean  against  a  wall  the  force 
exerted  by  the  end  of  the  ladder  upon  the  wall  is  equal  and 
opposite  to  that  exerted  by  the  wall  upon  the  end  of  the 
ladder. 

17.  Equilibrium.     When  two  or  more  forces  act 
upon  a  body  and  are  so  arranged  that  the  body  remains  at 
rest,  the  forces  are  said  to  be  in  equilibrium. 

18.  Introduction,   or  removal,   of  equal  and  opposite 
forces.     We  shall  assume  that  if  at  any  point  of  a  rigid 
body  we  apply  two  equal  and  opposite  forces,  they  will 
have  no  effect  on  the  equilibrium  of  the  body ;  similarly, 
that  if  at  any  point  of  a  body  two  equal  and  opposite 
forces  are  acting  they  may  be  removed. 

19.  Principle  of  the  Trans missibility  of  Force.     If  a 
force  act  at  any  point  of  a  rigid  body,  it  may  be  considered 

to  act  at  any  other  point  in  its  line  of  action  provided  that 
this  latter  point  be  rigidly  connected  with  the  body. 

Let  a  force  F  act  at  a  point  A  of  a  body  in  a  direction 
AX.  Take  any  point  B  in  AX  and  at  B  introduce  two 


equal  and  opposite  forces,  each  equal  to  F,  acting  in  the 
directions  BA  and  BX ;  these  will  have  no  effect  on  the 
equilibrium  of  the  body. 

The  forces  F  acting  at  A  in  the  direction  AB,  and  F  at 
B  in  the  direction  BA  are  equal  and  opposite ;  we  shall 
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assume  that  they  neutralise  one  another  and  hence  that 
they  may  be  removed. 

We  have  thus  left  the  force  F  at  B  acting  in  the 
direction  EX  and  its  effect  is  the  same  as  that  of  the 
original  force  F  at  A. 

The  internal  forces  in  the  above  body  would  be  different 
according  as  the  force  F  is  supposed  applied  at  A  or  B ; 
of  the  internal  forces,  however,  we  do  not  treat  in  the 
present  book. 

2O.  Smooth  bodies.  If  we  place  a  piece  of  smooth 
polished  wood,  having  a  plane  face,  upon  a  table  whose  top 
is  made  as  smooth  as  possible  we  shall  find  that,  if  we 
attempt  to  move  the  block  along  the  surface  of  the  table, 
some  resistance  is  experienced.  There  is  always  some 
force,  however  small,  between  the  wood  and  the  surface 
of  the  table. 

If  the  bodies  were  perfectly  smooth  there  would  be 
no  force,  parallel  to  the  surface  of  the  table,  between  the 
block  and  the  table;  the  only  force  between  them  would 
be  perpendicular  to  the  table. 

Def.  When  two  bodies,  which  are  in  contact,  are 
perfectly  smooth  the  force,  or  reaction,  between  th^m  is 
perpendicular  to  their  common  surface  at  the  point  of 
contact. 


CHAPTER   II 

COMPOSITION   AND   RESOLUTION   OF   FORCES. 

21.  Suppose   a   flat   piece   of  wood   is   resting  on   a 
smooth  table  and  that  it   is   pulled   by  means   of   three 
strings  attached  to  three  of  its  corners,  the  forces  exerted 
by  the   strings   being   horizontal ;  if   the  tensions  of  the 
strings  be  so  adjusted  that  the  wood  remains  at  rest  it 
follows  that  the  three  forces  are  in  equilibrium. 

Hence  two  of  the  forces  must  together  exert  a  force 
equal  and  opposite  to  the  third.  This  force,  equal  and 
opposite  to  the  third,  is  called  the  resultant  of  the  first 
two. 

22.  Resultant.    Def.     If  two  or  more  forces  P,  Q, 
S...  act  upon  a  rigid  body  and  if  a  single  force,  R,  can  be 
found  whose  effect  upon  the  body  is  the  same  as  that  of  the 
forces  P,  Q,  S...  this  single  force  R  is  called  the  resultant  of 

the  other  forces  and  the  forces  P,  Q,  S...  are  called  the  com 
ponents  of  R. 

It  follows  from  the  definition  that  if  a  force  be  applied 
to  the  body  equal  and  opposite  to  the  force  72,  then  the 
forces  acting  on  the  body  will  balance  and  the  body  be  in 
equilibrium  \  conversely,  if  the  forces  acting  on  a  body 
balance  then  either  of  them  is  equal  and  opposite  to  the 
resultant  of  the  others. 
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23.  Resultant  of  forces  acting  in  the  same  straight  line. 
If  two  forces  act  on  a  body  in  the  same  direction  their 

resultant  is  clearly  equal  to  their  sum ;  thus  two  forces 
acting  in  the  same  direction,  equal  to  5  and  7  Ibs.  weight 
respectively,  are  equivalent  to  a  force  of  12  Ibs.  weight 
acting  in  the  same  direction  as  the  two  forces. 

If  two  forces  act  on  a  body  in  opposite  directions  their 
resultant  is  equal  to  their  difference  and  acts  in  the  direction 
of  the  greater;  thus  two  forces  acting  in  opposite  directions 
and  equal  to  9  and  4  Ibs.  weight  respectively  are  equivalent 
to  a  force  of  5  Ibs.  weight  acting  in  the  direction  of  the  first 
of  the  two  forces. 

24.  When  two  forces  act  at  a  point  of  a  rigid  body 
in  different  directions  their  resultant  may  be  obtained  by 
means  of  the  following 

Theorem.     Parallelogram   of  Forces.     If  two 

forces,  acting  at  a  point,  be  represented  in  magnitude  and 
direction  by  the  two  sides  of  a  parallelogram  drawn  from  one 
of  its  angular  points,  their  resultant  is  represented  both  in 
magnitude  and  direction  by  the  diagonal  of  the  parallelogram 
passing  through  that  angular  point. 

In  the  following  article  we  shall  give  an  experimental 
proof ;  the  formal  proof  will  be  found  in  Art.  43. 

In  Art.  73  of  Part  II.  of  this  book  will  be  found  a 
proof  founded  on  Newton's  Laws  of  Motion. 

25.  Experimental  proof. 

Let  L,  M  and  N  be  three  small  smooth  pegs  over  which 
pass  light  strings  supporting  masses  P  Ibs.,  Q  Ibs.,  and  R  Ibs. 
respectively.  Let  one  end  of  each  of  these  strings  be  tied 
together  at  a  point  0 ;  then  [unless  two  of  the  weights  are 
together  less  than  the  third]  the  system  will  take  up  some 
such  position  as  that  in  the  figure.  The  tension  of  the 
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string  OL  is  unaltered  by  passing  round  the  smooth  peg  L 
and  is  therefore  equal  to  the  weight  of  P  Ibs. ;  so  the 
tensions  in  the  strings  0 M  and  ON  are  respectively  equal  to 
the  weights  of  Q  and  R  Ibs. 


Hence  the  point  0  is  in  equilibrium  under  the  action  of 
forces  which  are  equal  respectively  to  the  weights  of  P,  Q, 
and  R  Ibs. 

Along  OL,  OM  and  ON  measure  off  distances  OA,  OB 
and  OC  proportional  to  P,  Q,  and  R  respectively  and  com 
plete  the  parallelogram  OA  DL. 

Then  it  will  be  found  that  OD  is  exactly  equal  in  mag 
nitude,  and  opposite  in  direction,  to  OC. 

But  the  effect  of  the  forces  OA  and  OB  is  equal  and 
opposite  to  that  of  OC.  Hence  the  effect  of  the  force  OD 
is  exactly  the  same  as  that  of  forces  OA  and  OB. 

This  will  be  found  to  be  true  whatever  be  the  relative 
magnitudes  of  P,  Q,  and  R,  provided  only  that  one  of  them 
is  not  greater  than  the  sum  of  the  other  two. 
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Hence  we  conclude  that  the  theorem  enunciated  is 
always  true. 

The  strings  and  pegs  of  the  above  experiment  may  be  advan 
tageously  replaced  by  three  Salter's  Spring  Balances  furnished  with 
hooks  at  their  ends  as  in  the  annexed  figure. 


Each  of  these  Balances  shows,  by  a  pointer  which  travels  up  and 
down  a  graduated  face,  what  force  is  applied  to  the  hook  at  its  end. 

The  three  hooks  are  fastened  together  and  forces  are  applied  to  the 
rings  at  the  other  ends  of  the  instruments  and  they  are  allowed  to 
take  up  their  position  of  equilibrium.  The  forces,  which  the  pointers 
denote,  replace  the  tensions  of  the  strings  in  the  preceding  experiment 
and  the  rest  of  the  construction  follows  as  before. 

26.  To  find  the  direction  and  magnitude  of  the  re 
sultant  of  two  forces,  we  have  to  find  the  direction  and 
magnitude  of  the  diagonal  of  a  parallelogram  of  which  the 
two  sides  represent  the  forces. 

Ex.  1.  Find  the  resultant  of  forces  equal  to  12  and  5  Ibs.  weight 
respectively  acting  at  right  angles. 

Let  OA  and  OB  represent  the  forces  so  that  OA  is  12  units  of 
length  and  OB  is  5  units  of  length ;  complete  the  rectangle  OAGB. 
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Then        OC2=042+^(72=122+52=169.     /.   0(7=13. 

A  n 

Also  t£ 


Hence  the  resultant  is  a  force  equal  to  13  Ibs.  weight  making  with 
the  first  force  an  angle  whose  tangent  is  ^  i.e.  about  22°  37'. 


Ex.  2.    Find  the  resultant  of  forces  e 
3  Ibs.  respectively  acting  at  an  angle  of  6 


I  to  the  Heights  of  5  and 


Let  OA  and  OB  represent  the  forces,  so  that  OA  is  5  nnits  and  OB 
8  units  of  length;  also  let  the  angle  .401?  be  60°. 

Complete  the  parallelogram  OACB  and  draw  GD  perpendicular  to 
OA.     Then  00  represents  the  required  resultant. 

Now        AD  =  AC  cos  CAD  =  3  cos  60°=%;  :.OD=^-. 


Also 


0(7= 


and 


Hence  the  resultant  is  a  force  equal  to  7  Ibs.  weight  in  a  direction 

3  /3 
making  with  OD  an  angle  whose  tangent  is  -^- ,  i.e.  about  21°  47'. 

J.O 

27.     The  resultant,  J?,  of  two  forces  P  and  Q  acting  at 
an  angle  a  may  be  easily  obtained  by  Trigonometry. 

For  let  OA  and  OB  represent  the  forces  P  and  Q  acting 
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at  an  angle  a.    Complete  the  parallelogram  OACB  and  draw 
CD  perpendicular  to  OA,  produced  if  necessary. 

Let  R  denote  the  magnitude  of  the  resultant. 
Then  OD  =  OA  +  AD  =  OA  +  AC  cos  DAG 


[If  D  fall  between  0  and  A,  as  in  the  second  figure,  we  have 
OD  -  OA  -  DA  =  OA  -  A  C  cos  DA  G  =  P  -  Q  cos  (180°  -  a)  =  P  +  Q  cos  a.] 

Also  DC  =  AC  sin  DAC  =  Q  sin  a. 


=  OC*  =OD*+CD*  =  (P+Q  cos  a)2  +  (Q  sin  a)2 

(i). 


AT  1  /~Y  /"*    7™V  v  N^  /»*\ 

Also  tan  C G^  =  -/T— -  =  -= — -^ —    — (n). 

OD     P  +  Q  cos  a 

These  two  equations  give  the  required  magnitude  and 
direction  of  the  resultant. 

Cor.  1.     If  the  forces  be  at  right  angles,  we  have  a  =90°, 

so  that  JR  =  \/P2+#3,  and  tan  CO  A  =  ^. 

• 

Cor.  2.    If  the  forces  be  each  equal  to  P,  we  have 
R  =»  V^2  (1  +  1  +  2  cos  a)  =  P  \/2  (1  +~cos  a) 


P  Bin  a 
and  tan  COA=  -^ — 5— 

P  +  P  cos  a 


r.       • 

2sm2COS2 
=  tan-, 
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so  that  the  resultant  of  two  equal  forces  bisects  the  angle 
between  them. 


EXAMPLES.    L 

1.  In  the  following  seven  examples  P  and  Q  denote  two  com 
ponent  forces  acting  at  an  angle  a  and  R  denotes  their  resultant. 

(i).  IfP  =  24;  Q=   7;   ct=   90°;  find  K. 

(ii).  IfP=13;  #  =  14;    a=   90°;  find  Q. 

(iii).  IfP=   7;  Q=  8;   a=  60°;  find  E. 

(iv).  If  P=   5;  Q=   9;   a=120°;  find  U. 

(v).  IfP=  3;  Q=  5;  E=  7;  find  a. 

(vi).  If  P=  13  ;  Q  =  14  ;    a  =  sin"1  |$  ;  find  E. 

(vii).  IfP=   5;  R=  7;   a=   60°;  find  Q. 

2.  Find  the  greatest  and  least  resultants  of  two  forces  whose 
magnitudes  are  12  and  8  Ibs.  weight  respectively. 

3.  Forces  equal  respectively  to  3,  4,  5,  and  6  Ibs.  weight  act  on  a 
particle  in  directions  respectively  north,  south,  east,  and  west  ;  find 
the  direction  and  magnitude  of  their  resultant. 

4.  Forces  of  84  and  187  Ibs.  weight  act  at  right  angles  ;  find  their 
resultant. 

5.  Two  forces  whose  magnitudes  are  P  and  P^/2  Ibs.  weight  act 
on  a-  particle  in  directions  inclined  at  an  angle  of  135°  to  each  other  ; 
find  the  magnitude  and  direction  of  the  resultant. 

6.  Two  forces  acting  at  an  angle  of  60°  have  a  resultant  equal  to 
2^/3  Ibs.  weight  ;  if  one  of  the  forces  be  2  Ibs.  weight,  find  the  other 
force. 

LFind  the  resultant  of  two  forces  equal  to  the  weights  of  13  and 
.  respectively  acting  at  an  angle  whose  tangent  is  -^. 

8.  Find  the  resultant  of  two  forces  equal  to  the  weights  of  10  and 
9  Ibs.  respectively  acting  at  an  angle  whose  tangent  is  ^. 

9.  Two  equal  forces  act  on  a  particle;  find  the  angle  between 
them  when  the  square  of  their  resultant  is  equal  to  three  times  their 
product. 

10.  Find  the  magnitude  of  two  forces  such  that,  if  they  act  at 
right  angles,  their  resultant  is  ^10  Ibs.  weight,  whilst  when  they  act  at 
an  angle  of  60°  their  resultant  is  ^/13  Ibs.  weight. 


11.    Find  the  angle  between  two  equal  forces  P  when    their 

P 
resultant  is  (1)  equal  to  P,  (2)  equal  to  —  . 
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12.  At  what  angle  do  forces,  equal  to  (A  +B)  and  (A  -B),  act  so 
that  the  resultant  may  be  */^2  +  -B2? 

13.  Two  given  forces  act  on  a  particle  ;  find  in  what  direction  a 
third  force  of  given  magnitude  must  act  so  that  the  resultant  of  the 
three  may  be  as  great  as  possible. 

28.  Two  forces,  given  in  magnitude  and  direction,  have 
only  one  resultant ;  for  only  one  parallelogram  can  be  con 
structed  having  two  lines  OA  and  OB  (Fig.  Art.   27)  as 
adjacent  sides. 

29.  A  force  may  be  resolved  into  two  components  in 
an  infinite  number  of  ways;    for  an  infinite  number  of 
parallelograms  can  be  constructed  having  0(7  as  a  diagonal 
and  each  of  these  parallelograms  would  give  a  pair  of  such 
components. 

30.  The  most  important  case  of  the  resolution  of  forces 
occurs  when  we  resolve  a  force  into  two  components  at 
right  angles  to  one  another. 

Suppose  we  wish  to  resolve  a  force  F,  represented  by 
OC,  into  two  components,  one  of  which  is  in  the  direction 
OA  and  the  other  is  perpendicular  to  OA. 

Draw  CM  perpendicular  to  OA  and  complete  the  paral 
lelogram  OMCN.  The  forces  represented  by  OM  and  ON 
have  as  their  resultant  the  force  0(7,  so  that  OM  and  ON 
are  the  required  components. 


O  MA 

Let  the  angle  AOC  be  a. 
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Then  OM  =  0  C  cos  a  =  F  cos  a, 

and  ON=  MC  =  OC  sin  a=  J^sin  a. 

[If  the  point  M  lie  in  OA  produced  backwards,  as  in  the  second 
figure,  the  component  of  F  in  the  direction  OA 

=  -  OH  =  -  OG  cos  <701f  =  OC  cos  a  =  F  cos  a. 
Also  the  component  perpendicular  to  0 A 

=  ON=HC=  OC  sin  C01/=  F  sin  a.] 

Hence,  in  each  case,  the  required  components  are 
F  cos  a    and  F  sin  a. 

Thus  a  force  equal  to  10  Ibs.  weight  acting  at  an  angle  of  60°  with 
the  horizontal  is  equivalent  to  10  cos  60°  ( =  10  x  \  =  5  Ibs.  weight)  in  a 

horizontal  direction,  and   10  sin  60°  (=10x^  =  5  x  1-732  =  8-66  Ibs. 
weight)  in  a  vertical  direction. 

31.  Def.     The  Resolved  Part  of  a  given  force  in  a 
given  direction  is  the   component  in  the  given  direction 
which,  with  a  component  in  a  direction  perpendicular  to  the 
given  direction,  is  equivalent  to  the  given  force. 

Thus  in  the  previous  article  the  resolved  part  of  the 
force  F  in  the  direction  OA  is  F  cos  a.  Hence 

The  Resolved  Part  of  a  given  force  in  a  given  direction  is 
obtained  by  multiplying  the  given  force  by  the  cosine  of  the 
angle  between  the  given  force  and  the  given  direction. 

32.  A  force  cannot  produce  any  effect  in  a  direction 
perpendicular  to  its  own  line  of  action.     For  (Fig.  Art.  30) 
there  is  no  reason  why  the  force   ON  should  have  any 
tendency  to  make  a  particle  at  0  move  in  the  direction  OA 
rather  than  to  make  it  move  in  the  direction  AO  produced; 
hence  the  force  ON  cannot  have  any  tendency  to  make  the 
particle  move  in  either  the  direction  OA  or  AO  produced. 

For  example,  if  a  railway  carriage  be  standing  at  rest 
on  a  railway  line  it  cannot  be  made  to  move  along  the  rails 
by  any  force  which  is  acting  horizontally  and  in  a  direction 
perpendicular  to  the  rails. 
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33.  The  resolved  part  of  a  given  force  in  a  given 
direction  represents  the  whole  effect  of  the  force  in  the  given 
direction.  For  (Fig.  Art.  30)  the  force  OC  is  completely 
represented  by  the  forces  ON  and  OM.  But  the  force  ON 
has  no  effect  in  the  direction  OA.  Hence  the  whole  effect 
of  the  force  F  in  the  direction  OA  is  represented  by  OM, 
i.e.  by  the  resolved  part  of  the  force  in  the  direction  OA. 

34:.  A  force  may  be  resolved  into  two  components,Nm, 
any  two  assigned  directions. 

Let  the  components  of  a  force  F,  represented  by  OC,  in 


the  directions  OA  and  OB  be  required  and  let  the  angles 
AOC  and  COB  be  a  and  /3  respectively. 

Draw  CM  parallel  to  OB  to  meet  OA  in  M  and  com 
plete  the  parallelogram  OMCN. 

Then  OM  and  ON  are  the  required  components. 

Since  MC  and  ON  are  parallel,  we  have 

OCM=p-,  also  <9J/a=180°-C^  =  180°-(tt  +  /3). 

Since  the  sides  of  the  triangle  OMC  are  proportional  to 
the  sines  of  the  opposite  angles,  we  have 
OM  MC  OC 


sin  OCM  ~  srnlfdC  ~  sin  OMC  * 
OM  _  MC  _         F 
sin  /?      sin  a  ~~  sin  (a  +  /3)  ' 
Hence  the  required  components  are 


sin  (a  +  J3)  sin  (a  + 

L.  8. 
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35.  The  student  must  carefully  notice  that  the  com 
ponents  of  a  force  in  two  assigned  directions  are  not  the 
same  as  the  resolved  parts  of  the  forces  in  these  directions. 
For  example,  the  resolved  part  of  F  in  the  direction  OA  is, 
by  Art.  30,  Fcoaa. 


EXAMPLES.    IL 

1.  A  force  equal  to  10  Ibs.  weight  is  inclined  at  an  angle  of  30°  to 
the  horizontal;   find  its  resolved  parts  in  a  horizontal  and  vertical 
direction  respectively. 

2.  Find  the  resolved  part  of  a  force  P  in  a  direction  making  (1)  an 
angle  of  45°,  (2)  an  angle  equal  to  cos-1  (f|)  with  its  direction. 

3.  A  truck  is  at  rest  on  a  railway  line  and  is  pulled  by  a  hori 
zontal  force  equal  to  the  weight  of  100  Ibs.  in  a  direction  making  an 
angle  of  60°  with  the  direction  of  the  rails  ;  what  is  the  force  tending 
to  urge  the  truck  forwards? 

4.  Eesolve  a  force  of  100  Ibs.  weight  into  two  equal  forces  acting 
at  an  angle  of  60°. 

5.  Eesolve  a  force  of  50  Ibs.  weight  into  two  forces  making  angles 
of  CO0  and  45°  with  it  on  opposite  sides. 

6.  Find  the  components  of  a  force  P  along  two  directions  making 
angles  of  30°  and  45°  with  P  on  opposite  sides. 

7.  If  a  force  P  be  resolved  into  two  forces  making  angles  of  45° 
and  15°  with  its  direction,  shew  that  the  latter  force  is 


8.  Find  a  horizontal  force  and  a  force  inclined  at  an  angle  of  60° 
with  the  vertical  whose  resultant  shall  be  a  given  vertical  force  F. 

9.  If  a  force  be  resolved  into  two  component  forces  and  if  one 
component  be  at  right  angles  to  the  force  and  equal  to  it  in  magnitude, 
find  the  direction  and  magnitude  of  the  other  component. 

10.  A  force  equal  to  the  weight  of  20  Ibs.  acting  vertically  up 
wards  is  resolved  into  two  forces,  one  being  horizontal  and  equal  to 
the  weight  of  10  Ibs.  ;  what  is  the  magnitude  and  direction  of  the 
other  force? 

36.  Triangle  of  Forces.  If  three  forces,  acting  at 
a  point,  be  represented  in  magnitude  and  direction  by  the 
sides  of  a  triangle,  taken  in  order,  they  will  be  in  equi 
librium. 
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Let  the  forces  P,  Q,  and  R  acting  at  the  point  0  be 
represented  in  magnitude  and  direction  by  the  sides  AB, 


BC,  and  CA  of  the  triangle  ABC;  they  shall  be  in  equi 
librium. 

Complete  the  parallelogram  A  BCD. 

The  forces  represented  by  BC  and  AD  are  the  same, 
since  BC  and  AD  are  equal  and  parallel. 

Now  the  resultant  of  the  forces  AB  and  AD,  is,  by  the 
parallelogram  of  forces,  represented  by  A  C. 

Hence  the  resultant  of  AB,  BC  and  CA  is  equal  to  the 
resultant  of  forces  AC  and  GA,  and  is  therefore  zero. 

Hence  the  three  forces  P,  Q,  and  R  are  in  equilibrium. 

Cor.  Since  forces  represented  by  AB,  BC,  and  CA 
are  in  equilibrium,  and  since,  when  three  forces  are  in 
equilibrium,  each  is  equal  and  opposite  to  the  resultant 
of  the  other  two,  it  follows  that  the  resultant  of  AB  and 
BC  is  equal  and  opposite  to  CA,  i.e.  their  resultant  is 
represented  by  A  C. 

Hence  the  resultant  of  two  forces,  acting  at  a  point 
and  represented  by  the  sides  AB  and  BC  of  a  triangle, 
is  represented  by  the  third  side  AC. 

37.  In  the  Triangle  of  Forces  the  student  must  care 
fully  note  that  the  forces  must  be  parallel  to  the  sides  of 
a  triangle  taken  in  order,  i.e.  taken  the  same  way  round. 

For  example,  if  the  first  force  act  in  the  direction  ABt 

2—2 
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the  second  must  act  in  the  direction  J3C,  and  the  third 
in  the  direction  CA  ;  if  the  second  force  were  in  the  direc 
tion  CB,  instead  of  BCt  the  forces  would  not  be  in  equi 
librium. 

The  three  forces  must  also  act  at  a  point ;  if  the  lines 
of  action  of  the  forces  were  BC,  CA,  and  AB  they  would 
not  be  in  equilibrium  ;  for  the  forces  AB  and  BC  would 
have  a  resultant,  acting  at  £,  equal  and  parallel  to  AC. 
The  system  of  forces  would  then  reduce  to  two  equal  and 
parallel  forces  acting  in  opposite  directions,  and,  as  we 
shall  see  in  a  later  chapter,  such  a  pair  of  forces  could  not 
be  in  equilibrium. 

38.  The  converse  of  the  Triangle  of  Forces  is  also 
true,  viz.  that  If  three  forces  acting  at  a  point  be  in  equi 
librium  they  can  be  represented  in  magnitude  and  direction 
by  the  sides  of  any  triangle  which  is  drawn  so  as  to  have  its 
sides  respectively  parallel  to  the  directions  of  the  forces. 

Let  the  three  forces  P,  Q,  and  JR,  acting  at  a  point  0, 
be  in  equilibrium.  Measure  <off  lengths  OL  and  0 M  along 
the  directions  of  P  and  Q  to  represent  these  forces  respec 
tively. 


'Complete  the  parallelogram  OLNM  and  join  ON'. 

Since  the  three  forces  P,  Q  and  R  are  in  equilibrium, 
•each  must  be  equal  and  opposite  to  the  resultant  of  the 
other  two.  Hence  R  must  be  equal  and  opposite  to  the 
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resultant  of  P  and  Q,  and  must  therefore  be  represented 
by  NO.  Also  LN  is  equal  and  parallel  to  OM. 

Hence  the  three  forces  P,  Q  and  JR  are  parallel  and 
proportional  to  the  sides  OL,  LN  and  NO  of  the  triangle 
OLN. 

Any  other  triangle,  whose  sides  are  parallel  to  those  of 
the  triangle  OLN,  will  have  its  sides  proportional  to  those 
of  OLN  and  therefore  proportional  to  the  forces. 

Again  any  triangle,  whose  sides  are  respectively  per 
pendicular  to  those  of  the  triangle  OLN,  will  have  its  sides 
proportional  to  the  sides  of  OLN  and  therefore  proportional 
to  the  forces. 

39.  The  proposition  of  the  last  article  gives  an  easy 
method   of   determining  the  relative   directions   of   three 
forces  which  are   in    equilibrium    and  whose   magnitudes 
are  known.     We  have  to  construct  a  triangle  whose  sides 
are  proportional  to  the  forces,  and  this,  by  Euc.  I.  22,  can 
always  be  done  unless  two  of  the  forces  added  together  are 
less  than  the  third. 

40.  Lamps  Theorem.     If  three  forces  acting  on  a 
particle  keep  it  in  equilibrium,  each  is  proportional  to  the 
sine  of  the  angle  between  the  other  two. 

Taking  Fig.,  Art.  38,  let  the  forces  P,  Q  and  £  be  in 
equilibrium.  As  before,  measure  off  lengths  OL  and  OM  to 
represent  the  forces  P  and  Q,  and  complete  the  parallelo 
gram  OLNM.  Then  NO  represents  R. 

Since  the  sides  of  the  triangle  OLN  are  proportional  to 
the  sines  of  the  opposite  angles,  we  have 

OL  LN  NO 

sin  LNO  ~  sin  LON  ~  sin  OLN" 
But 

sin  LNO  =  sin  NOM  =  sin  (1 80°  -  QOR)  =  sin  QOR, 
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sin  LON=  sin  (180°  -  LOR)  =  sin  ROP, 
and  sin  OLN=  sin  (180°  -  POQ)  =  sin  POQ. 

Also  Z^=  OJf. 

0Z    '         OM  NO 

I  i  p~n  c»o  _  —  _  —  _  _ 

sin  #0fi     sin  HOP     sin 
P  Q  R 

sin  $0^  ~  sin  ROP  ~  sin 

41.  Polygon  of  Forces.  1J  any  number  of  forces, 
acting  on  a  particle,  be  represented,  in  magnitude  and 
direction,  by  the  sides  of  a  polygon,  taken  in  order,  the 
forces  shall  be  in  equilibrium. 


Let  the  sides  AB,  BC,  CD,  DE,  EF  and  FA  of  the 
polygon  ABCDEF  represent  the  forces  acting  on  a  particle 
0.  Join  AC,  AD  and  AE. 

By  the  corollary  to  Art.  36,  the  resultant  of  forces  AB 
and  B  C  is  represented  by  AC. 

Similarly  the  resultant  of  forces  AC  and  CD  is  repre 
sented  by  AD',  the  resultant  of  forces  AD  and  DE  by  AE, 
and  the  resultant  of  forces  AE  and  ^^  by  AF. 

Hence  the  resultant  of  all  the  forces  is  equal  to  the 
resultant  of  AF  and  FA,  i.e.  the  resultant  vanishes. 

TIence  the  forces  are  in  equilibrium. 

A  similar  method  of  proof  will  apply  whatever  be  the 
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number  of  forces.     It  is  also  clear  from  the  proof  that  the 
sides  of  the  polygon  need  not  be  in  the  same  plane. 

The  converse  of  the  Polygon  of  Forces  is  not  true;  for  the  ratios  of 
the  sides  of  a  polygon  are  not  known  when  the  directions  of  the  sides 
are  known.  For  example,  in  the  above  figure,  we  might  take  any 
point  A'  on  AB  and  draw  A'F'  parallel  to  AF  to  meet  EF  in  F1 ;  the 
new  polygon  A'BCDEF  has  its  sides  respectively  parallel  to  those  of 
the  polygon  ABGDEJb1  but  the  corresponding  sides  are  clearly  not 
proportional. 

42.  The  resultant  of  two  forces,  acting  at  a  point  0  in 
directions  OA  and  OB  and  represented  in  magnitude  by 
A.  OA  and  p.  OB,  is  represented  by  (A. +  //,).  OC,  where  C  is 
a  point  in  AB  such  that  A, .  CA  =  p. .  CB. 

For  let  (7xdivide  the  line  AB,  such  that 


Complete  the  parallelograms  OCAD  and  OGEE. 

By  the  parallelogram  of  forces  the  force  A.  OA  is 
equivalent  to  forces  represented  by  X .  OC  and  X .  OD. 

Also  the  force  /A  .  OB  is  equivalent  to  forces  represented 
by  fji.OC  &nd  fM.OjE. 

Hence  the  forces  A .  OA  and  //,  .  OB  are  together  equiva 
lent  to  a  force  (A  +  //,)  OC  together  with  forces  A .  OD  and 

H.OE. 

But,  (since  A .  OD  =  X .  CA  =  p .  CB  =  ^  .  OJE)  these  two 
latter  forces  are  equal  and  opposite  and  therefore  are  in 
equilibrium. 

Hence  the  resultant  is  (A  4-  p) .  OC. 
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Cor.  The  resultant  of  forces  represented  by  OA  and 
OB  is  20(7,  where  C  is  the  middle  point  of  AB. 

This  is  also  clear  from  the  fact  that  OC  is  half  the 
diagonal  OD  of  the  parallelogram  of  which  OA  and  OB  are 
adjacent  sides. 

EXAMPLES,    m. 

1.  Three  forces  acting  at  a  point  are  in  equilibrium ;  if  they 
make  angles  of  120°  with  one  another,  shew  that  they  are  equal. 

If  the  angles  are  60°,  150°,  and  150°,  in  what  proportions  are  the 
forces? 

2.  Three  forces  acting  on  a  particle  are  in  equilibrium;  the  angle 
between  the  first  and  second  is  90°  and  that  between  the  second  and 
third  is  120°;  find  the  ratios  of  the  forces. 

3.  Forces  equal  to  7P,  5P,  and  SP  acting  on  a  particle  are  in 
equilibrium ;  find  the  angle  between  the  latter  pair  of  forces. 

4.  Forces  equal  to  5P,  12P,  and  13P  acting  on  a  particle  are  in 
equilibrium ;  find  the  angles  between  their  directions. 

5.  Construct  geometrically  the  directions  of  two  forces  2P  and 
3P  which  make  equilibrium  with  a  force  of  4P  whose  direction  is 
given. 

6.  The  sides  AB  and  AG  of  a  triangle  ABC  are  bisected  in  D  and 
E ;  shew  that  the  resultant  of  forces  represented  by  BE  and  DC  is 
represented  in  magnitude  and  direction  by  |BC7. 

7.  P  is  a  particle  acted  on  by  forces  represented  by  X .  AP  and 
X  .  PB  where  A  and  B  are  two  fixed  points  ;  shew  that  their  resultant 
is  constant  in  magnitude  and  direction  wherever  the  point  P  may  be. 

8.  ABCD  is  a  parallelogram;  a  particle  P  is  attracted  towards  A 
and  G  by  forces  which  are  proportional  to  PA  and  PC  respectively  and 
repelled  from  B  and  D  by  forces  proportional  to  PB  and  PD ;  shew 
that  P  is  in  equilibrium  wherever  it  is  situated. 

*43.  Formal  proof  of  the  Parallelogram  of 
Forces. 

The  proof  is  divided  into  two  portions,  (I)  as  regards  the 
direction,  (II)  as  regards  the  magnitude  of  the  resultant. 
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I.     DIRECTION. 

(a)     Equal  Forces. 

Let  the  forces  be  equal  and  represented  by  OA  and 
OB. 


B  C 

Complete  the  parallelogram  OACB,  and  join  00.  Then 
OC  bisects  the  angle  AOB. 

Since  the  forces  are  equal,  it  is  clear  that  the  resultant 
must  bisect  the  angle  between  them ;  for  there  is  no 
reason  to  shew  why  the  resultant  should  lie  on  one  side 
of  OC  which  would  not  equally  hold  to  shew  that  the 
resultant  should  lie  on  the  other  side  of  OC.  Hence,  as 
far  as  regards  direction,  we  may  assume  the  truth  of  the 
theorem  for  equal  forces. 

(/?)    Commensurable  Forces. 

Lemma.  If  the  theorem,  be  true,  as  far  as  regards 
direction,  for  a  pair  of  forces  P  and  Q,  and  also  for  a  pair 
of  forces  P  and  R  acting  at  the  same  angle,  to  shew  that  it  is 
true  for  the  pair  of  forces  P  and  (Q  +  R). 

Let  the  forces  act  at  a  point  A  of  a  rigid  body,  and  let 
AB  be  the  direction  of  P,  and  ACD  that  of  Q  and  R. 

Let  AB  and  AC  represent  the  forces  P  and  Q  in 
magnitude. 

Since,  by  the  principle  of  The  Transmissibility  of 
Force,  the  force  R  may  be  supposed  to  act  at  any  point  in 
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its  line  of  action,  let  it  act  at  C  and  be  represented  by 
CD. 


Complete  the  parallelograms  ABEC  and  ABFD. 

The  resultant  of  P  and  Q  is,  by  supposition,  equal  to 
some  force  T  acting  in  the  direction  AE ;  let  them  be 
replaced  by  this  resultant  and  let  its  point  of  application  be 
removed  to  E. 

This  force  T,  acting  at  E,  may  now  be  replaced  by 
forces,  equal  to  P  and  Q,  acting  in  the  directions  CE  and 
EF  respectively. 

Let  their  points  of  application  be  removed  to  C 
and  F. 

Again,  by  the  supposition,  the  resultant  of  P  and  JK, 
acting  at  (7,  is  equivalent  to  some  force  acting  in  the 
direction  CF ;  let  them  be  replaced  by  their  resultant  and 
let  its  point  of  application  be  removed  to  F. 

All  the  forces  have  now  been  applied  at  F  without 
altering  their  combined  effect;  hence  F  must  be  a  point 
on  the  line  of  action  of  their  resultant ;  therefore  AF  is 
the  direction  of  the  required  resultant. 

Hence  the  Lemma  is  proved. 

Application  of  the  lemma. 

By  (a)  we  know  that  the  theorem  is  true  for  forces 
which  are  each  equal  to  S. 

Hence,  by  the  lemma,  putting  F,  Q,  and  R  each  equal 
to  S,  we  see  that  the  theorem  is  true  for  forces  S  and  2S. 
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Again,  by  the  lemma,  since  the  theorem  is  true  for  forces 
(S,  S)  and  (S,  2S)  we  see  that  it  is  true  for  forces  (S,  3S). 
Similarly  for  forces  (S,  4/S)  and  so  on. 

Continuing  in  this  way  we  see  that  it  is  true  for  forces 
S  and  mS,  where  m  is  any  positive  integer. 

Again,  from  the  lemma,  putting  P  equal  to  mS,  and 
Q  and  R  both  equal  to  S,  the  theorem  is  true  for  forces 
mS  and  2S. 

Again,  putting  P  equal  to  mS,  Q  to  2/S,  and  R  to  S, 
the  theorem  is  true  for  forces  mS  and  38. 

Proceeding  in  this  way  we  see  that  the  theorem  is  true 
for  forces  mS  and  nS,  where  m  and  n  are  positive  integers. 

Also  any  two  commensurable  forces  can  be  represented 
by  mS  and  nS. 

(y)     Incommensurable  Forces. 

Let  P  and  Q  be  incommensurable  forces,  and  let  AB 
and  AC  represent  them. 


Complete  the  parallelogram  ABDC. 

If  the  resultant  of  P  and  Q  be  not  in  the  line  AD  let  it 
act  in  the  line  AE  meeting  CD  in  E. 

Divide  A  C  into  any  number  of  equal  parts  x,  each  less 
than  ED,  and  from  CD  cut  off  successively  portions,  each 
equal  to  x.  The  last  point  of  subdivision  F  must  fall 
between  E  and  D,  since  x  is  less  than  JED. 

Draw  FG  parallel  to  CA  to  meet  AE  in  G,  and  join 
AF. 
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The  lines  AC  and  AG  represent  commensurable  forces, 
and  therefore  their  resultant  is,  by  (ft),  in  the  direction 
AF. 

Hence  the  resultant  of  forces  AC  and  AB  must  lie 
within  the  angle  BAF.  But  this  resultant  acts  in  the 
direction  AE,  which  is  without  the  angle  BAF. 

But  this  is  absurd. 

Hence  AE  cannot  be  the  direction  of  the  resultant. 

In  a  similar  manner  it  can  be  shewn  that  no  other 
line,  except  AD,  can  be  the  direction  of  the  resultant. 

Hence  AD  is  the  direction  of  the  resultant. 

II.     MAGNITUDE. 

As  before  let  AB  and  AC  represent  the  forces  P  and  Q. 
Complete  the  parallelogram  ABDC. 


c 


Take  a  force  R,  represented  both  in  magnitude  and 
direction  by  AE,  to  balance  the  resultant  of  P  and  Q. 

Then,  by  the  first  part  of  the  proof,  AE  is  in  the  same 
straight  line  with  AD.  AE  shall  also  be  equal  to  AD. 

Complete  the  parallelogram  AEFB. 

Since  the  three  forces  P,  Q,  and  R  are  in  equilibrium, 
each  of  them  is  equal  and  opposite  to  the  resultant  of  the 
other  two. 
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Now  the  resultant  of  P  and  R  is  in  the  direction  AF'} 
hence  AC,  the  direction  of  Qt  is  in  the  same  straight  line 
with  AF. 

Therefore  ADBF  is  a  parallelogram,  and  hence  AD 
equals  BF. 

But,  since  AEFB  is  a  parallelogram,  BF  equals  AE. 

Therefore  AD  equals  AE,  and  hence  AD  is  equal,  in 
magnitude  as  well  as  direction,  to  the  resultant  of  P 
and  Q. 

The  above  proof  is  known  as  Duchayla's  Proof. 

EXAMPLES.    IV. 

1.  Two  forces  act  at  an  angle  of  120°.    The  greater  is  represented 
by  80  and  the  resultant  is  at  right  angles  to  the  less.    Find  the  latter. 

2.  If  one  of  two  forces  be  double  the  other  and  the  resultant  be 
equal  to  the  greater  force,  find  the  angle  between  the  forces. 

3.  Two  forces  acting  on  a  particle  are  at  right  angles  and  are 
balanced  by  a  third  force  making  an  angle  of  150°  with  one  of  them. 
The  greater  of  the  two  forces  being  3  Ibs.  weight,  what  must  be  the 
values  of  the  other  two  ? 

4.  The  resultant  of  two  forces  acting  at  a/n  angle  equal  to  fds 
of  a  right  angle  is  perpendicular  to  the  smaller  component.     The 
greater  being  equal  to  80  Ibs.  weight,  find  the  other  component  and 
the  resultant. 

5.  The  magnitudes  of  two  forces  are  as  3  : 5,  and  the  direction  of 
the  resultant  is  at  right  angles  to  that  of  the  smaller  force ;  compare 
the  magnitudes  of  the  larger  force  and  of  the  resultant. 

6.  The  sum  of  two  forces  is  18,  and  the  resultant,  whose  direction 
is  perpendicular  to  the  lesser  of  the  two  forces,  is  12  j  find  the  magni 
tude  of  the  forces. 

7.  If  two  forces  P  and  Q  act  at  such  an  angle  that  JR=P,  shew- 
that,  if  P  be  doubled,  the  new  resultant  is  at  right  angles  to  Q. 

8.  The  resultant  of  two  forces  P  and  Q  is  equal  to  J3Q  and 
makes  an  angle  of  30°  with  the  direction  of  P ;  shew  that  P  is  either 
equal  to,  or  is  double  of,  Q. 

9.  Two  forces  equal  to  2P  and  P  respectively  act  on  a  particle;  if 
the  first  be  doubled  and  the  second  increased  by  12  Ibs.  weight  the 
direction  of  the  resultant  is  unaltered ;  find  the  value  of  P. 
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Exs.  IV. 


10.  The  resultant  of  two  forces  P  and  Q  acting  at  an  angle  0  is 
equal  to  (2/71  +  1)^  +  ^2;  when  they  act  at  an  angle  90°  -6,  the 
resultant  is  (2m  -  1)/S/P3+  Q3 ;  prove  that 

,    m-1 

tan0  = -. 

m  +  1 

11.  The  resultant  of  forces  P  and  Q  is  7? ;  if  Q  be  doubled  jR  is 
doubled,  whilst,  if  Q  be  reversed,  E  is  again  doubled ;  shew  that 

P  :  Q  :  R  ::  ^2  :  v/3  :  ^2. 

12.  If  the  resultant,  R,  of  two  forces  P  and  Q,  inclined  to  one 
another  at  any  given  angle,  make  an  angle  6  with  the  direction  of  P, 
shew  that  the  resultant  of  forces  (P  +  R)  and  Q,  acting  at  the  same 

n 

given  angle,  will  make  an  angle  -  with  the  direction  of  (P  +  R). 

13.  Three  given  forces  acting  at  a  point  are  in  equilibrium.     If 
one  of  them  be  turned  about  its  point  of  application  through  a  given 
angle,  find  by  a  simple  construction  the  resultant  of  the  three,  aud,  if 
the  inclination  of  the  force  continue  to  alter,  shew  that  the  inclination 
of  the  resultant  alters  by  half  the  amount. 

14.  Decompose  a  force,  whose  magnitude  and  line  of  action  are 
given,  into  two  equal  forces  passing  through  two  given  points,  giving 
a  geometrical  construction,  (1)  when  the  two  points  are  on  the  same 
side  of  the  force,  (2)  when  they  are  on  opposite  sides. 

15.  Two  given  forces  act  at  two  given  points  of  a  body;  if  they 
are  turned  round  those  points  in  the  same  direction  through  any  two 
equal  angles,  shew  that  their  resultant  will  always  pass  through  a 
fixed  point. 

16.  A,  B,  and  C  are  three  fixed  points,  and  P  is  a  point  such 
that  the  resultant  of  forces  PA  and  PB  always  passes  through  G\  shew 
that  the  locus  of  P  is  a  straight  line. 

17.  A  given  force  acting  at  a  given  point  in  a  given  direction  is 
resolved  into  two  components.    If  for  all  directions  of  the  components 
one  remains  of  invariable  magnitude,  shew  that  the  extremity  of  the 
line  representing  the  other  lies  on  a  definite  circle. 

18.  Shew  that  the  system  of  forces  represented  by  the  lines 
joining  any  point  to  the  angular  points  of  a  triangle  is  equivalent  to 
the  system  represented  by  straight  lines  drawn  from  the  same  point  to 
the  middle  points  of  the  sides  of  the  triangle. 

19.  Find  a  point  within  a  quadrilateral  such  that,  if  it  be  acted 
on  by  forces  represented  by  the  lines  joining  it  to  the  angular  points 
of  the  quadrilateral,  it  will  be  in  equilibrium. 

20.  Four  forces  act  along  and  are  proportional  to  the  sides  of  the 
quadrilateral  ABCD-,  three  act  in  the  directions  AB,  BC,  and  CD  and 
the  fourth  acts  from  A  to  D ;  find  the  magnitude  and  direction  of 
their  resultant,  and  determine  the  point  in  which  it  meets  CD. 
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21.  The  sides  AB,  BG,  CD  and  DA  of  a  quadrilateral  ABCD  are 
bisected  in  E,  F,  G  and  H  respectively ;  shew  that  if  two  forces  parallel 
and  equal  to  AB  and  DC  act  on  a  -particle,  then  the  resultant  is 
parallel  to  HF  and  equal  to  2 .  HF. 

22.  The  sides  AB,  BC,  CD  and  DA  of  a  quadrilateral  ABCD  are 
bisected  at  E,  F,  G  and  H  respectively.     Shew  that  the  resultant  of  the 
forces  acting  at  a  point  which  are  represented  in  magnitude  and 
direction  by  EG  and  HF  is  represented  in  magnitude  and  direction 
bjAC. 

23.  From  a  point,  P,  within  a  circle  whose  centre  is  fixed, 
straight  lines  PAlt  PA^,  PA8  and  PA4  are  drawn  to  meet  the  circum 
ference,  all  being  equally  inclined  to  the  radius  through  P;    shew 
that,  if  these  lines  represent  forces  radiating  from  P,  their  result 
ant  is  independent  of  the  magnitude  of  the  radius  of  the  circle. 


CHAPTER  III. 


COMPOSITION   AND  RESOLUTION  OF   FORCES   (continued). 

44.  The  sum  of  the  resolved  parts  of  two  forces  in  a 
given  direction  is  equal  to  the  resolved  part  of  their  resultant 
in  the  same  direction. 

Let  OA  and  OB  represent  the  two  forces  P  and  Q,  and 
OC  their  resultant  R,  so  that  OACB  is  a  parallelogram. 


L      N   X 


Let  OX  be  the  given  direction ;  draw  AL,  BM  and  CN 
perpendicular  to  OX  and  ^^perpendicular  to  CN. 

The  sides  of  the  two  triangles  OBM,  ACT  are  respec 
tively  parallel,  and  OB  is  equal  to  AC  in  magnitude  j 
.-.    OM=AT=LN. 

Hence  ON=  OL  +  LN=  OL  +  OM. 

But  OLt  OM  and  ON  represent  respectively  the  resolved 
parts  of  P,  Q,  and  K  in  the  direction  OX. 

Hence  the  theorem  is  proved. 

The  theorem  may  easily  be  extended  to  the  resultant  of 
any  number  of  forces  acting  at  a  point. 
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45.     To  find  the  resultant  of  any  number  of  forces  in  one 
plane  acting  upon  a  particle. 

Let  the  forces  P,  Q,  R...  act  upon  a  particle  at  0. 


O  X 

Through  0  draw  a  fixed  line  OX  and  a  line  0  Fat  right 
angles  to  OX. 

Let  the  forces  P,  Q,  R,...  make  angles  a,  /?,  y...  with 
OX 

The  components  of  the  force  P  in  the  directions  OX 
and  0  Y  are,  by  Art.  30,  P  cos  a  and  P  sin  a  respectively  ; 
similarly,  the  components  of  Q  are  Q  cos  /?  and   Q  sin  /8  ; 
similarly  for  the  other  forces. 

Hence  the  forces  are  equivalent  to  a  component, 

P  cos  a  +  Q  cos  /?  +  R  cos  y.  .  .  along  OX, 
and  a  component, 

P  sin  a+  $  sin  /?  4-72  sin  y...  along  OF. 
Let  these  components  be  X  and  F  respectively,  and  let 
F  be  their  resultant  inclined  at  an  angle  0  to  OX. 

Since  F  is  equivalent  to  P  cos  0  along  OX,  and  F  sin  0 
along  OF,  we  have,  by  the  previous  article, 

=  X  ........................  (1), 

=  Y  ........................  (2). 

Hence,  by  squaring  and  adding, 


Y 

Also,  by  division,       tan  0  =  ^.. 

L.  s. 
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These  two  equations  give  F  and  0,  i.e.,  the  magnitude 
and  direction  of  the  required  resultant. 

46.  Graphical   Construction.     The  resultant  of 
a  system  of  forces  acting  at  a  point  may  also  be  obtained 
by  means  of  the  Polygon  of  Forces.     For,  (Fig.  Art.  41), 
forces  acting  at  a  point  0  and  represented  in  magnitude 
and  direction  by  the  sides  of  the  polygon  ABCDEF  are  in 
equilibrium.     Hence  the  resultant  of  forces  represented  by 
AB,  BC,  CD,  DE  and  EF  must  be  equal  and  opposite  to 
the  remaining  force  FA,  i.e.,  the  resultant  must  be  repre 
sented  by  AF. 

It  follows  that  the  resultant  of  forces  P,  Q,  R,  S 
and  T  acting  on  a  particle  may  be  obtained  thus  ;  take  a 
point  A  and  draw  AB  parallel  and  proportional  to  P,  and 
in  succession  BC,  CD,  DJ2  and  EF  parallel  and  proportional 
respectively  to  Q,  R,  S,  and  T  •  the  required  resultant  will 
be  represented  in  magnitude  and  direction  by  the  line  AF. 

The  same  construction  would  clearly  apply  for  any 
number  of  forces. 

47.  Ex.  1.    A  particle  is  acted  upon  by  three  forces,  in  one  plane, 
equal  to  2,  2^2,  and  1  Ibs.  weight  respectively ;  the  first  is  horizontal, 
the  second  acts  at  45°  to  the  horizon,  and  the  third  is  vertical;  jind 
their  resultant. 

Here          Z=2  +  2v/2cos45°  +  0  =  2  +  2v/2  .  -~=4» 

V2 

7=0  +  2^2  sin  45°+ 1  =  2^/2.  -.-+l  =  Z. 

VJ 

Henoe  F  cos  0  =  4;  F  sin  0  =  3; 

.*.     F=  N/42T12=5,  and  tan  0  =  f. 

The  resultant  is  therefore  a  force  equal  to  5  Ibs.  weight  acting  at 
an  angle  with  the  horizontal  whose  tangent  is  f,  i.e.  36° 52'. 

Ex.  2.  A  particle  is  acted  upon  by  forces  represented  by  P, 
2P,  3^/SP,  and  4P;  the  angles  between  the  first  and  second,  the 
second  and  third,  and  the  third  and  fourth  are  60°,  90°  and  150° 
respectively.  Shew  that  the  resultant  is  a  force  P  in  a  direction 
inclined  at  an  angle  of  120°  to  that  of  the  first  force. 
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In  this  example  it  will  be  a  simplification  if  we  take  the  fixed 


3A/3P 


X' 


o 


line  OX  to  coincide  with  the  direction  of  the  first  force  P  ;  let  XOX' 
and  TOY'  be  the  two  fixed  lines  at  right  angles. 

The  second,  third,  and  fourth  forces  are  respectively  in  the  first, 
second,  and  fourth  quadrants,  and  we  have  clearly 

BOX  =60°;     COX'  =  30°;    and  DOX=60°. 
The  first  force  has  no  component  along  OF. 

The  second  force  is  equivalent  to  components  2P  cos  60°  and 
2P  sin  60°  along  OX  and  OY  respectively. 
The  third  force  is  equivalent  to  forces 
and 


Hence 


along  OX'  and  OY  respectively,  i.e.    to  forces   -S^/SPcosSO0  and 
3V3P  sin  30°  along  OX  and  OY. 

So  the  fourth  force  is  equivalent  to  4P  cos  60°  and  4P  sin  60° 
along  OX  and  OF',  i.e.  to  4P  cos  60°  and  -  4P  sin  60°  along  OX  and  OF. 

P  +  2P  cos  60°  -  S^SP  cos  30°  +  4P  cos  60° 
qp 


and 


F=  0  +  2P  sin  60°  +  3^/3P  sin  30°  -  4P  sin  60° 


Hence,  if  F  be  the  resultant  at  an  angle  0  with  OX,  we  have 


F= 


3—2 
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and  tan  6  =    =  -  */3  =  tan  120°, 

.A. 

so  that  the  resultant  is  a  force  P  at  an  angle  of  120°  with  the  first 
force. 

EXAMPLES.    V. 

1.  Forces  of  1,   2,  and  >J3  Ibs.  weight  act  at  a  point  A   in 
directions  AP,  AQ,  and  AR,  the  angle  PAQ  being  60°  and  PAR  a 
right  angle  ;  find  their  resultant. 

2.  A  particle  is  acted  on  by  forces  of  5  and  3  Ibs.  weight  which 
are  at  right  angles  and  by  a  force  of  4  Ibs.  weight  bisecting  the  angle 
between  them  ;  find  the  force  that  will  keep  it  at  rest. 

3.  Three  equal  forces,  P,  diverge  from  a  point,  the  middle  one 
being  inclined  at  an  angle  of  60°  to  each  of  the  others.    Find  the 
resultant  of  the  three. 

4.  Three  forces  5P,  10P,  and  13P  act  in  one  plane  on  a  particle, 
the  angle  between  any  two  of  their  directions  being  120°.    Find  the 
magnitude  and  direction  of  their  resultant. 

5.  Forces  2P,  3P,  and  4P  act  at  a  point  in  directions  parallel  to 
the,  sides  of  an  equilateral  triangle  taken  in  order  ;  find  the  magnitude 
and  line  of  action  of  the  resultant. 

6.  Forces  Pj,  P2,  P3  and  P4  act  on  a  particle  0  at  the  centre  of  a 
square  ABGD;  Pj  and  P3  act  along  the  diagonals  OA  and  OB,  and 
P8  and  P4  perpendicular  to  the  sides  AB  and  BG.    If 

P!  :  P2  :  P3  :  P4  ::  4  :  6  :  5  :  1, 
find  the  magnitude  aud  direction  of  their  resultant. 

7.  ABGD  is  a  square  ;  forces  of  1  Ib.  wt.,  6  Ibs.  wt.,  and  9  Ibs.  wt. 
act  in  the  directions  AB,  AC,  and  AD  respectively;  find  the  magnitude 
of  their  resultant  correct  to  two  places  of  decimals. 

8.  Five  forces,  acting  at  a  point,  are  in  equilibrium;   four  of 
them,  whose  respective  magnitudes  are  4,  4,  1,  and  3  Ibs.  weight  make, 
in  succession,  angles  of  60°  with  one  another.     Find  the  magnitude 
of  the  fifth  force. 

9.  Four  equal  forces  P,  Q,  R  and  S  act  on  a  particle  in  one 
plane  ;  the  angles  between  P  and  Q,  between  Q  and  R,  and  between 
R  and  S  are  all  equal  and  that  between  P  and  S  is  108°.     Find  their 
resultant. 

10.  Forces  of  2,  ^/3,  5,  J3,  and  2  Ibs.  wt.  respectively  act  at 
one  of  the  angular  points  of  a  regular  hexagon  towards  the  five  other 
angular  points;  find  the  direction  and  magnitude  of  the  resultant. 

11.  Forces  of  2,  3,  4,  5  and  6  Ibs.  wt.  respectively  act  at  an 
angular  point  of  a  regular  hexagon  towards  the  other  angular  points 
taken  in  order;  find  their  resultant. 

12.  Shew  that  the  resultant  of  forces  equal  to  7,  1,  1,  and  3  Ibs. 
wt.  respectively  acting  at  an  angular  point  of  a  regular  pentagon 
towards  the  other  angular  points,  taken  in  order,  is  ^/Tl  Ibs.  wt. 
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13.  Equal  forces  P  act  on  an  angular  point  of  an  octagon  towards 
each  of  the  other  angular  points ;  find  their  resultant. 

14.  Using  trigonometrical  tables,  find  the  magnitude  (to  2  places 
of  decimals)  and  the  direction  (to  the  nearest  minute)  of  the  re 
sultant  pf 

(1)  three  forces  equal  to  11,  7,  and  8  Ibs.  weight,  making  angles 
of  18°  18',  74°  50',  and  130°  20'  with  a  fixed  line; 

(2)  four  forces  equal  to  4,  3,  2,  and  1  Ib.  weight,  making  angles 
of  20°,  40°,  60°,  and  80°  with  a  fixed  line; 

(3)  four  forces   equal  to  8,  12,  15,  and  20  Ibs.  weight,  making 
angles  of  30°,  70°,  120°  15',  and  155°  with  a  fixed  line. 

48.  To  find  the,  conditions  of  equilibrium  of  any  number 
of  forces  acting  upon  a  particle. 

Let  the  forces  act  upon  a  particle  0  as  in  Art.  45. 

If  the  forces  balance  one  another  the  resultant  must 
vanish,  i.e.  F  must  be  zero. 

Hence  .Y2+Fa=0. 

Now  the  sum  of  the  squares  of  two  real  quantities 
cannot  be  zero  unless  each  quantity  is  separately  zero ; 

.-.  X=Q,  and  F=0. 

Hence,  if  the  forces  acting  on  a  particle  be  in  equi 
librium,  the  algebraic  sura  of  their  resolved  parts  in  two 
directions  at  right  angles  are  separately  zero. 

Conversely,  if  the  sum  of  their  resolved  parts  in  two 
directions  at  right  angles  separately  vanish,  the  forces  are 
in  equilibrium. 

For,  in  this  case,  both  X  and  Y  are  zero,  and  therefore 
F  is  zero  also. 

Hence,  since  the  resultant  of  the  forces  vanishes,  the 
forces  are  in  equilibrium. 

49.  When   there  are  only  three   forces  acting   on  a 
particle  the  conditions  of  equilibrium  are  often  most  easily 
found  by  applying  Lanii's  Theorem  (Art.  40). 
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6O.  Ex.  1.  A  body  of  65  Ibs.  weight  is  suspended  by  two  strings 
of  lengths  5  and  12  feet  attached  to  two  points  in  the  same  horizontal 
line  whose  distance  apart  is  13  feet ;  find  the  tensions  of  the  strings. 

Let  AC  and  BC  be  the  two  strings,  so  that 

AC  =5  ft.,  £C=12ft.,  and  AB  =  13  ft. 


65 

E 

Since  132  =  122+  52,  the  angle  ACB  is  a  right  angle. 
Let  the  direction  CE  of  the  weight  be  produced  to  meet  AB  in  D  ; 
also  let  the  angle  CBA  be  6,  so  that 


Let  T!  and  T2  be  the  tensions  of  the  strings.    By  Lami's  theorem 
we  have 

rt       =       Ta       =       65 
sin  ECB  ~  sin  EGA  ~~  sin  ACB  ' 
T^  T2   _      65 

.-.    Tl  -  65  cos  0,  and  Ta = 65  sin  0. 
BC     12  AC      5 


But 

/.    2^  =  60,   and  Ta=251bs.  wt. 

Otherwise  thus;  The  triangle  ACB  has  its  sides  respectively  per 
pendicular  to  the  directions  of  the  forces  2\,  T2,  and  65; 

.  ^JL-^L_  ®?.. 
'*'  BC~  CA~  AB' 

''•     ^i  =  65J^=60'   and  T2=65^|  =  25. 

Ex.  2.  A  string  ABCD,  attached  to  two  fixed  points  A  and  D,  has 
two  equal  weights,  W,  knotted  to  it  at  B  and  C  and  rests  with  the 
portions  AB  and  CD  inclined  at  angles  of  30°  and  60°  respectively 
to  the  vertical.  Find  the  tensions  of  the  portions  of  the  string  and  the 
inclination  of  BC  to  the  vertical. 

Let  the  tensions  in  the  strings  be  Tlt  T2  and  T8  respectively  and 
let  BC  be  inclined  at  an  angle  0  to  the  vertical. 

[N.B.  The  string  BC  pulls  B  towards  C  and  pulls  C  towards  B, 
the  tension  being  the  same  throughout  its  length.] 
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Since  B  is  in  equilibrium  the  vertical  components  and  the  hori 
zontal  components  of  the  forces  acting  on  it  must  both  vanish 
(A.rt.  48). 

A 


V^T' 

4W 

Hence  Tj  cos  30°  -  Ta  cos  0  =  IF (1), 

and  T!  sin  30° -Ta  sin  0=0  (2). 

Similarly,  since  C  is  in  equilibrium, 

T8cos60°+jracos0=T7 (3), 

and  T8sin60°-Tasin0=0    (4). 

From  (1)  and  (2),  substituting  for  Tlt  we  have 

W=  Ta  [cot  30°  sin  0  -  cos  0]  =  T2  [J3  sin  0  -  cos  0] (5). 

So  from  (3)  and  (4),  substituting  for  T3,  we  have 


......  (6); 

therefore  from  (5)  and  (6), 

^/3  sin  8  -  cos  6=  —^  sin  6  +  cos  0  ; 


/.     2  sin  0= 
/.     tan0=x/3,   and  hence  0  =  60°. 
Substituting  this  value  in  (5),  we  have 


Hence  from  (2),  we  have 

sin  60° 


and  from  (4)  T,= 

Hence  the  inclination  of  BC  to  the  vertical  is  60°,  and  the  tensions 
of  the  portions  AB,  BC  and  CD  are  WJ$t  W,  and  W  respectively. 
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EXAMPLES.    VI. 

1.  Two  men  carry  a  weight  W  between  them  by  means  of  two 
ropes  fixed  to  the  weight ;  one  rope  is  inclined  at  45°  to  the  vertical 
and  the  other  at  30° ;  find  the  tension  of  each  rope. 

2.  A  body,  of  mass  2  Ibs.,  is  fastened  to  a  fixed  point  by  means 
of  a  string  of  length  25  inches ;  it  is  acted  on  by  a  horizontal  force  F 
and  rests  at  a  distance  of  20  inches  from  the  vertical  line  through 
the  fixed  point ;  find  the  value  of  F  and  the  tension  of  the  string. 

3.  A  body,  of  mass  180  Ibs.,  is  suspended  from  a  horizontal  beam 
by  strings,  whose  lengths  are  respectively  1  ft.  4  ins.  and  5  ft.  3  ins., 
the  strings  bSing  fastened  to  the  beam  at  two  points  5  ft.  5  ins.  apart. 
What  are  the  tensions  of  the  strings? 

4.  A  body,  of  mass  70  Ibs.,  is  suspended  by  strings,  whose  lengths 
are  6  and  8  feet  respectively,  from  two  points  in  a  horizontal  line 
whose  distance  apart  is  10  feet ;  find  the  tensions  of  the  strings. 

5.  A  mass  of  60  Ibs.  is   suspended  by  two   strings  of  lengths 
9  and  12  feet  respectively,  the  other  ends  of  the  strings  being  attached 
to  two  points  in  a  horizontal  line  at  a  distance  of  15  feet  apart ;  find 
the  tensions  of  the  strings. 

6.  A  string  suspended  from  a  ceiling  supports  three  bodies,  each 
of  mass  4  Ibs.,  one  at  its  iGvvest  point  and  each  of  the  others  at 
equal  distances  from  its  extremities;  find  the  tensions  of  the  parts 
into  which  the  string  is  divided. 

7.  Two  equal  masses,  of  weight  W,  are  attached  to  the  extremities 
of  a  thin  string  which  passes  over  3  tacks  in  a  wall  arranged  in  the 
form  of  an  isosceles  triangle,  with  the  base  horizontal  and  with  a 
vertical  angle  of  120°;  find  the  pressure  on  each  tack. 

8.  A  stream  is  96  feet  wide  and  a  boat  is  dragged  down  the  middle 
of  the  stream  by  two  men  on  opposite  banks,  each  of  whom  pulls 
with  a  force  equal  to  100  Ibs.  wt. ;  if  the  ropes  be  attached  to  the  same 
point  of  the  boat  and  each  be  of  length  60  feet,  find  the  resultant 
pressure  on  the  boat. 

9.  A  string  passing  over  two  smooth  parallel  bars  in  the  same 
horizontal  plane  has  two   equal  weights  fastened  to  its  ends  and 
another  equal  weight  is  fastened  to  a  point  of  the  string  between  the 
bars ;  find  the  position  of  equilibrium  of  the  system  and  the  pressure 
upon  each  bar. 

10.  A  string  is  tied  to  two  points  in  a  horizontal  plane ;  a  ring  of 
weight   27  Ibs.  can  slide  freely  along  the  string  and  is  pulled  by  a 
horizontal  force  equal  to  the  weight  of  P  Ibs.     If  in  the  position  of 
equilibrium  the  portions  of  the  string  be  inclined  at  angles  of  45°  and 
75°  to  the  vertical,  find  the  value  of  P. 
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11.  Two  weightless  rings  slide  on  a  smooth  vertical  circle  and 
through  the  rings  passes  a  string  which  carries  weights  at  the  two 
ends  and  at  a  point  between  the  rings.     If  equilibrium  exist  when 
the  rings  are  at  points  distant  30°  from  the  highest  point  of  the  circle, 
find  the  relation  between  the  three  weights. 

12.  Two  masses,  each  equal  to  112  Ibs.,  are  joined  by  a  string 
which  passes  over  two  small   smooth  pegs,  A  and  B,  in  the  same 
horizontal  plane;  if  a  mass  of  5  Ibs.  be  attached  to  the  string  halfway 
between  A  and  B,  find  in  inches  the  depth  to  which  it  will  descend 
below  the  level  of  AB,  supposing  AB  to  be  10  feet. 

What  would  happen  if  the  small  mass  were  attached  to  any  other 
point  of  the  string? 

13.  A  body,  of  mass  10  Ibs.,  is  suspended  by  two  strings,  7  and  24 
inches  long,  their  other  ends  being  fastened  to  the  extremities  of  a 
rod  of  length  25  inches.     If  the  rod  be  so  held  that  the  body  hangs 
immediately  below  its  middle  point,  find  the  tensions  of  the  string. 

14.  A  heavy  chain  has  weights  of  10  and  16  Ibs.  attached  to  its 
ends  and  hangs  in  equilibrium  over  a  smooth  pulley ;  if  the  greatest 
tension  of  the  chain  be  20  Ibs.  wt.,  find  the  weight  of  the  chain. 

15.  A  heavy  chain,  of  length  8  ft.  9  ins.  and  weighing  15  Ibs., 
has  a  weight  of  7  Ibs.  attached  to  one  end  and  is  in  equilibrium 
hanging  over  a  smooth  peg.     What  length  of  the  chain  is  on  each 
side? 

16.  A  body  is  free  to  slide  on  a  smooth  vertical  circular  wire  and 
is  connected  by  a  string,  equal  in  length  to  the  radius  of  the  circle, 
to  the  highest  point  of  the  circle;  find  the  tension  of  the  string  and 
the  pressure  on  the  circle. 

17.  A  uniform  plane  lamina  in  the  form  of  a  rhombus,  one  of 
whose  angles  is  120°,  is  supported  by  two  forces  applied  at  the  centre 
in  the  directions  of  the  diagonals  so  that  one  side  of  the  rhombus 
is  horizontal;  shew  that,  if  P  and  Q  be  the  forces  and  P  be  the 
greater,  then 

P*=3Q*. 

18.  The  ends  of  a  driving  rein  are  passed  through  two  smooth 
rings  which  are  fastened,  one  to  each  side  of  the  bit.     They  are  then 
doubled  back  and  tied  to  fixed  points  in  the  headpiece  one  on  each 
side  of  the  horse's  head.     Find  the  pressure  produced  by  the  bit  on 
the  horse's  tongue  by  a  given  pull  P  of  the  driver. 

19.  Three    equal   strings,   of    no   sensible  weight,   are  knotted 
together  to  form   an  equilateral  triangle  ABG  and  a  weight    W  is 
suspended  from  A.     If  the  triangle  and  weight  be  supported,  with  BG 
horizontal,  by  means  of  two  strings  at  B  and  (7,  each  at  the  angle 
of  135°  with  BC,  shew  that  the  tension  in  B  C  is 
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20.  Three  weightless  strings  AC,  BC,  and  AP  are  knotted  to- 
gether  to  form  an  isosceles  triangle  whose  vertex  is  C.     If  a  weight  W 
be  suspended  from  G  and  the  whole  be  supported,  with  AB  horizontal, 
by  two  forces  bisecting  the  angles  at  A  and  JB,  find  the  tension  of  the 
string  AB. 

21.  A  weightless  string  is  suspended  from  two  points  not  in  the 
same  horizontal  line  and  passes  through  a  small  smooth  heavy  ring 
which  is  free  to  slide  on  the  string;  find  the  position  of  equilibrium  of 
the  ring. 

If  the  ring,  instead  of  being  free  to  move  on  the  string,  be  tied  to 
a  given  point  of  it,  find  equations  to  give  the  ratio  of  the  tensions  of 
the  two  portions  of  the  string. 

22.  Four  pegs  are  fixed  in  a  wall  at  the  four  highest  points  of  a 
regular  hexagon  (the  two  lowest  points  of  the  hexagon  being  in  a 
horizontal  straight  line)  and  over  these  is  thrown  a  loop  supporting  a 
weight  W;  the  loop  is  of  such  a  length  that  the  angles  formed  by 
it  at  the  lowest  pegs  are  right  angles.    Find  the  tension  of  the  string 
and  the  pressures  on  the  pegs. 

23.  Explain  how  the  force  of  the  current  may  be  used  to  urge 
a  ferry-boat  across  the  river,  assuming  that  the  centre  of  the  boat 
is  attached  by  a  long  rope  to  a  fixed  point  in  the  middle  of  the 
stream. 

24.  Explain  how  a  vessel  is  enabled  to  sail  in  a  direction  nearly 
opposite  to  that  of  the  wind. 

Shew  also  that  the  sails  of  the  vessel  should  be  set  so  as  to  bisect 
the  angle  between  the  keel  and  the  apparent  direction  of  the  wind  in 
order  that  the  force  to  urge  the  vessel  forward  may  be  as  great  as 
possible. 

[Let  AB  be  the  direction  of  the  keel  and  therefore  that  of  the 
ship's  motion,  and  OA  the  apparent  direction  of  the  wind,  the  angle 
OAB  being  acute  and  equal  to  a.  Let  AC  be  the  direction  of  the  sail, 
AC  being  between  OA  and  AB  and  the  angle  BAG  being  6. 

Let  P  be  the  force  of  the  wind  on  the  sail ;  resolve  it  in  directions 
along  and  perpendicular  to  the  sail.  The  component  P  cos  (a  -  6) 
along  the  sail  has  no  effect.  The  component  P  sin  (a  -  6)  perpen 
dicular  to  the  sail  may  again  be  resolved  into  two,  viz.  P  sin  (a  -  6)  cos  6 
perpendicular  to  AB  and  P  sin  (a  -  6)  sin  6  along  AB.  The  former 
component  produces  lee-way  (i.e.  motion  side-ways).  The  latter  is 
never  zero,  unless  a  or  6  vanish. 

Also  it  =  £P  [cos  (a  -  26)  -  cos  a]  and  it  is  therefore  greatest  when 

cos  (a  -26)  is  greatest,  i.e.  when  a  -20=0,  i.e.  when  0  =  ^  »  i-e-  wn^n 

the  direction  of  the  sail  bisects  the  angle  between  the  keel  and  the 
apparent  direction  of  the  wind.] 


CHAPTER  IV. 

PARALLEL   FORCES. 

51.  IN  Chapters  n.  and  in.  we  have  shewn  how  to 
find  the    resultant  of  forces  which   meet  in  a  point.     In 
the  present  chapter  we  shall  consider  the  composition  of 
parallel  forces. 

In  the  ordinary  statical  problems  of  every-day  life 
parallel  forces  are  of  constant  occurrence. 

52.  Def.     Two  parallel  forces  are  said  to  be  like  when 
they  act  in  the  same  direction ;  when  they  act  in  opposite 
parallel  directions  they  are  said  to  be  unlike. 

53.  To  find  the  resultant  of  two  parallel  forces  acting 
upon  a  rigid  body. 

Case  I.     Let  the  forces  be  like. 

Let  P  and  Q  be  the  forces  acting  at  points  A  and  B  of 
the  body,  and  let  them  be  represented  by  the  lines  AL  and 
BM. 

Join  AB  and  at  A  and  B  apply  two  equal  and  opposite 
forces  each  equal  to  S  and  acting  in  the  directions  BA  and 
AB  respectively.  Let  these  forces  be  represented  by  AD 
and  BE.  These  two  forces  balance  one  another  and  have 
no  effect  upon  the  equilibrium  of  the  body. 

Complete  the  parallelograms  ALFD  and  BMGE;  let 
the  diagonals  FA  and  GB  be  produced  to  meet  in  0.  Draw 
OC  parallel  to  AL  or  BM  to  meet  AB  in  (7. 
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The  forces  P  and  S  at  A  have  a  resultant  P,,  repre 
sented  by  AF.  Let  its  point  of  application  be  removed  to 
0. 


So  the  forces  Q  and  /S'  at  B  have  a  resultant  Ql  repre 
sented  by  EGr.  Let  its  point  of  application  be  transferred 
to  0. 

The  force  Pl  at  0  may  be  resolved  into  two  forces, 
S  parallel  to  AD,  and  P  in  the  direction  0(7. 

So  the  force  Q1  at  0  may  be  resolved  into  two  forces,  S 
parallel  to  BE,  and  Q  in  the  direction  00. 

Also  these  two  forces  S  acting  at  0  are  in  equilibrium. 

Hence  the  original  forces  P  and  Q  are  equivalent  to 
a  force  (P  +  Q)  acting  along  00,  i.e.  acting  at  0  parallel  to 
the  original  directions  of  P  and  Q. 

To  determine  the  position  of  the  point  0.  The  triangle 
OC  'A  is,  by  construction,  similar  to  the  triangle  ALF  \ 


- 
CA     LF     S 
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So,  since  the  triangles  OCB  and  BMG  are  similar,  we 

have 

OC_BM     Q 

CB~ MG~  S" 

Hence,  from  (1)  and  (2),  by  division, 
CA^Q 
GB     P' 

i.e.  C  divides  the  line  AB  internally  in  the  inverse  ratio  of 
the  forces. 

Case  II.     Let  the  forces  be  unlike. 

Let  P,  Q  be  the  forces  (P  being  the  greater)  acting  at 


points  A  and  B  of  the  body,  and  let  them  be  represented  by 
the  lines  AL  and  BM. 

Join  A£,  and  at  A  and  B  apply  two  equal  and  opposite 
forces,  each  equal  to  $,  and  acting  in  the  directions  $A 
and  AB  respectively.  Let  these  forces  be  represented  by 
AD  and  BE  respectively;  they  balance  one  another  and 
have  no  effect  on  the  equilibrium  of  the  body. 

Complete  the  parallelograms  ALFD  and  BMGE,  and 
produce  the  diagonals  AF  and  GB  to  meet  in  0. 

[These  diagonals  will  always  meet  unless  they  be  parallel,  in 
which  case  the  forces  P  and  Q  will  be  equal.] 
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Draw  00  parallel  to  AL  or  EM.  to  meet  AB  in  0. 

The  forces  P  and  S  acting  at  A  have  a  resultant  Pl 
represented  by  AF.  Let  its  point  of  application  be  trans 
ferred  to  0. 

So  the  forces  Q  and  S  acting  at  B  have  a  resultant  Qt 
represented  by  EG.  Let  its  point  of  application  be  trans 
ferred  to  0. 

The  force  Px  at  0  may  be  resolved  into  two  forces, 
S  parallel  to  A  D,  and  P  in  the  direction  GO  produced. 

So  the  forces  Ql  at  0  may  be  resolved  into  two  forces, 
S  parallel  to  BE,  and  Q  in  the  direction  OG. 

Also  these  two  forces  S  acting  at  0  are  in  equilibrium. 

Hence  the  original  forces  P  and  Q  are  equivalent  to 
a  force  P—Q  acting  in  the  direction  GO  produced,  i.e.  acting 
at  G  in  a  direction  parallel  to  that  of  P. 

To  determine  the  position  of  the  point  G.  The  triangle 
OCA  is,  by  construction,  similar  to  the  triangle  FDA  ; 


__= 
•*'     GA~  DA~  AD'  S'" 

So,  since  the  triangles  OCB  and  BMG-  are  similar,  we 
have 


-. 

GB~MG     S"  "\h 

C*  A        Cl 

Hence,  from  (1)  and  (2),  by  division,   7T#  =  i5)  *-&   ® 

divides  the  line  AB  externally  in  the  inverse  ratio  of  the 
forces. 

To  sum  up  ',  If  two  parallel  forces,  P  and  Q,  act  at 
points  A  and  B  of  a  rigid  bpdy, 

(i)  their  resultant  is  a  force  whose  line  of  action  is 
parallel  to  the  lines  of  action  of  the  component  forces  ; 
also,  when  the  component  forces  are  like,  its  direction  is 
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the  same  as  that  of  the  two  forces,  and,  when  the  forces 
are  unlike,  its  direction  is  the  same  as  that  of  the  greater 
component. 

(ii)     the  point  of  application  is  a  point  G  in  AB  such 

that 

P.AC  =  Q.BC. 

(iii)     the  magnitude  of  the  resultant  is  the  sum  of  the 

two  component  forces  when  the  forces  are  like,  and  the 

difference  of  the'  two  component  forces  when  they  are 
unlike. 

54.  Case  of  failure  of  the  preceding  construction. 

In  the  second  figure  of  the  last  article,  if  the  forces 
P  and  Q  be  equal,  the  triangles  FDA  and  GEE  are  equal 
in  all  respects,  and  hence  the  angles  DAF  and  EBG  will/be 
equal. 

In  this  case  the  lines  .4-^and  GB  will  be  parallel  and 
will  not  meet  in  any  such  point  as  0 ;  hence  the  construction 
fails. 

Hence  there  is  no  single  force  which  is  equivalent  to  two 
equal  unlike  parallel  forces. 

We  shall  return  to  the  consideration  of  this  case  in 
Chapter  vi. 

55.  If  we  have  a  number  of  like  parallel  forces  acting 
on  a  rigid  body  we  can  find  their  resultant  by  successive 
applications  of  Art.  53.     We  must  find  the  resultant  of  the 
first  and  second,  and  then  the  resultant  of  this  resultant 
and  the  third,  and  so  on. 

The  magnitude  of  the  final  resultant  is  the  sum  of  the 
forces. 

If  the  parallel  forces  be  not  all  like,  the  magnitude  of 
the  resultant  will  be  found  to  be  the  algebraic  sum  of  the 
forces  each  with  its  proper  sign  prefixed. 
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56.  Ex.  A  horizontal  rod,  6  feet  long,  whose  weight  may  be  neglected, 
rests  on  two  supports  at  its  extremities;  a  body,  of  weight  6  cwt.,  is 
suspended  from  the  rod  at  a  distance  of  2$  feet  from  one  end;  find  the 
reaction  at  each  point  of  support.  If  one  support  could  only  bear  a 
pressure  equal  to  the  weight  of  1  cwt.,  what  is  the  greatest  distance  from 
the  other  support  at  which  the  body  could  be  suspended  ? 

Let  AB  be  the  rod  and  R  and  S  the  pressures  at  the  points  of  sup 
port.  Let  G  be  the  point  at  which  the  body  is  suspended  so  that 


/\ 


AC=%%  and  CB  =  2%  feet.     For  equilibrium  the  resultant  of  R  and  S 
must  balance  6  cwt.     Hence,  by  Art.  53, 

R  +  S  =  6 (1), 

R     BC     2}     5 

and  s=AG=^ri (2)- 

5  7 

Solving  (1)  and  (2),  we  have  -R  =  g'  and  S  =  2'  Hence  tlie  Pressures 

are  2£  and  3J  ewt.  respectively. 

If  the  reaction  at  A  can  only  be  equal  to  1  cwt.,  S  must  be  5  cwt. 
Hence,  if  AC  be  x,  we  have 

!_#<?_  6-x 
5~AO~~~x~' 
.-.  x=5  feet. 
Hence  BC  is  1  foot. 

EXAMPLES.    VIL 

In  the  four  following  examples  A  and  B  denote  the  points  of  appli 
cation  of  parallel  forces  P  and  Q,  and  G  is  the  point  in  which  their 
resultant  R  meets  AB. 

1.  Find  the  magnitude  and  position  of  the  resultant  (the  forces 
being  like)  when 

(i)  P=4;  Q  =  7;  AB  =  ll  inches; 
(ii)  P=ll;  Q  =  19;  ^=2£feet; 
(iii)  P=5;  Q  =  5;  AB  =  3  feet. 
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2.  Find  the  magnitude  and  position  of  the  resultant  (the  forces 
being  unlike)  when 

(i)    P=17;  Q  =  25;  AE  =  S  inches; 
(ii)     P  =  23;  Q  =  15;  AJ5=4Q  inches; 
(iii)    P=26;  Q  =  9;  AB=3  feet. 

3.  The  forces  being  like, 

(i)    ifP=8;  £  =  17;  A  0=  4|  inches ;  find  Q  and  AB; 
(ii)    if  Q  =  11 ;  A0=  7  inches ;  ^.6 = 8|  inches ;  find  P  and  R ; 
(iii)     if  P=6 ;  4  £7=  9  inches ;  C£=S  inches;  find  Q  and  J2. 

4.  The  forces  being  unlike, 

(i)    ifP=8;  E  =  17;  A 0=  4J  inches ;  find  Q  and  ^5; 
(ii)     if  Q  =  11 ;  ^(7=  -  7  inches ;  ^  B= 8|  inches ;  find  P  and  E ; 
(iii)     if  P=6  ;  A0=  -  9  inches ;  .4  £  =  12  inches ;  find  Q  and  .R. 

5.  Find   two  like  parallel  forces  acting  at  a  distance  of  2  feet 
apart,  which  are  equivalent  to  a  given  force  of  20  Ibs.  wt.,  the  line 
of  action  of  one  being  at  a  distance  of  6  inches  from  the  given  force. 

6.  Find  two  unlike  parallel  forces  acting  at  a  distance  of  18 
inches  apart  which  are  equivalent  to  a  force  of  30  Ibs.  wt. ,  the  greater 
of  the  two  forces  being  at  a  distance  of  8  inches  from  the  given  force. 

7.  Two  parallel  forces,  P  and  Q,  act  at  given  points  of  a  body ; 

pa 
if  Q  be  changed  to  -~- ,  shew  that  the  line  of  action  of  the  resultant  is 

the  same  as  it  would  be  if  the  forces  were  simply  interchanged. 

8.  Two  men  carry  a  heavy  cask  of  weight  1£  cwt.,  which  hangs 
from  a  light  pole,  of  length  6  feet,  each  end  of  which  rests  on  a 
shoulder  of  one  of  the  men.     The  point  from  which  the  cask  is  hung 
is  one  foot  nearer  to  one  man  than  to  the  other.   What  is  the  pressure 
on  each  shoulder? 

9.  Two   men,  one  stronger  than  the  other,   have  to  remove  a 
block  of  stone  weighing  270  Ibs.  by  means  of  a  light  plank  whose 
length  is  6  feet ;  the  stronger  man  is  able  to  carry  180  Ibs. ;  how  must 
the  block  be  placed  so  as  to  allow  him  that  share  of  the  weight? 

10.  A  uniform  rod,  12  feet  long  and  weighing  17  Ibs.,  can  turn 
freely  about  a  point  in  it  and  the  rod  is  in  equilibrium  when  a  weight 
of  7  Ibs.  is  hung  at  one  end ;  how  far  from  the  end  is  the  point  about 
which  it  can  turn? 

N.B.     The  weight   of  a  uniform  rod  may  be   taken  to  act  at  its 
middle  point. 

11.  A  straight  uniform  rod  is  3  feet  long ;  when  a  load  of  5  Ibs. 
is  placed  at  one  end  it  balances  about  a  point  3  inches  from  that  end ; 
find  the  weight  of  the  rod. 

L.  S.  4 


50  STATICS.  Exs.  VII. 

12.  A  uniform  bar,  of  weight  3  Ibs.  and  length  4  feet,  passes  over 
a  prop  and  is  supported  in  a  horizontal  position  by  a  force  equal  to 
1  Ib.  wt.  acting  vertically  upwards  at  the  other  end ;  find  the  distance 
of  the  prop  from  the  centre  of  the  beam. 

13.  A  heavy  uniform  rod,  4  feet  long,  rests  horizontally  on  two 
pegs  which  are  one  foot  apart ;   a  weight  of  10  Ibs.  suspended  from 
one  end,  or  a  weight  of  4  Ibs.  suspended  from  the  other  end,  will  just 
tilt  the  rod  up ;  nnd  the  weight  of  the  rod  and  the  distances  of  the 
pegs  from  the  centre  of  the  rod. 

14.  A  uniform  iron  rod,  2£  feet  long  and  of  weight  8  Ibs.,  is 
placed  on  two  rails  fixed  at  two  points,  A  and  25,  in  a  vertical  wall. 
AB  is  horizontal  and  5  inches  long ;  find  the  distances  at  which  the 
ends  of  the  rod  extend  beyond  the  rails  if  the  difference  of  the  pres 
sures  on  the  rails  be  6  Ibs.  wt. 

15.  A  uniform  beam,  4  feet  long,  is  supported  in  a  horizontal 
position  by  two  props,  which  are  3  feet  apart,  so  that  the  beam  pro 
jects  one  foot  beyond  one  of  the  props ;   shew  that  the  pressure  on 
one  prop  is  double  that  on  the  other. 

16.  A  straight  weightless  rod,  2  feet  in  length,  rests  in  a  horizon 
tal  position  between  two  pegs  placed  at  a  distance  of  3  inches  apart, 
one  peg  being  at  one  end  of  the  rod,  and  a  weight  of  5  Ibs.  is  suspended 
from  the  other  end ;  find  the  pressure  on  the  pegs. 

17.  One  end  of  a  heavy  uniform  rod,  of  weight  W,  rests  on  a 
smooth  horizontal  plane,  and  a  string  tied  to  the  other  end  of  the 
rod  is  fastened  to  a  fixed  point  above  the  plane;   find  the  tension 
of  the  string. 

18.  A  man  carries  a  bundle  at  the  end  of  a  stick  which  is  placed 
over  his  shoulder ;  if  the  distance  between  his  hand  and  his  shoulder 
be  changed  how  does  the  pressure  on  his  shoulder  change  ? 

19.  A  man  carries  a  weight  of  50  Ibs.  at  the  end  of  a  stick,  3  feet 
long,  resting  on  his  shoulder.     He  regulates  the  stick  so  that  the 
length  between  his  shoulder  and  his  hands  is  (1)  12,  (2)  18  and  (3)  24 
inches ;  how  great  are  the  forces  exerted  by  his  hand  and  the  pressures 
on  his  shoulder  in  each  case  ? 

20.  Three  parallel  forces  act  on  a  horizontal  bar.     Each  is  equal 
to  1  Ib.  wt.,  the  right-hand  one  acting  vertically  upward  and  the  other 
two  vertically  down  at  distances  of  2  ft.  and  3  ft.  respectively  from 
the  first ;  find  the  magnitude  and  position  of  their  resultant. 


CHAPTER   V, 

MOMENTS. 

57.  Def.  The  moment  of  a  force  about  a  given  point 
is  the  product  of  the  force  and  the  perpendicular  drawn 
from  the  given  point  upon  the  line  of  action  of  the  force. 

Thus  the  moment  of  a  force  F  about  a  given  point  0  is 


F  x  ON,  where  ON  is  the  perpendicular  drawn  from  0  upon 
the  line  of  action  of  F. 

It  will  be  noted  that  the  moment  of  a  force  F  about 
a  given  point  0  never  vanishes  unless  either  the  force 
vanishes  or  the  force  passes  through  the  point  about  which 
the  moment  is  taken. 

58.     Geometrical  representation  of  a  moment. 

Suppose  the  force  F  to  be  represented  in  magnitude, 
direction,  and  line  of  action  by  the  line  AB.  Let  0  be  any 

4—2 
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given  point  and  ON  the  perpendicular  from  0  upon  AB  or 
AB  produced. 


o  ,*o 

\  ,-** 


A  F     N         B  A  F  B        N 

Join  OA  and  OB. 

By  definition  the  moment  of  F  about  0  is  Fx  OiV,  i.e. 
AB  x  ON.  But  ,47?  x  ON  is  equal  to  twice  the  area  of  the 
triangle  OAB  [for  it  is  equal  to  the  area  of  a  rectangle 
whose  base  is  AB  and  whose  height  is  ON~\.  Hence  the 
moment  of  the  force  F  about  the  point  0  is  represented  by 
twice  the  area  of  the  triangle  OAB,  i.e.  by  twice  the  area  of 
the  triangle  whose  base  is  the  line  representing  the  force  and 
whose  vertex  is  the  point  about  which  the  moment  is  taken. 

59.  Physical  meaning  of  the  moment  of  a  force  about  a 
point. 

Suppose  the  body  in  the  figure  of  Art.  57  to  be  a  plane 
lamina  [i.e.  a  body  of  very  small  thickness,  such  as  a  piece 
of  sheet-tin  or  a  thin  piece  of  board]  resting  on  a  smooth 
table  and  suppose  the  point  0  of  the  body  to  be  fixed. 
The  effect  of  a  force  F  acting  on  the  body  would  be  to 
cause  it  to  turn  about  the  point  0  as  a  centre,  and  this 
effect  would  not  be  zero  unless  (1)  the  force  F  were  zero,  or 
(2)  the  force  ^"passed  through  0,  in  which  case  the  distance 
ON  would  vanish.  Hence  the  product  F  x  ON  would  seem 
to  be  a  fitting  measure  of  the  tendency  of  F  to  turn  the 
body  about  0.  This  may  be  experimentally  verified  as 
follows ; 
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Let  the  lamina  be  at  rest  under  the  action  of  two  forces 
F  and  Flt  whose  lines  of  action  lie  in  the  plane  of  the 
lamina.  Let  ON  and  ON^  be  the  perpendiculars  drawn 
from  the  fixed  point  0  upon  the  lines  of  action  of  F 
and  F!. 

If  we  measure  the  lengths  ON  and  ON}  and  also  the 


forces  F  and  Fl ,  it  will  be  found  that  the  product  F .  ON 
is  always  equal  to  the  product  Ft .  ON±. 

Hence  the  two  forces,  F  and  Flt  will  have  equal  but 
opposite  tendencies  to  turn  the  body  about  0  if  their 
moments  about  0  have  the  same  magnitude. 

60.  Positive  and  negative  moments.     In  Art.  57  the 
force  F  would,   if  it  were  the  only  force  acting  on  the 
lamina,   make  it  turn  in  a  direction  opposite  to  that  in 
which  the  hands  of  a  watch  move,  when  the  watch  is  laid 
on  the  table  with  its  face  upwards. 

The  force  F^  would,  if  it  were  the  only  force  acting  on 
the  lamina,  make  it  turn  in  the  same  direction  as  that  in 
which  the  hands  of  the  watch  move. 

The  moment  of  F  about  0  is  said  to  be  positive,  and  the 
moment  of  Fl  about  0  is  said  to  be  negative. 

61.  Algebraic  sum  of  moments.     The  algebraic  sum  of 
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the  moments  of  a  set  of  forces  about  a  given  point  is  the 
sum  of  the  moments  of  the  forces,  each  moment  having  its 
proper  sign  prefixed  to  it. 

Ex.  ABCD  is  a  square;  along  the  sides  AB,  CB,  DC,  and  DA  forces 
act  equal  respectively  to  6,  5,  8,  and  12  Ibs.  wt.  Find  the  algebraic 
sum  of  their  moments  about  the  centre,  0,  of  the  square,  if  the  side  of 
the  square  be  4  feet. 

- 


12 


i  O 


A  Q 

The  forces  along  DA  and  AB  tend  to  turn  the  square  about  0  in 
the  positive  direction  whilst  the  forces  along  the  sides  DC  and  CB  tend 
to  turn  it  in  the  negative  direction. 

The  perpendicular  distance  of  0  from  each  force  is  2  feet. 

Hence  the  moments  of  the  forces  are  respectively 
+  6x2,    -5x2,    -8x2,  and  + 12  x  2. 

Their  algebraic  sum  is  therefore  2[6-5-8  +  12]  or  10  units  of  mo 
ment,  i.e.  10  times  the  moment  of  a  force  equal  to  1  Ib.  wt.  acting  at 
the  distance  of  1  foot  from  0. 

62.  Theorem.  The  algebraic  sum  of  the  moments  of 
any  two  forces  about  any  point  in  their  plane  is  equal  to  the 
moment  of  their  resultant  about  the  same  point. 

Case  I.     Let  the  forces  meet  in  a  point. 

C 
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Let  P  and  Q  acting  at  the  point  A  be  the  two  forces  and 
0  the  point  about  which  the  moments  are  taken.  Draw  OC 
parallel  to  the  direction  of  P  to  meet  the  line  of  action  of 
Q  in  the  point  C. 

Let  AC  represent  Q  in  magnitude  and  on  the  same 
scale  let  AB  represent  P  \  complete  the  parallelogram 
ABDC,  and  join  OA  and  OB.  Then  AD  represents  the 
resultant,  J2,  of  P  and  Q. 

(a)  If  0  be  without  the  angle  DAG,  as  in  the  first 
figure,  we  have  to  shew  that 


Since  AB  and  OD  are  parallel,  we  have 

A  OAB  =  A  DAB  =  A  A  CD.         [Euc.  i.  37] 


(j3)     If  0  be  within  the  angle  CA  D,  as  in  the  second 
figure,  we  have  to  shew  that 


As  in  (a),  we  have 

AAO£=  &DAB^  AACD. 


Case  II.     Let  the  forces  be  parallel. 

»». 
O""---....  A 

"  ^--.  C 
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Let  P  and  Q  be  two  parallel  forces  and  R  (=  P  +  $) 
their  resultant. 

From  any  point  (9  in  their  plane  draw  OACB  perpen 
dicular  to  the  forces  to  meet  them  in  A,  C,  and  B  respec 
tively. 

By  Art.  53  we  have     P.AC=  Q  .  CB  ...............  (1) 

.'.  the  sum  of  the  moments  of  P  and  Q  about  0 
=  Q.OB  +  P.OA 
=  Q  (0&+  CB)  +  P(QC-AC) 


=  (P+Q).  00,  by  equation  (1), 
=  moment  of  the  resultant  about  0. 
If  the  point  about  which  the  moments  are  taken  be 
between  the  forces,  as  Ol9  the  moments  of  P  and  Q  have 
opposite  signs. 

In  this  case  we  have 

Algebraic  sum  of  moments  of  P  and  Q  about  Ol 
=  P.01A-Q.01B 


=  (P+Q).  0$,  by  equation  (1). 

The  case  when  the  point  has  any  other  position,  as  also 
the  case  when  the  forces  have  opposite  parallel  directions, 
are  left  for  the  student  to  prove  for  himself. 

63.  Case  I.  of  the  preceding  proposition  may  be  otherwise  proved 
in  the  following  manner  : 

Let  the  two  forces,  P  and  Q,  be  represented  by  AB  and  AC  re 
spectively  and  let  AD  represent  the  resultant  R  so  that  ABDC  is  a 
parallelogram. 

Let  0  be  any  point  in  the  plane  of  the  forces.  Join  OA  and  draw 
BL  and  CM,  parallel  to  OA,  to  meet  AD  in  L  and  M  respectively. 


MOMENTS. 


57 


Since  the  sides  of  the  triangle  ACM  are  respectively  parallel  to  the 
sides  of  the  triangle  DBL,  and  since  AC  is  equal  to  BD, 

/.  AH=LD, 

.'.    A  OAM=  A  OLD.  [Euc.  i.  38] 

First,  let  0  fall  without  the  angle  CAD,  as  in  the  first  figure. 


R  P 


M 


Then 


2&OAB+2&OAC 


[Euc.  i.  37] 


Hence  the  sum  of  the  moments  of  P  and  Q  is  equal  to  that  of  JR. 
Secondly,  let  0  fall  within  the  angle  CAD,  as  in  the  second  figure. 
The  algebraic  sum  of  the  moments  of  P  and  Q  about  0 


[Euc.  i.  37] 


2&OAL-2&OAM 
2  A  OAL  -  2  A  OLD 


moment  of  E  about  0. 


64.  If  the  point  0  about  which  the  moments  are  taken 
lie  on  the  resultant  the  moment  of  the  resultant  about  the 
point  vanishes.  In  this  case  the  algebraic  sum  of  the 
moments  of  the  component  forces  about  the  given  point 
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vanishes,  i.e.  The  moments  of  two  forces  about  any  point  on 
the  line  of  action  of  their  resultant  are  equal  and  of  opposite 
sign. 

The  student  will  easily  be  able  to  prove  this  theorem 
independently  from  a  figure;  for,  in  Art.  62,  the  point  0 
will  be  found  to  coincide  with  the  point  D  and  we  have 
only  to  shew  that  the  triangles  AGO  and  ABO  are  now 
equal,  and  this  is  obviously  true. 

65.     Generalised  theorem  of  moments.    If  any 

number  of  forces  in  one  plane  acting  on  a  rigid  body  have  a 
resultant,  the  algebraic  sum  of  their  moments  about  any  point 
in  their  plane  is  equal  to  the  moment  of  their  resultant. 

For  let  the  forces  be  P,  Q,  R,  £,...  and  let  0  be  the 
point  about  which  the  moments  are  taken. 
Let  Pl  be  the  resultant  of  P  and  Q, 
P2  be  the  resultant  of  P±  and  R, 
P3  be  the  resultant  of  Pz  and  S, 
and  so  on  till  the  final  resultant  is  obtained. 

Then  the  moment  of  P±  about  0  =  sum  of  the  moments 
of  P  and  Q  (Art.  62) ; 

Also  the  moment  of  P9  about  0  =  sum  of  the  moments 
of  1\  and  R 

=  sum  of  the  moments  of  P,  Q,  and  R. 
So  the  moment  of  P3  about  0 

=  sum  of  the  moments  of  P.2  and  S 
=  sum  of  the  moments  of  P,  Q,  R,  and  S, 
and  so  on  until  all  the  forces  have  been  taken. 

Hence  the  moment  of  the  final  resultant 
=  algebraic  sum  of  the  moments  of  the  component  forces. 

Cor.  It  follows,  similarly  as  in  Art.  64,  that  the  alge 
braic  sum  of  the  moments  of  any  number  of  forces  about  a 
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point  on  the  line  of  action  of  their  resultant  is  zero;  so, 
conversely,  if  the  algebraic  sum  of  the  moments  of  any 
number  of  forces  about  any  point  in  their  plane  vanishes, 
then,  either  their  resultant  is  zero  (in  which  case  the  forces 
are  in  equilibrium),  or  the  resultant  passes  through  the 
point  about  which  the  moments  are  taken. 

66.  The  theorem  of  the  previous  article  enables  us  to 
find  points  on  the  line  of  action  of  the  resultant  of  a  system 
of  forces.     For  we  have  only  to  find  a  point  about  which 
the  algebraic  sum  of  the  moments  of  the  system  of  forces 
vanishes,  and  then  the  resultant  must  pass  through  that 
point.     This  principle  is  exemplified  in  Examples  2  and  3 
of  the  following  article. 

If  we  have  a  system  of  parallel  forces  the  resultant  is 
known  both  in  magnitude  and  direction  when  one  such 
point  is  known. 

67.  Ex.  1.     A  rod,  o  feet  long,  supported  by  two  vertical  strings 
attached  to  its  ends  has  weights  of  4,  6,  8  and  10  Ibs.  hung  from  the 
rod  at  distances  of  1,  2,  3  and  4  feet  from  one  end.     If  the  weight  of 
the  rod  be  2  Ibs.,  what  are  the  tensions  of  the  strings  ? 

Let  AF  be  the  rod,  B,  G,  D  and  E  the  points  at  which  the  weights 


R  ^S 


A 


L 


G    G    C  u-         iF 


io 


are  hung ;  let  G  be  the  middle  point ;  we  shall  assume  that  the  weight 
of  the  rod  acts  here. 

Let  R  and  S  be  the  tensions  of  the  strings.  Since  the  resultant  of 
the  forces  is  zero,  its  moment  about  A  must  be  zero. 

Hence,  by  Art.  65,  the  algebraic  sum  of  the  moments  about  A 
must  vanish. 
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x2i +  8x3  + 10x4-5x5  =  0, 


Therefore 


Similarly,  taking  moments  about  F,  we  have 

512  =  10x1+8x2  +  2x2^  +  6x3  +  4x4  =  05, 


The  reaction  R  may  be  otherwise  obtained.  For  the  resultant  of  the 
weights  is  a  weight  equal  to  30  Ibs.  and  that  of  R  and  S  is  a  force 
equal  to  R  +  S.  But  these  resultants  balance  one  another. 


=  30; 
/.  R  =  30  -5  =  30  -17  =  13. 

Ex.  2.  Forces  equal  to  P,  2P,  3P,  and  4P  act  along  the  sides  of  a 
square  ABCD  taken  in  order  ;  find  the  magnitude,  direction,  and  line 
of  action  of  the  resultant. 

Let  the  side  of  the  square  be  a. 

The  forces  P  and  3P  are,  by  Art.  53,  equal  to  a  parallel  force  2P 
acting  at  E  where  DE  is  •=  . 

The  forces  4P  and  2P  are,  similarly,  equal  to  a  force  2P  acting  at 
a  point  F  on  CD  where  DF  is  a. 

Let  the  lines  of  action  of  these  two  components  meet  in  0.  Then 
the  final  resultant  is  equal  to  2Pv/2  acting  in  a  direction  parallel 
to  CA. 


r~\ 

,4P 

M 

,2P 

r? 

D 

\    IF 
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Otherwise  thus;  without  making  any  geometric  construction 
(which  is  often  tedious)  the  line  of  action  of  the  resultant  force 
can  be  easily  obtained  by  using  the  theorem  of  Art.  65. 

Let  the  line  of  action  meet  AD  and  CD  in  Q  and  R. 

Since  Q  is  a  point  on  the  line  of  action  of  the  resultant  the  alge 
braic  sum  of  the  moments  of  the  four  forces  about  Q  must  be  zero  ; 


So  for  the  point  R  we  have 


Also  the  components  of  the  forces  perpendicular  to  CD  are  4P  -  2P, 
i.e.  2P,  and  the  components  parallel  to  CD  are  3P-P,  i.e.  2P. 
Hence  the  magnitude  of  the  resultant  is 


Ex.  3.  Forces  equal  to  3P,  7P,  and  5P  act  along  the  sides  AB,  BC 
and  CA  of  an  equilateral  triangle  ABC  ;  find  the  magnitude,  direction, 
and  line  of  action  of  the  resultant. 

Let  the  side  of  the  triangle  be  a,  and  let  the  resultant  force  meet 


7P  C\ 


Q 


the  side  BC  in  Q.     Then,  by  Art.  65,  the  moments  of  the  forces  about 
Q  vanish. 

.'.   3P  x(QC  +  a)  sin  60°  =  5P  x  QC  sin  60°. 


The  sum  of  the  components  of  the  forces  perpendicular  to  BC 

=  5P  sin  60°  -  3P  sin  60°  =  P^/3. 
Also  the  sum  of  the  components  in  the  direction  EG 

=  7P  -  5P  cos  60°  -  3P  cos  60°  =  3P. 
Hence  the  resultant  is  P,/L2  inclined  at  an  angle  tan"1^-,  i.e. 

Q 

30°,  to  UC  and  passing  through  Q  where  CQ  =  %BC. 
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EXAMPLES.    VIII. 

1.  The  side  of  a  square  ABCD  is  4  feet ;  along  the  lines  CB,  BA, 
DA  and  DB,  respectively  act  forces  equal  to  4,  3,  2  and  5  Ibs.  weight ; 
find  to  the  nearest  decimal  of  a  foot-pound  the  algebraic  sum  of  the 
moments  of  the  forces  about  C. 

2.  The  side  of  a  regular  hexagon  ABCDEF  is  2  feet ;  along  the 
sides  AB,  CB,  DC,  DE,  EF  and  FA  act  forces  respectively  equal  to  1, 
2,  3,  4,  5  and  6  Ibs.  wt. ;  find  the  algebraic  sum  of  the  moments  of 
the  forces  about  A. 

3.  A  pole  of  20  feet  length  is  placed  with  its  end  on  a  horizontal 
plane  and  is  pulled  by  a  string,  attached  to  its  upper  end  and  inclined 
at  30°  to  the  horizon,  whose  tension  is  equal  to  30  Ibs.  wt. ;  find  the 
horizontal  force  which  applied  at  a  point  4  feet  above  the  ground  will 
keep  the  pole  in  a  vertical  position. 

4.  A  uniform  iron  rod  is  of  length  6  feet  and  mass  9  Ibs. ,  and 
from  its  extremities  are  suspended  masses  of  6  and  12  Ibs.  respec 
tively;   from  what  point  roust  the  rod  be  suspended  so  that  it  may 
remain  in  a  horizontal  position  ? 

5.  A  uniform  beam  is  of  length  12  feet  and  weight  50  Ibs.,  and 
from  its  ends  are  suspended  bodies  of  weights  20  and  30  Ibs.  respec 
tively;   at  what  point  must  the  beam  be  supported  so  that  it  may 
remain  in  equilibrium  ? 

6.  Masses  of  1  lb.,  2  Ibs.,  3  Ibs.,  and  4  Ibs.  are  suspended  from  a 
uniform  rod,  of  length  5  ft.,  at  distances  of  1  ft.,  2  ft.,  3  ft.,  and  4  ft. 
respectively  from  one  end.    If  the  mass  of  the  rod  be  4  Ibs. ,  find  the 
position  of  the  point  about  which  it  will  balance. 

7.  A  uniform  rod,  4  ft.  in  length  and  weighing  2  Ibs.,  turns  freely 
about  a  point  distant  one  foot  from  one  end  and  from  that  end  a 
weight  of  10  Ibs.  is  suspended.     What  weight  must  be  placed  at  the 
other  end  to  produce  equilibrium  ? 

8.  A  heavy  uniform  beam,  10  feet  long,  whose  mass  is  10  Ibs.,  is 
supported  at  a  point  4  feet  from  one  end ;  at  this  end  a  mass  of  6  Ibs. 
is  placed ;  find,  the  mass  which,  placed  at  the  other  end,  would  give 
equilibrium. 

9.  The  horizontal  roadway  of  a  bridge  is  30  feet  long,  weighs 
6  tons,  and  rests  on  similar  supports  at  its  ends.   What  is  the  pressure 
borne  by  each  support  when  a  carriage,  of  weight  2  tons,  is  (1)  half 
way  across,  (2)  two-thirds  of  the  way  across  ? 

10.  A  light  rod,  AB,  20  inches  long,  rests  on  two  pegs  whose 
distance  apart  is  10  inches.      How  must  it  be  placed  so  that  the 
pressures  on  the  pegs  may  be  equal  when  weights  of  21V  and  3  IF 
respectively  are  suspended  from  A  and  B  ? 


VIII.  MOMENTS.  03 

11.  A  light  rod,  of  length  3  feet,  has  equal  weights  attached  to  ii, 
one  at  9  inches  from  one  end  and  the  other  at  15  inches  from  the  other 
end ;  if  it  be  supported  by  two  vertical  strings  attached  to  its  ends  and 
if  the  strings  cannot  support  a  tension  greater  than  the  weight  of 
1  cwt.,  what  is  the  greatest  magnitude  of  the  equal  weights? 

12.  A  heavy  uniform  beam,  whose  mass  is  40  Ibs.,  is  suspended 
in  a  horizontal  position  by  two  vertical  strings  each  of  which  can 
sustain  a  tension  of  35  Ibs.  weight.     How  far  from  the  centre  of  the 
beam  must  a  body,  of  mass  20  Ibs.,  be  placed  so  that  one  of  the  strings 
may  just  break? 

13.  A  uniform  bar,  AB,  10  feet  long  and  of  mass  50  Ibs.,  rests  on 
the  ground.     If  a  mass  of  100  Ibs.  be  laid  on  it  at  a  point,  distant 
3  feet  from  B,  find  what  vertical  force  applied  to  the  end  A  will  just 
begin  to  lift  that  end. 

14.  A  rod,  16  inches  long,  rests  on  two  pegs,  9  inches  apart,  with 
its  centre  midway  between  them.     The  greatest  masses  that  can  be 
suspended  in  succession  from  the  two  ends  without  disturbing  the 
equilibrium  are  4  Ibs.  and  5  Ibs.  respectively.     Find  the  weight  of  the 
rod  and  the  position  of  the  point  at  which  its  weight  acts. 

15.  A  straight  rod,  2  feet  long,  is  movable  about  a  hinge  at  one 
end  and  is  kept  in  a  horizontal  position  by  a  thin  vertical  string 
attached  to  the  rod  at  a  distance  of  8  inches  from  the  hinge  and 
fastened  to  a  fixed  point  above  the  rod ;  if  the  string  can  just  support 
a  mass  of  9  ozs.  without  breaking,  find  the  greatest  mass  that  can 
be  suspended  from  the  other  end  of  the  rod,  neglecting  the  weight  of 
the  rod. 

16.  A  tricycle,  weighing  5  stone  4  Ibs.,  has  a  small  wheel  sym 
metrically  placed  3  feet  behind  two  large  wheels  which  are  3  feet  apart ; 
if  the  centre  of  gravity  of  the  machine  be  at  a  horizontal  distance  of 
9  inches  behind  the  front  wheels  and  that  of  the  rider,  whose  weight 
is  9  stone,  be  3  inches  behind  the  front  wheels,  find  the  pressures  on 
the  ground  of  the  different  wheels. 

17.  A  front- steering  tricycle,  of  weight  6  stone,  has  a  small  wheel 
symmetrically  placed  3  ft.  6  ins.  in  front  of  the  line  joining  the  two 
large  wheels  which  are  3  feet  apart ;   if  the  centre  of  gravity  of  the 
machine  be  distant  horizontally  1  foot  in  front  of  the  hind  wheels  and 
that  of  the  rider,  whose  weight  is  11  stone,  be  6  inches  in  front 
of  the  hind  wheels,  find  how  the  weight  is  distributed  on  the  different 
wheels. 

18.  A  dog- cart,  loaded  with  4  cwt.,  exerts  a  pressure  on  the  horse's 
back  equal  to  10  Ibs.  wt. ;  find  the  position  of  the  centre  of  gravity  of 
the  load  if  the  distance  between  the  pad  and  the  axle  be  6  feet. 

19.  Forces  of  3, 4,  5  and  6  Ibs.  wt.  respectively  act  along  the  sides 
of  a  square  ABGD  taken  in  order;  find  the  magnitude,  direction,  and 
line  of  action  of  their  resultant. 

20.  ABCD  is  a  square ;  along  AB,  CB,  AD  and  DC  equal  forces, 
P,  act ;  find  their  resultant. 
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21.  ABCD  is  a  square  the  length  of  whose  side  is  one  foot ;  along 
AB,  BG,  DC,  and  AD  act  forces  proportional  to  1,  2,  4  and  3  respec 
tively  ;  shew  that  the  resultant  is  parallel  to  a  diagonal  of  the  square 
and  find  where  it  cuts  the  sides  of  the  square. 

22.  ABCD  is  a  rectangle  of  which  adjacent  sides  AB  and  BC  are 
equal  to  3  and  4  feet  respectively ;  along  AB,  BC  and  CD  forces  of  30, 
40,  and  50  Ibs.  wt.  act ;  find  the  resultant. 

23.  Three  forces  P,  2P,  and  3P  act  along  the  sides  AB,  BC,  and 
CA  of  a  given  equilateral  triangle  ABC-,   find  the  magnitude  and 
direction  of  their  resultant,  and  find  also  the  point  in  which  its  line 
of  action  meets  the  side  BG. 

24.  ABC  is  an  isosceles  triangle  whose  angle  A  is  120°  and  forces 
of  magnitude  1,  1,  and  ^3  Ibs.  wt.  act  along  AB,  AC,  and  B*G  ;  shew 
that  the  resultant  bisects  BG  and  is  parallel  to  one  of  the  other  sides 
of  the  triangle. 

25.  Forces  proportional  to  AB,  BC,  and  2CA  act  along  the  sides 
of  a  triangle  ABC  taken  in  order;  shew  that  the  resultant  is  repre 
sented  in  magnitude  and  direction  by  CA  and  that  its  line  of  action 
meets  BC  at  a  point  X  where  CX  is  equal  to  BG. 

26.  ABC  is  a  triangle  and  D,  E  and  F  are  the  middle  points  of 
the  sides ;  forces  represented  by  AD,  %BE  and  ^CF  act  on  a  particle 
at  the  point  where  AD  and  BE  meet;   shew  that  the  resultant  is 
represented  in  magnitude  and  direction  by  ^AC  and  that  its  line  of 
action  divides  BC  in  the  ratio  2  : 1. 

27.  Three  forces  act  along  the  sides  of  a  triangle ;  shew  that,  if 
the  sum  of  two  of  the  forces  be  equal  in  magnitude  but  opposite  in 
sense  to  the  third  force,  then  the  resultant  of  the  three  forces  passes 
through  the  centre  of  the  inscribed  circle  of  the  triangle. 

28.  The  wire  passing  round  a  telegraph  pole  is  horizontal  and 
the  two  portions  attached  to  the  pole  are  inclined  at  an  angle  of  60° 
to  one  another.      The  pole  is  supported  by  a  wire  attached  to  the 
middle  point  of  the  pole  and  inclined  at  60°  to  the  horizon  ;  shew  that 
the  tension  of  this  wire  is  4  ^3  times  that  of  the  telegraph  wire. 

29.  At  what  height  from  the  base  of  a  pillar  must  the  end  of  a 
rope  of  given  length  be  fixed  so  that  a  given  force  acting  at  the 
other  end  may  have  the  greatest  tendency  to  make  the  pillar  over 
turn  ?    [The  free  end  of  the  rope  is  at  the  level  of  the  ground.] 

30.  The  magnitude  of  a  force  is  known  and  also  its  momenta 
about  two  given  points  A  and  B.    Find,  by  a  geometrical  construction, 
its  line  of  action. 

31.  Find  the  locus  of  all  points  in  a  plane  such  that  two  forces 
given  in  magnitude  and  position  shall  have  equal  moments,  in  the 
same  sense,  round  any  one  of  these  points. 

32.  AB  is  a  diameter  of  a  circle  and  BP  and  BQ  are  chords  at 
right  angles  to  one  another ;  shew  that  the  moments  of  forces  repre 
sented  by  BP  and  BQ  about  A  are  equal. 
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COUPLES. 

68.     Def.     Two   equal    unlike   parallel  forces,  whose 
lines  of  action  are  not  the  same,  form  a  couple. 


The  Arm  of  a  couple  is  the  perpendicular  distance 
between  the  lines  of  action  of  the  two  forces  which  form 
the  couple,  i.e.  is  the  perpendicular  drawn  from  any  point 
lying  on  the  line  of  action  of  one  of  the  forces  upon  the 
line  of  action  of  the  other.  Thus  the  arm  of  the  couple 
(P,  P)  is  the  length  AB. 

The  Moment  of  a  couple  is  the  product  of  one  of  the 
forces  forming  the  couple  and  the  arm  of  the  couple. 

In  the  figure  the  moment  of  the  couple  is  P  x  AB. 

L.  s.  5 
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69.  Theorem.  The  algebraic  sum  of  the  moments  of 
the  two  forces  forming  a  couple  about  any  point  in  their 
plane  is  constant,  and  equal  to  the  moment  of  the  couple. 

Let  the  couple  consist  of  two  forces,  each  equal  to  P, 
and  let  0  be  any  point  in  their  plane. 


Draw  OAB  perpendicular  to  the  lines  of  action  of  the 
forces  to  meet  them  in  A  and  B  respectively. 

The  algebraic  sum  of  the  moments  of  the  forces  about  0 

=  P.OB- P.  OA  =  P(OB-OA)  =  P.AB 
=  the  moment   of   the  couple,   and  is  therefore  the  same 
whatever  be  the  point  0  about  which  the   moments  are 
taken. 

70.  Theorem.  Two  couples,  acting  in  one  plane  upon 
a  rigid  body,  tvhose  moments  are  equal  and  opposite,  balance 
one  another. 

Let  one  couple  consist  of  two  forces  (Pt  P),  acting  at 
the  ends  of  an  arm  p,  and  let  the  other  couple  consist  of 
two  forces  (Q,  Q),  acting  at  the  ends  of  an  arm  q. 

Case  I.  Let  one  of  the  forces  P  meet  one  of  the  forces 
Q  in  a  point  0,  and  let  the  other  two  forces  meet  in  0'. 
From  0'  draw  perpendiculars,  O'M  and  O'N,  upon  the 
forces  which  do  not  pass  through  0',  so  that  the  lengths  of 
these  perpendiculars  are  p  and  q  respectively. 
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Since  the  moments  of  the  couples  are  equal  in  magni 
tude,  we  have 

P.p  =  Q.q,  i.e.,  P  .  0'M=  Q  .  O'N. 


Q 


Hence,  (Art.  64),  0'  is  on  the  line  of  action  of  the 
resultant  of  P  and  Q  acting  at  0,  so  that  00'  is  the 
direction  of  this  resultant. 

Similarly,  the  resultant  of  P  and  Q  at  0'  is  in  the 
direction  O'O. 

Also  these  resultants  are  equal  in  magnitude;  for  the 
forces  at  0  are  respectively  equal  to,  and  act  at  the  same 
angle  as,  the  forces  at  0'. 

Hence  these  two  resultants  destroy  one  another,  and 
therefore  the  four  forces  composing  the  two  couples  are  in 
equilibrium. 

Case  II.  Let  the  forces  composing  the  couples  be  all 
parallel,  and  let  any  straight  line  perpendicular  to  their 
directions  meet  them  in  the  points  At  B,  G  and  Z>,  as  in 
the  figure,  so  that,  since  the  moments  are  equal,  we  have 


Let  L  be  the  point  of  application  of  the  resultant  of  Q 
at  C  and  P  at  B,  so  that 

P.BL  =  Q.CL  .....................  (ii). 

5—2 
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By  subtracting  (ii)  from  (i),  we  have 

P.AL^Q.LD, 

so  that  L  is  the  point  of  application  of  the  resultant  of  P 
at  At  and  Q  at  D. 


P 


But  the  magnitude  of  each  of  these  resultants  is 
(P  +  Q),  and  they  have  opposite  directions;  hence  they  are 
in  equilibrium. 

Therefore  the  four  forces  composing  the  two  couples 
balance. 

71.  Since  two  couples  in  the  same  plane,  of  equal  but 
opposite   moment,    balance,    it   follows,    by   reversing   the 
directions  of  the  forces  composing  one  of  the  couples,  that 

Any  two  couples  of  equal  moment  in  tJie  same  plane  are 
equivalent. 

It  follows  also  that  two  like  couples  of  equal  moment 
are  equivalent  to  a  couple  of  double  the  moment. 

72.  Theorem.     Any  number  of  couples  in  the  same 
plane  acting  on  a  rigid  body  are  equivalent    to    a   single 
couple,  whose  moment  is  equal  to  the  algebraic  sum  of  the 
moments  of  the  couples. 

For  let  the  couples  consist  of  forces  (P,  P)  whose  arm 
is  Pi  (Q>  Q)  whose  arm  is  q,  (72,  R)  whose  arm  is  r,  etc. 
Replace  the  couple  (Q,  Q)  by  a  couple  whose  components 
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have  the  same  lines  of  action  as  the  forces  (P,  P).  The 
magnitude  of  each  of  the  forces  of  this  latter  couple  will 
be  X,  where  X  .p  =  Q  .  q,  (Art.  71) 

so  that  X^Q^-. 

P 

So   let   the   couple   (72,    R)   be   replaced   by   a   couple 

(r        r\ 
R  -  ,  R  -  }  ,   whose  forces  act  in  the  same  lines   as   the 
P        P> 
forces  (P,  P). 

Similarly  for  the  other  couples. 

Hence  all  the  couples  are  equivalent  to  a  couple,  each  of 

whose  forces  isP  +  Q-+R~+  ...  acting  at  an  arm  p. 

P         P 
The  moment  of  this  couple  is 


.e.,       .p  + 

Hence  the  original  couples  are  equivalent  to  a  single 
couple,  whose  moment  is  equal  to  the  sum  of  their  moments. 

If  all  the  component  couples  have  not  the  same  sign  we 
must  give  to  each  moment  its  proper  sign,  and  the  same 
proof  will  apply. 


EXAMPLES.    IX 

1.  ABCD  is  a  square  whose  side  is  2  feet;  along  AB,  BG,  CD  and 
DA  act  forces  equal  to  1,  2,  8,  and  5  Ibs.  wt.,  and  along  AC  and  DB 
forces  equal  to  5  ^2  and  2  ^2  Ibs.  \vt. ;  shew  that  they  are  equivalent 
to  a  couple  whose  moment  is  equal  to  16  foot-pounds  weight. 

2.  Along  the  sides  AB  and  CD  of  a  square  ABGD  act  forces  each 
equal  to  2  Ibs.  weight,  whilst  along  the  sides  AD  and  CB  act  forces 
each  equal  to  5  Ibs.  weight ;  if  the  side  of  the  square  be  3  feet,  find 
the  moment  of  the  couple  that  will  give  equilibrium. 
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3.  ABCDEF  is  a  regular  hexagon  ;  along  the  sides  AB,  CB,  DE 
and  FE  act  forces  respectively  equal  to  5,  11,  o,  and  11  Ibs.  weight, 
and  along  CD  and  FA  act  forces,  each  equal  to  x  Ibs.  weight.    Find 
x,  if  the  forces  be  in  equilibrium. 

4.  A  horizontal  bar  AB,  without  weight,  is  acted  upon  by  a 
vertical  downward  force  of  1  Ib.  weight  at  A,  a  vertical  upward  force 
of  1  Ib.  weight  at  B,  and  a  downward  force  of  5  Ibs.  weight  at  a 
given  point  C  inclined  to  the  bar  at  an  angle  of  3U°.     Find  at  what 
point  of  the  bar  a  force  must  be  applied  to  balance  these,  and  find 
also  its  magnitude  and  direction. 

73.  Theorem.  The  effect  of  a  couple  upon  a  rigid 
body  is  unaltered  if  it  be  transferred  to  any  plane  parallel  to 
its  own,  t/ie  arm  remaining  parallel  to  its  original  position. 

Let  the  couple  consist  of  two  forces  (P,  P),  whose  arm 
is  AB,  and  let  their  lines  of  action  be  AC  and  BD 


P 

_JB 


P 


pi 
A,h 


Let  AlBi  be  any  line  equal  and  parallel  to  A  B. 

Draw  A&  and  B^  parallel  to  AC  and  BD  respec 
tively. 

At  Al  introduce  two  equal  and  opposite  forces,  each 
equal  to  P,  acting  in  the  direction  AlCl  and  the  opposite 
direction  A±E. 

At  BI  introduce,  similarly,  two  equal  and  opposite  forces, 
each  equal  to  P,  acting  in  the  direction  BlDl  and  the 
opposite  direction  B^F. 
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These  forces  will  have  no  effect  on  the  equilibrium  of 
the  body. 

Join  ABV  and  A^,  and  let  them  meet  in  0 ;  then  0  is 
the  middle  point  of  both  ABl  and  A^B. 

The  forces  P  at  B  and  P  acting  along  A^E  have  a  re 
sultant  2P  acting  at  0  parallel  to  BD. 

The  forces  P  at  A  and  P  acting  along  B^F  have  a  re 
sultant  2P  acting  at  0  parallel  to  AC. 

These  two  resultants  are  equal  and  opposite,  and  there 
fore  balance.  Hence  we  have  left  the  two  forces  (P,  P)  at 
A^  and  B±  acting  in  the  directions  AlCl  and  B^Dl,  i.e., 
parallel  to  the  directions  of  the  forces  of  the  original 
couple. 

Also  the  plane  through  AlCl  and  BlDl  is  parallel  to  the 
plane  through  AC  and  BD. 

Hence  the  theorem  is  proved. 

Cor.  From  this  proposition  and  Art.  71  we  conclude 
that  A  couple  may  be  replaced  by  any  other  couple  acting  in  a 
parallel  plane,  provided  tJiat  the  moments  of  the  two  couples 
are  the  same. 

74.  Theorem.  A  single  force  and  a  couple  acting  in 
the  same  plane  upon  a  rigid  body  cannot  produce  equilibrium, 
but  are  equivalent  to  the  single  force  acting  in  a  direction 
parallel  to  its  original  direction. 

Let  the  couple  consist  of  two  forces,  each  equal  to  Pt 
their  lines  of  action  being  OB  and  OjC  respectively. 

Let  the  single  force  be  Q. 

Case  I.  If  Q  be  not  parallel  to  the  forces  of  the  couple, 
let  it  be  produced  to  meet  one  of  them  in  0.  ' 

Then  P  and  Q,  acting  at  0,  are  equivalent  to  some  force 
AJ,  acting  in  some  direction  OL  which  lies  between  OA  and 
OB. 
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Let  OL  be  produced  (backwards  if  necessary)  to  meet 
the  other  force  of  the  couple  in  01}  and  let  the  point  of 
application  of  R  be  transferred  to  0Z. 


o,r 


Draw  O^A^  parallel  to  OA. 

Then  the  force  R  may  be  resolved  into  two  forces  Q  and 
jP,  the  former  acting  in  the  direction  O^A^  and  the  latter  in 
the  direction  opposite  to  0-fi. 

This  latter  force  P  is  balanced  by  the  second  force  P  of 
the  couple  acting  in  the  direction  Of!. 

Hence  we  have  left  as  the  resultant  of  the  system  a 
force  Q  acting  in  the  direction  OlAl  parallel  to  its  original 
direction  OA. 

Case  II.  Let  the  force  Q  be  parallel  to  one  of  the 
forces  of  the  couple. 


B           :D 

A          E 

px 

^          !     / 

,Q 

1 

P 

c 

>             °3    ( 

),        04 

c 

Let  0^0  meet  the  force  Q  in  02 
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The  parallel  forces  P  at  0  and  Q  at  02  are,  by  Art.  53, 
equivalent  to  a  force  (P  +  Q)  acting  at  some  point  03  in  a 
direction  parallel  to  OB.  The  unlike  parallel  forces  (P  +  Q) 
at  03  and  P  at  Ox  are,  similarly,  equivalent  to  a  force  Q 
acting  at  some  point  04  in  a  direction  parallel  to  03D. 

Hence  the  resultant  of  the  system  is  equal  to  the  single 
force  Q  acting  in  a  direction  parallel  to  its  original  direc 
tion. 

75.  If  three  forces,  acting  upon  a  rigid  body,  be  repre 
sented  in  magnitude,  direction,  and  line  of  action  by  the  sides 
of  a  triangle  taken  in  order,  they  are  equivalent  to  a  couple 
whose  moment  is  represented  by  twice  the  area  of  the  triangle. 

Let  ABC  be  the  triangle  and  P,  Q  and  R  the  forces,  so 
that  P,  Q  and  R  are  represented  by  the  sides  BCy  CA  and 
AB  of  the  triangle. 


'M 

Through  7?  draw  L BM  parallel  to  the  side  AC,  and  in 
troduce  two  equal  and  opposite  forces,  equal  to  Q,  at  B, 
acting  in  the  directions  BL  and  BM  respectively.  By  the 
triangle  of  forces  (Art.  30)  the  forces  P,  R,  and  Q  acting  in 
the  straight  line  BL,  are  in  equilibrium. 

Hence  we  are  left  with  the  two  forces,  each  equal  to  Q, 
acting  in  the  directions  CA  and  BM  respectively. 
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These  form  a  couple  whose  moment  is  Q  x  JBN,  where 
LN  is  drawn  perpendicular  to  CA. 

Also  Q  x  BN=  CA  x  BN=  twice  the  area  of  the  triangle 
ABC. 

Cor.  In  a  similar  manner  it  may  be  shewn  that  if 
a  system  of  forces  acting  on  one  plane  on  a  rigid  body  be 
represented  in  magnitude,  direction,  and  line  of  action  by 
the  sides  of  the  polygon,  they  are  equivalent  to  a  couple 
whose  moment  is  represented  by  twice  the  area  of  the 
polygon. 


CHAPTER    VII. 

EQUILIBRIUM   OF   A   RIGID   BODY   ACTED   ON   BY   THREE 
FORCES   IN   A  PLANE. 

76.  IN   the   present   chapter    we   shall   discuss  some 
simple  cases  of  the  equilibrium  of  a  rigid  body  acted  upon 
by  three  forces  lying  in  a  plane. 

By  the  help  of  the  theorem  of  the  next  article  we  shall 
iind  that  the  conditions  of  equilibrium  reduce  to  those  of  a 
single  particle. 

77.  Theorem.     If  three  forces,  acting  in  one  plane 
upon  a  rigid  body,  keep  it  in  equilibrium,  they  must  either 
meet  in  a  point  or  be  parallel. 

If  the  forces  be  not  all  parallel,  at  least  two  of  them 


must  meet ;  let  these  two  be  P  and  Q,  and  let  their  direc 
tions  meet  in  0. 

The  third  force  R  shall  then  pass  through  the  point  0. 
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Since  the  algebraic  sum  of  the  moments  of  any  number 
of  forces  about  a  point  in  their  plane  is  equal  to  the  moment 
of  their  resultant, 

therefore  the  sum  of  the  moments  of  P,  Q,  and  R  about 
0  is  equal  to  the  moment  of  their  resultant. 

But  this  resultant  vanishes  since  the  forces  are  in  equi 
librium. 

Hence  the  sum  of  the  moments  of  Pt  Q,  and  R  about  0 
is  zero. 

But,  since  P  and  Q  both  pass  through  0,  their  moments 
about  0  vanish. 

Hence  the  moment  of  R  about  0  vanishes. 

Hence  by  Art.  57,  since  R  is  not  zero,  its  line  of  action 
must  pass  through  0. 

Hence  the  forces  meet  in  a  point. 

Otherwise.  The  resultant  of  P  and  Q  must  be  some  force  passing 
through  0. 

But,  since  the  forces  P,  Q,  and  R  are  in  equilibrium,  this  resultant 
must  balance  R. 

But  two  forces  cannot  balance  unless  they  have  the  same  line  of 
action. 

Hence  the  line  of  action  of  R  must  pass  through  0. 

78.  By  the  preceding  theorem  we  see  that  the  con 
ditions  of  equilibrium  of  three  forces,  acting  in  one  plane, 
are  easily  obtained.  Eor  the  three  forces  must  meet  in  a 
point ;  and  by  using  Lami's  Theorem,  (Art.  40),  or  by 
resolving  the  forces  in  two  directions  at  right  angles,  (Art. 
48),  we  can  obtain  the  required  conditions. 

79.  Ex.  1.  A  heavy  uniform  rod  AB  is  hinged  at  A  to  a  fixed 
point,  and  rests  in  a  position  inclined  at  60°  to  the  horizontal,  being 
acted  upon  by  a  horizontal  force  F  applied  at  the  lower  end  B :  find  the 
action  at  the  hinge  and  the  magnitude  of  F. 

Let  the  vertical  through  (7,  the  middle  point  of  the  rod,  meet  the 
horizontal  line  through  B  in  the  point  D  and  let  the  weight  of  the 
rod  be  W. 
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There  are  only  three  forces  acting  on  the  rod,  viz.,  the  force  F,  the 
weight  W,  and  the  unknown  reaction,  P,  of  the  hinge. 


These  three  forces  must  therefore  meet  in  a  point. 

Now  F  and  W  meet  at  D;  hence  the  direction  of  the  action  at 
the  hinge  must  be  the  line  DA. 

Draw  AE  perpendicular  to  EB,  and  let  the  angle  ADE  be  8. 

Also,  by  Lami's  Theorem, 

F  W  P 


sin  WDA 
F 


sinADB      sin  WJDB* 
W  P 


'    sin  (90°  +  0)      sin  (180°  -  6)      sin  90°  * 

,  F=wc-^=wcote  =  -^^« 

Bind 


6 


and 


W 


ETC.  2.  ^  uniform  rod,  AB,  is  inclined  at  an  angle  of  60°  to  the 
vertical  with  one  end  A  resting  against  a  smooth  vertical  wall,  being 
supported  by  a  string  attached  to  a  point  G  of  the  rod,  distant  1  foot 
from  B,  and  also  to  a  ring  in  the  wall  vertically  above  A  ;  if  the  length 
of  the  rod  be  4  feet,  find  the  position  of  the  ring  and  the  inclination  and 
tension  of  the  string. 

Let  the  perpendicular  to  the  wall  through  A  and  the  vertical  line 
through  the  middle  point,  G,  of  the  rod  meet  in  O, 
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The  third  force,  the  tension  T  of  the  string,  must  therefore  pass 
through  0.  Hence  CO  produced  must  pass  through  D,  the  position  of 
the  ring. 


Then 


tan  0  =  tan  COE  =  - 


Let  the  angle  CDA  be  0,  and  draw  CEF  horizontal  to  meet  OG  in 
E  and  the  wall  in  F. 

CE  _  CG  sin  GGE 
~OE~         AF 
_  1  .  sin  60°  _  1 

.•.  0=30°. 

.'.  ytCfD  =  60°-0  =  30°. 
Hence  AD  =  AC  =  3  feet,  giving  the  position  of  the  ring. 

If  R  be  the  reaction  of  the  wall,  and  W  be  the  weight  of  the 
beam,  we  have,  since  the  forces  are  proportional  to  the  sides  of  the 
triangle  AOD, 

OD~AO=DA' 
...  T=W™=      W         -     2 


and 


DA      cos  30° 


R=  W  ^T.  =  W  tan  30°  =  W  .  -=5 , 

x/^4.  k./o 


Ex.  3.  A  rod  ivlioae  centre  of  gravity  divides  it  into  two  portions, 
whose  lengths  are  a  and  b,  has  a  string,  of  length  1,  tied  to  its  two  ends 
and  the  string  is  slung  over  a  small  smooth  peg ;  find  the  position  of 
equilibrium  of  the  rod. 

[N.B.  The  centre  of  gravity  of  a  body  is  the  point  at  which  its 
weight  may  be  assumed  to  act.] 
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Let  AB  be  the  rod  and  C  its  centre  of  gravity ;  let  O  be  the  peg 
and  let  the  lengths  of  the  portions  AO  and  OB  of  the  string  be  x  and 
y  respectively. 


W 


Since  there  are  only  three  forces  acting  on  the  body  they  must 
meet  in  a  point. 

But  the  two  tensions  pass  through  0;  hence  the  line  of  action  of 
the  weight  W  must  pass  through  0,  and  hence  the  line  CO  must  be 
vertical. 

Now  the  tension  T  of  the  string  is  not  altered,  since  the  string 
passes  round  a  smooth  peg ;  hence,  since  W  balances  the  resultant  of 
two  equal  forces,  it  must  bisect  the  angle  between  them. 

.'.  L  AOC=L  BOC  =  a  (say). 

„  A    fl  fm 

HtoCe  y=CB=b'  (Euc.vi.3.) 

Also  x  +  y  =  l. 

.*.  solving  these  equations,  we  have 

a  =  b  =  ~a  +  b  W' 

Also,  from  the  triangle  AOB,  we  have 

(1  +  cos  2a) 

72/,  7> 

2  cos2  a. 


4Z2  ab 

This  equation  gives  a. 

Let  6  be  the  inclination  of  the  rod  to  the  horizon,  so  that 
OCA  =  \ 
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From  the  triangle  AGO  we  have 

sin  (90°  +  0)  _-^0__x_      l        b    n 
sin  ct  ^.G      CL      a  -f-  u 

,     I  sin  a 
.•.  cos  6  = —  ,  giving  0. 

Also,  by  resolving  the  forces  vertically,  we  have  2!Tcosa  =  TF, 
giving  T. 

Numerical  Example.  If  the  length  of  the  rod  be  5  feet,  the  length 
of  the  string  7  i'eet,  and  if  the  centre  of  gravity  of  the  rod  divide  it  in 
the  ratio  4 :  3,  shew  that  the  portions  of  the  string  are  at  right  angles, 
that  the  inclination  of  the  rod  to  the  horizon  is  tan"1  f ,  and  that  the 
tension  of  the  string  is  to  the  weight  of  the  rod  as  ^2  :  2. 

Ex.  4.  A  heavy  uniform  rod,  of  length  2a,  rests  partly  within  and 
partly  without  a  fixed  smooth  hemispherical  bowl,  of  radius  r  ;  the  rim 
of  the  bowl  is  horizontal,  and  one  point  of  the  rod  is  in  contact  with  the 
rim ;  if  6  be  tlie  inclination  of  the  rod  to  the  horizon,  shew  that 

2r  cos  26  =  a  cos  0. 

Let  the  figure  represent  that  vertical  section  of  the  hemisphere 
wliich  passes  through  the  rod. 

Let  AB  be  the  rod,  G  its  centre  of  gravity,  and  C  the  point  where 
the  rod  meets  the  edge  of  the  bowl. 


The  reaction  at  A  is  along  the  line  to  the  centre,  0,  of  the  bowl ; 
for  AO  is  the  only  line  through  A  which  is  perpendicular  to  the 
surface  of  the  bowl  at  A. 

Also  the  reaction  at  C  is  perpendicular  to  the  rod  ;  for  this  is  the 
only  direction  that  is  perpendicular  to  both  the  rod  and  the  rim  of 
the  bowl. 

These  two  reactions  meet  in  a  point  I);  -also,  by  Euc.  HI.  31, 
D  must  lie  on  the  geometrical  sphere  of  which  the  bowl  is  a  portion. 
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Hence  the  vertical  line  through  (•?,  the  middle  point  of  the  rod, 
must  pass  through  D. 

Through  A  draw  AE  horizontal  to  meet  DG  in  E  and  join  0(7. 
Since  OC  and  AE  are  parallel, 

.-.   LOG  A-  LGAE=B. 
Since  OG=OA,  .-.  L  OAG-  L  OCA  =  Q. 

Now  AE=AG  cos  0=a  cos  0, 

and  AE=AD  cos  20  =  2r  cos  20. 

.'.  2r  cos  20= a  cos  0,  giving  0. 

Also,  by  Lami's  Theorem,  if  R  and  S  be  the  reactions  at  A  and  C, 
we  have 

Jg  S  W 

Bin  0  ~  sin  ADG  ~  sin  ADC' 

_R_          S  W 

''  sin  0  ~  cos  20  ~  cos  0  * 

/3 
Numerical  Example.     If  r=  — -  a,  then  we  have  0=30°,  and 

£i 


Ex.  6.  A  beam  whose  centre  of  gravity  divides  it  into  two  por 
tions,  a  and  b,  is  placed  inside  a  smooth  sphere  ;  shew  that,  if  6  be  its 
inclination  to  the  horizon  in  the  position  of  equilibrium  and  *2a  be  the 
angle  subtended  by  the  beam  at  the  centre  of  the  sphere,  then 

b-a 

tan  0  =  r tan  a. 

In  this  case  both  the  reactions,  R  and  S,  at  the  ends  of  the  rod 


L.  S. 
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pass  through  the  centre,  0,  of  the  sphere.   Heuce  the  centre  of  gravity, 
G,  of  the  rod  must  be  vertically  below  0. 

Let  OG  meet  the  horizontal  line  through  A  in  N. 
Now  L  OAB  =  L  OB  A  =  ^  (180°  -  L  A  OB)  =  CO0  -  a. 

.-.   L  AOG  =  90°  -  /  OAN  =  90°  -  (90°  -  a  +  0}  =  a  -  0, 
and  L  LOG  =  2a-AOG 

a      AG      AG    GO 


~~  sin  OAG  *  sin  GOB  ~  sin  GOB 

_  sin  (a  -  0)  _  tan  a  -  tan  6 

"~  sin  (a  +  6}  ~  tan  a  +  tan  0  " 

a.  +  b  _  tan  a 
b-a~  tan  0  * 

6-a 

.*.    tan  6=  -  -  tan  a. 
b  +  a 

This  equation  gives  6. 
Also,  by  Laini's  Theorem, 

B  S  W 


sin  BOG     sin^OG     sinAOB' 

R  S  W 

sin  (a  +  6)  ~  sin  (a  -  6)  ~  sin2a  ' 

giving  the  reactions. 

Numerical  Example.  If  the  rod  be  of  weight  40  Ibs.,  and  subtend 
a  right  angle  at  the  centre  of  the  sphere,  and  if  its  centre  of  gravity 
divide  it  in  the  ratio  1  :  2,  shew  that  its  inclination  to  the  horizon 
is  tan-1^,  and  that  the  reactions  are  8^/5  and  16^5  Ibs.  weight 
respectively. 


EXAMPLES.    X. 

1.  A  uniform  rod,  AB,  of  weight  W,  is  movable  in  a  vertical 
plane  about  a  hinge  at  A  ,  and  is  sustained  in  equilibrium  by  a  weight 
P  attached  to  a  string  BCP  passing  over  a  smooth  peg  G,  AC  being 
vertical;  if  AC  be  equal  to  AB,  shew  that  P= 
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2.  A  uniform  rod  can  turn  freely  about  one  of  its  ends,  and  is 
pulled  aside  from  the  vertical  by  a  horizontal  force  acting  at  the 
other  end  of  the  rod  and  equal  to  half  its  weight ;  at  what  inclination 
to  the  vertical  will  the  rod  rest  ? 

3.  A  rod  AB,  hinged  at  A,  is  supported  in  a  horizontal  position 
by  a  string  BC,  making  an  angle  of  45°  with  the  rod,  and  the  rod  has 
a  mass  of  10  Ibs.  suspended  from  B.     Neglecting  the  weight  of  the 
rod,  find  the  tension  of  the  string  and  the  action  at  the  hinge. 

4.  A  uniform  heavy  rod  AB  has  the  end  A  in  contact  with  a 
smooth  vertical  wall,  and  one  end  of  a  string  is  fastened  to  the  rod 
at  a  point  C,  such  that  AC=±AB,  and  the  other  end  of  the  string  is 
fastened  to  the  wall ;  find  the  length  of  the  string,  if  the  rod  rest  in 
a  position  inclined  at  an  angle  to  the  vertical. 

5.  ACB  is  a  uniform  rod,  of  weight  W ;  it  is  supported  (B  being 
uppermost)  with  its  end  A  against  a  smooth  vertical  wall  AD  by  means 
of  a  string  CD,  DB  being  horizontal  and  CD  inclined  to  the  wall  at 
an  angle  of  30°.     Find  the  tension  of  the  string  and  the  pressure  on 
the  wall,  and  prove  that  AC=  &AB. 

6.  A  uniform  rod,  AB,  resting  with  one  end  A  against  a  smooth 
vertical  wall  is  supported  by  a  string  BC  which  is  tied  to  a  point  C 
vertically  above  A  and  to  the  other  end  B  of  the  rod.  Draw  a  diagram 
shewing  the  lines  of  action  of  the  forces  which  keep  the  rod  in  equi 
librium,  and  shew  that  the  tension  of  the  string  is  greater  than  the 
weight  of  the  rod. 

7.  A  uniform  beam  AB,  of  given  length,  is  supported  with  its 
extremity,  A,  in  contact  with  a  smooth  wall  by  means  of  a  string  CD 
fastened  to  a  known  point  C  of  the  beam  and  to  a  point  D  of  the  wall ; 
if  the  inclination  of  the  beam  to  the  wall  be  given,  shew  how  to  find 
by  geometrical  construction  the  length  of  the  string  CD  and  the  height 
of  D  above  A. 

For  the  problem  to  be  possible,  shew  that  the  given  angle  BAD 
must  be  acute  or  obtuse  according  as  AC  is  less  or  greater  than  ^AB. 

8.  A  uniform  rod,  of  length  a,  hangs  against  a  smooth  vertical 
wall  being  supported  by  means  of  a  string,  of  length  Z,  tied  to  one  end 
of  the  rod,  the  other  end  of  the  string  being  attached  to  a  point  in  the 
wall;  shew  that  the  rod  can  rest  inclined  to  the  wall  at  an  angle  0 

Z2  -  a2 

given  by  cos20  =  -^-s-  .    What  are  the  limits  of  the  ratio  of  a  :  I  that 
oa* 

equilibrium  may  be  possible  ? 

9.  Equal  weights  P  and  P  are  attached  to  two  strings  AGP  and 
BGP  passing  over  a  smooth  peg  G.   AB  is  a  heavy  beam,  of  weight  W, 
whose  centre  of  gravity  is  a  feet  from  A  and  6  feet  from  B ;  shew  that 
AB  is  inclined  to  the  horizon  at  an  angle 
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10.  A  heavy  uniform  beam  is  hung  from  a  fixed  point  by  two 
strings  attached  to  its  extremities  ;  if  the  lengths  of  the  strings  and 
beam  be  as  2  :  3  :  4,  shew  that  the  tensions  of  the  strings  and  the 
weight  of  the  beam  are  as  2  :  3 


11.  A  heavy  uniform  rod,  15  inches  long,  is  suspended  from  a 
fixed  point  by  strings  fastened  to  its  ends,  their  lengths  being  9  and 
12  inches  ;  if  6  be  the  angle  at  which  the  rod  is  inclined  to  the  vertical, 
shew  that  25  sin  6  =  24. 

12.  A  straight  uniform  rod,  of  weight  3  Ibs.,  is  suspended  from  a 
peg  by  two  strings,  attached  at  one  end  to  the  peg  and  at  the  other  to 
the  extremities  of  the  rod  ;  the  angle  between  the  strings  is  a  right 
angle  and  one  is  twice  as  long  as  the  other  ;  find  their  tensions. 

13.  Two  equal  heavy  spheres,  of  1  inch  radius,  are  in  equilibrium 
within  a  smooth  spherical  "cup  of  3  inches  radius.     Shew  that  the 
action  between  the  cup  and  one  sphere  is  double  that  between  the  two 
spheres. 

14.  A  sphere,  of  given  weight  W,  rests  between  two  smooth 
planes,  one  vertical  and  the  other  inclined  at  a  given  angle  a  to  the 
vertical  ;  find  the  reactions  of  the  planes. 

15.  A  solid  sphere  rests  upon  two  parallel  bars  which  are  in  the 
same  horizontal  plane,  the  distance  between  the  bars  being  equal  to 
the  radius  of  the  sphere  ;  find  the  reaction  of  each  bar. 

16.  A  smooth  sphere  is  supported  in  contact  with  a   smooth 
vertical  wall  by  a  string  fastened  to  a  point  on  its  surface,  the  other 
end  being  attached  to  a  point  in  the  wall  ;  if  the  length  of  the  string 
be  equal  to  the  radius  of  the  sphere,  find  the  inclination  of  the  string 
to  the  vertical,  the  tension  of  the  string,  and  the  reaction  of  the  wall. 

17.  A  picture  of  given  weight,  hanging  vertically  against  a  smooth 
wall,  is  supported  by  a  string  passing  over  a  smooth  peg  driven  into 
the  wall;  the  ends  of  the  string  are  fastened  to  two  points  in  the 
upper  rim  of  the  frame  which  are  equidistant  from  the  centre  of  the 
rim,  and  the  angle  at  the  peg  is  60°;  compare  the  tension  in  this  case 
with  what  it  will  be  when  the  string  is  shortened  to  two-thirds  of  its 
length. 

18.  A  picture,  of  40  Ibs.  wt.,  is  hung,  with  its  upper  and  lower 
edges  horizontal,  by  a  cord  fastened  to  the  two  upper  corners  and 
passing  over  a  nail,  so  that  the  parts  of  the  cord  at  the  two  sides  of 
the  nail  are  inclined  to  one  another  at  an  angle  of  60°.    Find  the 
tension  of  the  cord  in  Ibs.  weight. 

19.  A  picture  hangs  symmetrically  by  means  of  a  string  passing 
over  a  nail  and  attached  to  two  rings  in  the  picture  ;  what  is  the 
tension  of  the  string  when  the  picture  weighs  10  Ibs.,  if  the  string  be 
4  feet  long  and  the  nail  distant  1  ft.  6  inches  from  the  horizontal  line 
joining  the  rings? 
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20.  A  picture  frame,  rectangular  in  shape,  rests  against  a  smooth 
vertical  wall,  from  two  points  in  which  it  is  suspended  by  parallel 
strings  attached  to  two  points  in  the  upper  edge  of  the  back  of  the 
frame,  the  length  of  each  string  being  equal  to  the  height  of  the 
frame.     Shew  that,  if  the  centre  of  gravity  of  the  frame  coincide  with 
its  centre  of  figure,  the  picture  will  hang  against  the  wall  at  an  angle 

tan"1  —  to  the  vertical,  where  a  is  the  height  and  b  the  thickness  of 

o(L 

the  picture. 

21.  It  is  required  to  hang  a  picture  on  a  vertical  wall  so  that  it 
may  rest  at  a  given  inclination,  a,  to  the  wall  and  be  supported  by  a 
cord  attached  to  a  point  in  the  wall  at  a  given  height  h  above  the 
lowest  edge  of  the  picture  ;  determine,  by  a  geometrical  construction, 
the  point  on  the  back  of  the  picture  to  which  the  cord  is  to  be 
attached  and  find  the  length  of  the  cord  that  will  be  required. 

22.  A  rod  rests  wholly  within  a  smooth  hemispherical  bowl,  of 
radius  r,  its  centre  of  gravity  dividing  the  rod  into  two  portions  of 
lengths  a  and  6.     Shew  that,  if  6  be  the  inclination  of  the  rod  to  the 

horizon  in  the  position  of  equilibrium,  then  sin  6=  —  7-~—  —  ,  and 


find  the  reactions  between  the  rod  and  the  bowl. 

23.  IQ  a  smooth  hemispherical  cup  is  placed  a  heavy  rod,  equal 
in  length  to  the  radius  of  the  cup,  the  centre  of  gravity  of  the  rod 
being  one-third  of  its  length  from  one  end  ;  shew  that  the  angle  made 
by  the  rod  with  the  vertical  is  tan"1  (3^/3). 

24.  A  uniform  rod,  4  inches  in  length,  is  placed  with  one  end 
inside  a  smooth  hemispherical  bowl,  of  which  the  axis  is  vertical  and 
the  radius  ^/S  inches  ;  shew  that  a  quarter  of  the  rod  will  project  over 
the  edge  of  the  bowl. 


CHAPTER  VIII. 

GENERAL   CONDITIONS   OF  EQUILIBRIUM  OF   A    RIGID 
BODY  ACTED  ON   BY  FORCES   IN   ONE  PLANE. 

80.  Theorem.     Any  system  of  forces,  acting  in  one 
plane  upon  a  rigid  body,  can  be  reduced  to  either  a  single 
force  or  a  single  couple. 

By  the  parallelogram  of  forces  any  two  forces,  whose 
directions  meet,  can  be  compounded  into  one  force;  also, 
by  Art.  53,  two  parallel  iorces  can  be  compounded  into  one 
force  provided  they  are  not  equal  and  unlike. 

First  compound  together  all  the  parallel  forces,  or  sets 
of  parallel  forces,  of  the  given  system. 

Of  the  resulting  system  take  any  two  forces,  not  form 
ing  a  couple,  and  find  their  resultant  R^  ;  next  find  the 
resultant  7^  of  Rl  and  a  suitable  third  force  of  the  system  ; 
then  determine  the  resultant  of  Rz  and  a  suitable  fourth 
force  of  the  system ;  and  so  on  until  all  the  forces  have 
been  exhausted. 

Finally,  we  must  either  arrive  at  a  single  force,  or  we 
shall  have  two  equal  parallel  unlike  forces  forming  a 
couple. 

81.  Theorem.     If  a  system  of  forces   act   in   one 
plane  upon  a  rigid  body,  and  if  the  algebraic  sum.  of  their 
moments  about  each  of  three  points  in  the  plane  (not  lying  in 
the  same  straight  line)  vanish  separately,  the  system  of  forces 
is  in  equilibrium. 

For  any  such  system  of  forces,  by  the  last  article, 
reduces  to  either  a  single  force  or  a  single  couple. 
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In  our  case  they  cannot  reduce  to  a  single  couple ;  for, 
if  they  did,  the  sum  of  their  moments  about  any  point  in 
their  plane  would,  by  Art.  69,  be  equal  to  a  constant  which 
is  not  zero,  and  this  is  contrary  to  our  hypothesis. 

Hence  the  system  of  forces  cannot  reduce  to  a  single 
couple. 

The  system  must  therefore  either  be  in  equilibrium  or 
reduce  to  a  single  force  F. 

Let  the  three  points  about  which  the  moments  are  taken 
be  A,  B,  and  C. 

Since  the  algebraic  sum  of  the  moments  of  a  system  of 
forces  is  equal  to  that  of  their  resultant,  therefore  the 
moment  of  F  about  the  point  A  must  be  zero. 

Hence  F  is  either  zero,  or  passes  through  A. 

Similarly,  since  the  moment  of  F  about  B  vanishes, 
F  must  be  either  zero  or  must  pass  through  B,  i.e.,  F  is 
either  zero  or  acts  in  the  line  AB. 

Finally,  since  the  moment  about  G  vanishes,  F  must  be 
either  zero  or  pass  through  C. 

But  (since  the  points  A,  B,  C  are  not  in  the  same 
straight  line)  the  force  cannot  act  along  AB  and  also  pass 
through  C. 

Hence  the  only  admissible  case  is  that  F  should  be  zero, 
i.e.,  that  the  forces  should  be  in  equilibrium. 

82.  Theorem.  A  system  of  forces,  acting  in  one 
plane  upon  a  rigid  body,  is  in  equilibrium,  if  the  sum  of  their 
components  parallel  to  each  of  two  lines  in  their  plane  be  zero, 
and  if  the  algebraic  sum  of  their  moments  about  any  point  be 
zero  also. 

For  any  such   system  of   forces,   by  Art.   80,   can  be 
reduced  to  either  a  single  force  or  a  single  couple. 
In  our  case  they  cannot  reduce  to  a  single  force- 
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For,  since  the  sums  of  the  components  of  the  forces 
parallel  to  two  lines  in  their  plane  are  separately  zero, 
therefore  the  components  of  their  resultant  force  parallel  to 
these  two  lines  are  zero  also,  and  therefore  the  resultant 
force  vanishes. 

Neither  can  the  forces  reduce  to  a  single  couple ;  for,  if 
they  did,  the  moment  of  this  couple  about  any  point  in  its 
plane  would  be  equal  to  a  constant  which  is  not  zero ;  this, 
however,  is  contrary  to  our  hypothesis. 

Hence  the  system  of  forces  must  be  in  equilibrium. 

83.  It  will  be  noted  that  in  the  enunciation  of  the  last 
article  nothing  is  said  about  the  directions  in  which  we  are 
to  resolve.  In  practice,  however,  it  is  almost  always  desir 
able  to  resolve  along  two  directions  at  right  angles. 

Hence  the  conditions  of  equilibrium  of  any  system  of 
forces,  acting  in  one  plane  upon  a  rigid  body,  may  be  ob 
tained  as  follows ; 

I.  Equate  to  zero  the  algebraic  sum  of  the  re 
solved  parts  of  all  the  forces  in  some  fixed  direction. 

II.  Equate  to  zero  the  algebraic  sum  of  the 
resolved  parts  of  all  the  forces  in  a  perpendicular 
direction. 

III.  Equate  to  zero  the  algebraic  sum  of  the 
moments  of  the  forces  about  any  point  in  their 
plane. 

The  above  three  statical  relations,  together  with  the 
geometrical  relations  holding  between  the  component 
portions  of  a  system,  will,  in  general,  be  sufficient  to  deter 
mine  the  equilibrium  of  any  system  acted  on  by  forces 
which  are  in  one  plane. 

In  applying  the  preceding  conditions  of  equilibrium  to 
any  particular  case,  great  simplifications  can  often  be  intro- 
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duced  into  the  equations  by  properly  choosing  the  directions 
along  which  we  resolve.  In  general,  the  horizontal  and 
vertical  directions  are  the  most  suitable. 

Again,  the  position  of  the  point  about  which  we  take 
moments  is  important ;  it  should  be  chosen  so  that  as  few 
of  the  forces  as  possible  are  introduced  into  the  equation  of 
moments. 

84.  We  have  shewn  that  the  conditions  given  in  the  previous 
article  are  sufficient  for  the  equilibrium  of  the  system  of  forces ;  they 
are  also  necessary. 

Suppose  we  knew  only  that  the  first  two  conditions  were  satisfied. 
The  system  of  forces  might  then  reduce  to  a  single  couple ;  for  the 
forces  of  this  couple,  being  equal  and  opposite,  are  such  that  their 
components  hi  any  direction  would  vanish.  In  this  case  the  forces 
would  not  be  in  equilibrium  unless  the  third  condition  were  satisfied. 

Suppose,  again,  that  we  knew  only  that  the  components  of  the 
system  along  one  given  line  vanished  and  that  the  moments  about  a 
given  point  vanished  also ;  in  this  case  the  forces  might  reduce  to  a 
single  force  through  the  given  point  perpendicular  to  the  given  line ; 
hence  we  see  that  it  is  necessary  to  have  the  sum  of  the  components 
parallel  to  another  line  zero  also. 

85.  Ex.  1.    A  heavy  uniform  "beam  rests  with  one  end  upon  a 
horizontal  plane,  and  the  other  end  upon  a  given  inclined  plane;  it  is 
kept  in  equilibrium  by  a  string  which  is  attached  to  the  end  resting  on 
the  horizontal  plane  and  to  the  intersection  of  the  inclined  and  hori 
zontal  planes;  given  that  the  inclination  (a)  of  the  beam  to  the  horizontal 
is  one  half  that  of  the  inclined  plane,  find  the  tension  of  the  string  and 
the  reactions  of  the  planes. 

Let  AB  be  the  beam,  AO  the  horizontal,  and  OB  the  inclined 
plane. 


W 

Let  T  be  the  tension  of  the  string  AO,  W  the  weight  of  the  body, 
R  and  8  the  reactions  at  A  and  B  respectively  vertical  and  perpen 
dicular  to  OB. 
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Kesolving  horizontally  and  vertically  we  have 

T=Ssin2a  .................................  (1), 

W=R  +  Scos2a  ...........................  (2). 

Also,  taking  moments  about  A,  we  have 

W.acoaa  =  S.ABsinABL=S.2acosa  ............  (3), 

where  2a  is  the  length  of  the  beam. 

These  three  equations  give  the  circumstances  of  the  equilibrium. 
From  (3),  we  have  S  =  ±W. 

.:  from  (2)  ,          R  =  W  -  \  W  cos  2a  =  W  (1  -  i  cos  2a). 
Also,  from  (1), 


Hence  the  reactions  and  the  tension  of  the  string  are  determined. 

Suppose  that,  instead  of  the  inclination  of  the  beam  to  the  horizon 
being  given,  the  length  of  the  string  were  given  (  =  1  say). 

Let  us  assume  the  inclination  of  the  beam  to  the  horizon  to  be  9. 
The  equations  (1)  and  (2)  remain  the  same  as  before. 
The  equation  of  moments  would  be,  however, 

W  .  a  cos  e  =  S  .  AD  sin  ABL  =  S.2a  cos  A  BO 

=  S.2acos(2a-0)  ...........................  (4). 

We  should  have  a  geometrical  equation  to  determine  6,  viz., 
I  _  OA  _  sin  A  BO  _  sin  (2ct  -  0) 
2«  ~  IB  ~  sin  AOB  ~ 


This  latter  equation  determines  6,  and  then  the  equations  (1),  (2), 
and  (4)  would  give  T,  R,  and  S. 

This  question  might  have  been  solved  by  resolving  along  and 
perpendicular  to  the  beam  ;  in  each  equation  we  should  then  have 
involved  each  of  the  quantities  T,  E,  S,  and  W,  so  that  the  resulting 
equations  would  have  been  more  complicated  than  those  above. 

It  was  also  desirable  to  take  moments  about  A  ;  for  this  is  the 
only  convenient  point  in  the  figure  through  which  pass  two  of  the 
forces  which  act  on  the  body. 

Ex.  2.  A  beam  whose  centre  of  gravity  divides  it  into  portions,  of 
lengths  a  and  b  respectively,  rests  in  equilibrium  with  its  ends  resting 
on  two  smooth  planes  inclined  at  angles  a  and  /3  respectively  to  the 
horizon,  the  planes  intersecting  in  a  horizontal  line;  find  the  inclination 
of  the  beam  to  the  horizon  and  the  pressures  on  the  planes. 

Let  the  planes  be  OA  and  OB,  and  let  A  B  be  the  rod,  whose  centre 
of  gravity  is  G,  so  that  G  A  and  GB  are  a  and  b  respectively. 
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Let  R  and  S  be  the  reactions  at  A  and  B  perpendicular  to  the 
inclined  planes,  and  let  6  be  the  inclination  of  the  beam  to  the 
horizon. 


Kesolving  vertically  and  horizontally,  we  have 

-Rcosa  +  Scos/3  =  W  ........ 

Rsma=Ssmft    .. 
Also,  by  taking  moments  about  G,  we  have 

R  .  GA  sin  GAL  =  S  .  GB  sin  GBM. 
Now 


and 


Hence  the  equation  of  moments  becomes 


From  (2),  we  have 

R  S  R  cos  a  +  S  cos  ft  W 

sin  ft  ~  sin  a      sin  ft  cos  a  +  sin  a  cos  ft      sin  (a  +  ft) 


-(1), 
.(2). 


,  by  (1). 


These  equations  give  E  and  S ;  also  substituting  for  R  and  S  in  (3) 
we  have 

a  sin  ft  cos  (a  -  8)  —  b  sin  a  cos  (ft  +  0) ; 

.'.   a  sin  /3  (cos  a  cos  0  +  sin  a  sin  0)  =  6  sin  a  (cos  ft  cos  0  -  sin  ft  sin  6?) ; 
/.   Bin  a  sin  ft  (a  +  6)  sin  0  =  cos  0  (6  sin  a  cos  /S  -  a  cos  a  sin  /S) ; 

.'.    (a +  6)  tan  0=6  cot  /S-acot  a, 
giving  the  value  of  0. 

Since  there  are  only  three  forces  acting  on  the  body  this  question 
might  have  been  solved  by  the  methods  of  the  last  chapter. 
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Ex.  3.  A  ladder,  whose  weight  is  192  Ibs.  and  whose  length  is  25 
feet,  rests  with  one  end  against  a  smooth  vertical  wall  and  with  the 
other  end  upon  the  ground  ;  if  it  be  prevented  from  slipping  by  a  peg 
at  its  lowest  point,  and  if  the  lowest  point  be  distant  7  feet  from  the 
wall,  find  the  reactions  of  the  peg,  the  ground,  and  the  wall. 

Let  AB  be  the  rod  and  G  its  middle  point ;  let  R  and  Ej  be  the 


A    S 


192 


reactions  of  the  ground  and  wall,  and  S  the  horizontal  reaction  of 
the  peg.     Let  the  angle  GA  0  be  a,  so  that 

AO      1 


Equating  to  zero  the  horizontal  and  vertical  components  of  the 
forces  acting  on  the  rod,  we  have 


12-192=0 
and  Rl-S=Q 

Also,  taking  moments  about  A,  we  have 

192  xAG  cos  a  =  R1*AB  sin  a 


Hence,  from  (2), 
and,  from  (1), 


192. 


•(I), 
.(2). 


-(3); 


Hence  the  required  reactions  are  28,  192,  and  28  Ibs.    weight 
respectively. 
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Ex.  4.  One  end  of  a  uniform  rod  is  attached  to  a  hinge,  and  the 
other  end  is  supported  by  a  string  attached  to  the  extremity  of  the  rod, 
and  the  rod  and  string  are  inclined  at  the  same  angle,  0,  to  the  hori 
zontal ;  if  W  be  the  weight  of  the  rod,  shew  that  the  action  at  the 

hinge  is  —  ^/S  +  cosec*  Q, 

Let  AE  be  the  rod,  G  its  middle  point,  and  ED  the  string  meeting 
the  horizontal  line  through  A  in  D. 


Let  the  tension  of  the  string  be  T. 

The  action  at  the  hinge  is  unknown  both  in  magnitude  and 
direction. 

Let  the  horizontal  and  vertical  components  of  this  action  be  A' 
and  Y,  as  marked  in  the  figure.  Draw  BE  perpendicular  to  AD. 
Then  AD  =  2AE  =  2AB  cos  0. 


Kesolving  horizontally  and  vertically,  we  have 


(1), 

(2). 


Y+T8in0=W 
Also,  taking  moments  about  A,  we  have 

W.  AC  cos  0  =  T.  AD  sin  0=T.2AB  cos  Q  sin  0  ......  (3) 

From  (3),  T=W  —  A°      =      W  •. 

2AB  sin  9      4  sm  6 

Hence,  by  (1)  and  (2),  we  have 


and 


Therefore  the  action  at  the  hinge = 
W    ,-. _      w 
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Ex.  6.  A  uniform  heavy  rod  can  turn  freely  about  one  end,  which 
is  fixed;  to  this  end  is  attached  a  firing  which  supports  a  sphere  of 
radius  a.  If  the  length  of  the  rod  be  4a,  the  length  of  the  string  a,  and 
the  weights  of  the  sphere  and  rod  be  each  W,  Jind  the  inclinations  of  the 
rod  and  string  to  the  vertical  and  the  tension  of  the  string. 

Let  OA  be  the  rod,  OC  the  string,  B  the  centre  of  the  sphere,  and 
D  the  point  in  which  the  rod  touches  the  sphere. 


Between  the  sphere  and  the  rod  at  D  there  is  a  reaction,  E,  per 
pendicular  to  OZ),  acting  in  opposite  directions  on  the  two  bodies. 

Since  there  are  only  three  forces  acting  on  the  sphere  they  must 
meet  in  a  point,  viz.,  the  centre  of  the  sphere.  Hence  OCB  is  a 
straight  line. 

Let  0  and  0  be  the  inclination  of  the  rod  and  string  to  the 
vertical. 

Then  s-    -      -     DB      a      l 


so  that  0  +  0  =  30° (1). 

The  forces  acting  on  the  rod  are  the  reaction  at  D,  the  weight  of 
the  rod,  and  the  action  at  the  hinge  0. 

If  we  take  moments  about  O  we  shall  avoid  this  action,  and  we 
have 

W.  2asin0  =  .R.  OD  =  R  .  2acos30° (2). 

From  the  conditions  of  equilibrium  of  the  sphere,  we  have 

T_  R  W  m 

sin  (0  +  60°)      sin0      BUI 60°'"  '"*  ;* 
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Therefore,  from  (2)  and  (3),  we  have 

sin  d    _  R  _   sin0 
cos  30°  ~'W~  sin  60°  " 
/.  0  =  0,  and  hence,  from  (1),  we  have 

0  =  0=15°. 
Substituting  in  (3),  we  have 
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1.  A  uniform  beam,  AB,  whose  weight  is  W,  rests  with  one  end, 
A, 'on  a,  smooth  horizontal  plane  AC.     The  other  end,  J5,  rests  on  a 
plane  CB  inclined  to  the  former  at  an  angle  of  60°.     If  a  string  GA, 
equal  to  CB,  prevent  motion,  find  its  tension. 

2.  A  ladder,  of  weight  W,  rests  with  one  end  against  a  smooth 
vertical  wall  and  with  the  other  resting  on  a  smooth  floor ;   if  the 
inclination  of  the  ladder  to  the  horizon  be  60°,  find  the  horizontal 
force  that  must  be  applied  to  the  lower  end  to  prevent  the  ladder  from 
sliding  down. 

3.  A  beam,  of  weight  W,  is  divided  by  its  centre  of  gravity  C  into 
two  portions  AC  and  BC,  whose  lengths  are  a  and  6  respectively.   The 
beam  rests  in  a  vertical  plane  on  a  smooth  floor  AD  and  against  a 
smooth  vertical  wall  DB.    A  string  is  attached  to  a  hook  at  D  and  to 
the  beam  at  a  point  P.    If  T  be  the  tension  of  the  string,  and  6  and  0 
be  the  inclinations  of  the  beam  and  string  respectively  to  the  horizon, 

shew  that  T=  W,        *c.08*        x . 

(a  +  6)  sin  (0-0) 

4.  A  ladder  rests  at  an  angle  a  to  the  horizon,  with  its  ends  rest 
ing  on  a  smooth  floor  and  against  a  smooth  vertical  wall,  the  lower 
end  being  attached  by  a  string  to  the  junction  of  the  wall  and  floor ; 
find  the  tension  of  the  string. 

Find  also  the  tension  of  the  string  when  a  man,  whose  weight  is 
one-half  that  of  the  ladder,  has  ascended  the  ladder  two-thirds  of  its 
length. 

5.  One  end  of  a  uniform  beam,  of  weight  W,  is  placed  on  a  smooth 
horizontal  plane ;  the  other  end,  to  which  a  string  is  fastened,  rests 
against  another  smooth  plane  inclined  at  an  angle  a  to  the  horizon  ;  the 
string,  passing  over  a  pulley  at  the  top  of  the  inclined  plane,  hangs 
vertically,  and  supports  a  weight  P ;  shew  that  the  beam  will  rest  in 
all  positions  if  2P=  Wsin  a. 
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6.  A  heavy  uniform  beam  rests  with  its  extremities  on  two  smooth 
inclined  planes,  which  meet  in  a  horizontal  line,  and  whose  inclinations 
to  the  horizon  are  a  and  /3  ;  find  its  inclination  to  the  horizon  in  the 
position  of  equilibrium,  and  the  reactions  of  the  planes. 

7.  A  uniform  beam  rests  with  a  smooth  end  against  the  junction 
of  the  ground  and  a  vertical  wall,  and  is   supported   by   a   string 
fastened  to  the  other  end  of  the  beam  and  to  a  staple  in  the  wall. 
Find  the  tension  of  the  string,  and   shew  that  it  will  be  one-half 
the  weight  of  the  beam  if  the  length  of  the  string  be  equal  to  the 
height  of  the  staple  above  the  ground. 

8.  A  uniform  rod  BCt  of  weight  2  Ibs.,  can  turn  freely  about  B 
aud  is  supported  by  a  string,  8  inches  long,  attached  to  a  point  A  in 
the  same  horizontal  line  as  B,  the  distance  AB  being  10  inches.     If 
the  rod  be  6  inches  long,  find  the  tension  of  A  C. 

9.  A  uniform  rod  has  its  upper  end  fixed  to  a  hinge  and  its  other 
end  attached  by  a  string  to  a  fixed  point  in  the  same  horizontal  plane 
as  the  hinge,  the  length  of  the  string  being  equal  to  the  distance 
between  the  fixed  point  and  the  hinge.     If  the  tension  of  the  string  be 
equal  to  the  weight  W  of  the  rod,  shew  that  the  rod  is  inclined  to  the 
horizon  at  an  angle  tan"1^,  and  that  the  action  of  the  hinge  is  equal 

W 

to  a  force  -=-  /^/lO  inclined  at  an  angle  tan"1  £  to  the  horizon. 


10.  A  rod  is  movable  in  a  vertical  plane  about  a  hinge  at  one  end, 
and  at  the  other  end  is  fastened  a  weight  equal  to  half  the  weight  of 
the  rod  ;  this  end  is  fastened  by  a  string,  of  length  I,  to  a  point  at  a 
height  c  vertically  over  the  hinge.    Shew  that  the  tension  of  the  string 

IW 
is  —  ,  where  W  is  the  weight  of  the  rod. 

11,  AB  is  a  uniform  rod,  of  length  8a,  which  can  turn  freely 
about  the  end  A,  which  is  fixed  ;  C  is  a  smooth  ring,  whose  weight  is 
twice  that  of  the  rod,  which  can  slide  on  the  rod,  and  is  attached  by  a 
string  CD  to  a  point  D  in  the  same  horizontal  plane  as  the  point  A  ;  if 
AD  and  CD  be  each  of  length  a,  find  the  position  of  the  ring  and  the 
tension  of  the  string  when  the  system  is  hi  equilibrium. 

Shew  also  that  the  action  on  the  rod  at  the  fixed  end  A  is  a  hori 
zontal  force  equal  to  ^/SPF,  where  W  is  the  weight  of  the  rod. 


12.  A  rigid  wire,  without  weight,  in  the  form  of  the  arc  of  a  circle 
subtending  an  angle  a  at  its  centre,  and  having  two  weights  P  and 
Q  at  its  extremities,  rests  with,  its  convexity  downwards  upon  a  hori 
zontal  plane  ;  shew  that,  if  $  be  the  inclination  to  the  vertical  of  the 
radius  to  the  end  at  which  P  is  suspended,  then 
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13.  A  smooth  hemispherical  bowl,  of  diameter  a,  is  placed  so 
that  its  edge  touches  a  smooth  vertical  wall  ;  a  heavy  uniform  rod  is 
in  equilibrium,  inclined  at  60°  to  the  horizon,  with  one  end  resting  on 
the  inner  surface  of  the  bowl,  and  the  other  end  resting  against  the 

wall  ;  shew  that  the  length  of  the  rod  must  be  a+ 


14.  A  cylindrical  vessel,  of  height  4  inches  and  diameter  3  inches, 
stands  upon  a  horizontal  plane,  and  a  smooth  uniform  rod,  9  inches 
long,  is  placed  within  it  resting  against  the  edge.     Find  the  actions 
between  the  rod  and  the  vessel,  the  weight  of  the  former  being  6  ounces. 

15.  A  thin  ring,  of  radius  R  and  weight  W,  is  placed  round  a 
vertical  cylinder  of  radius  r  and  prevented  from  falling  by  a  nail 
projecting  horizontally  from  the  cylinder.     Find  the  horizontal  re 
actions  between  the  cylinder  and  the  ring. 

16.  A  heavy  carriage  wheel,  of  weight  W  and  radius  r,  is  to  be 
dragged  over  an  obstacle,  of  height  h,  by  a  horizontal  force  F  applied 
to  the  centre  of  the  wheel  ;  shew  that  F  must  be  slightly  greater  than 


r-h 

17.  A  uniform  beam,  of  length  2a,  rests  in  equilibrium,  against 
a  smooth  vertical  wall  and  upon  a  peg  at  a  distance  b  from   the 
wall ;  shew  that  the  inclination  of  the  beam  to  the  vertical  is 

sin 

18.  A  circular  disc,  BCD,  of  radius  a  and  weight  W,  is  supported 
by  a  smooth  band,  of  inappreciable  weight  and  thickness,  which  sur 
rounds  the  disc  along  the  arc  BCD  and  is  fastened  at  its  extremities  to 
the  point  A  in  a  vertical  wall,  the  portion  AD  touching  the  wall  and 
the  plane  of  the  disc  being  at  right  angles  to  the  wall.     If  the  length 
of  the  band  not  in  contact  with  the  disc  be  26,  shew  that  the  tension 

of  the  band  is  -^  a    3     ,  and  find  the  reaction  at  D. 

19.  Two  equal  uniform  heavy  straight  rods  are  connected  at  one 
extremity  by  a  string  and  rest  upon  two  smooth  pegs  in  the  same 
horizontal  line,  one  rod  upon  one  peg  and  the  other  upon  the  other ; 
if  the  distance  between  the  pegs  be  equal  to  the  length  of  each  rod  and 
the  length  of  the  string  be  half  the  same,  shew  that  the  rods  rest  at  an 
angle  6  to  the  horizon  given  by  2  cos3  0  =  1. 

20.  A  uniform  rod,  whose  weight  is  W,  is  supported  by  two  fine 
strings,  one  attached  to  each  end,  which,  after  passing  over  small 
fixed  smooth  pulleys,  carry  weights  wl  and  w3  respectively  at  the  other 
ends.     Shew  that  the  rod  is  inclined  to  the  horizon  at  an  angle 


I.  S. 


98  STATICS.  Exs.  XI. 

21.  A  uniform  rod,  of  weight  W,  is  supported  in  equilibrium  by 
a  string,  of  length  21,  attached  to  its  ends  and  passing  over  a  smooth 
peg.    If  a  weight  W  be  now  attached  to  one  end  of  the  rod,  shew  that 
it  can  be  placed  in  another  position  of  equilibrium  by  sliding  a  length 

IW 

of  the  string  over  the  peg. 

22.  AB  is  a  straight  rod,  of  length  2a  and  weight  XJF,  with  the 
lower  end  A  on  the  ground  at  the  foot  of  a  vertical  wall  AC,  B  and  G 
being  at  the  same  vertical  height  2b  above  A  ;  a  heavy  ring,  of  weight 
W,  is  free  to  move  along  a  string,  of  length  21,  which  joins  B  and  G. 
Tf  the  system  be  in  equilibrium  with  the  ring  at  the  middle  point  of 
the  string,  shew  that 


23.  A  given  square  board  ABCD,  of  side  Z>,  is  supported  hori 
zontally  by  two  given  loops  of  string  OACO  and  OBDO  passing  under 
opposite  corners  and  hung  over  a  fixed  hook  0  ;  find  the  tensions  of 
the  strings,  if  the  height  of  0  above  the  board  be  b. 

24.  A  gate  weighing  100  Ibs.  is  hung  on  two  hinges,  3  feet  apart, 
in  a  vertical  line  which  is  distant  4  feet  from  the  centre  of  gravity  of 
the  gate.     Find  the  magnitude  of  the  reactions  at  each  hinge  on  the 
assumption  that  the  whole  of  the  weight  of  the  gate  is  borne  by  the 
lower  hinge. 

25.  A  triangle,  formed  of  three  rods,  is  fixed  in  a  horizontal 
position   and  a  homogeneous   sphere  rests  on  it  ;    shew  that   the 
reaction  on  each  rod  is  proportional  to  its  length. 

26.  Alight  triangular  frame  ABC  stands  in  a  vertical  plane,  C 
being   uppermost,  on  two   supports,  A  and  B,  in  the   same  hori 
zontal  line  and  a  mass  of  18  Ibs.  weight  is  suspended  from  C.    If 
AB  =  AC  =  IS  feet,  and  BC  =  5  feet,  find  the  reactions  of  the  supports. 

27.  The  sides  of  a  triangular  framework  are  13,  20,  and  21  inches 
in  length  ;  the  longest  side  rests  on  a  horizontal  smooth  table  and  a 
weight  of  63  Ibs.  is  suspended  from  the  opposite  angle.     Find  the 
tension  in  the  side  on  the  table. 

28.  A  bowl  is  formed  from  a  hollow  sphere,  of  radius  a,  and  is  so 
placed  that  the  radius  of  the  sphere  drawn  to  each  point  in  the  rim 
makes  an  angle  a  with  the  vertical,  whilst  the  radius  drawn  to  a  point 
A  of  the  bowl  makes  an  angle  /3  with  the  vertical  ;  if  a  smooth  uniform 
rod  remain  at  rest  with  one  end  at  A  and  a  point  of  its  length  in 
contact  with  the  rim,  shew  that  the  length  of  the  rod  is 

a-  B 
-ia  sin  /3  sec       r  . 
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86.  In  the  following  articles  the  conditions  of  equi 
librium  enunciated  in  Art.  83  will  be  obtained  in  a  slightly 
different  manner. 

*87.  Theorem.  Any  system  of  forces,  acting  in  one 
plane  upon  a  rigid  body,  is  equivalent  to  a  force  acting 
at  an  arbitrary  point  of  the  body  together  with  a  couple. 

Let  P  be  any  force  of  the  system  acting  at  a  point  A  of 
the  body,  and  let  0  be  any  arbitrary  point.  At  0  introduce 


two  equal  and  opposite  forces,  the  magnitude  of  each  being 
Py  and  let  their  line  of  action  be  parallel  to  that  of  P. 
These  do  not  alter  the  state  of  equilibrium  of  the  body. 

The  force  P  at  A  and  the  opposite  parallel  force  P 
at  0  form  a  couple  of  moment  P.p,  where  p  is  the  per 
pendicular  from  0  upon  the  line  of  action  of  the  original 
force  P. 

Hence  the  force  P  at  A  is  equivalent  to  a  parallel  force 
P  at  0  and  a  couple  of  moment  P.  p. 

So  the  force  Q  at  B  is  equivalent  to  a  parallel  force 
Q  at  0  and  to  a  couple  of  moment  Q .  q,  where  q  is  the 
perpendicular  from  0  on  the  line  of  action  of  Q. 

The  same  holds  for  each  of  the  system  of  forces. 

Hence  the  original  system  of  forces  is  equivalent  to 
forces  P,  Q,  R  ...  acting  at  0,  parallel  to  their  original 

7—2 
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directions,  and  a  number  of  couples;  these  are  equivalent 
to  a  single  resultant  force  at  0,  and  a  single  resultant 
couple  of  moment 

P.p  +  Q.q+ 

*88.  By  Art.  74  a  force  and  a  couple  cannot  balance 
unless  each  is  zero. 

Hence  the  resultant  of  P,  Q,  R,...  at  0  must  be  zero, 
and  therefore,  by  Art.  48,  tJie  sum  of  their  resolved  parts 
in  two  directions  must  separately  vanish. 

Also  the  moment  Pp  +  Qq+...  must  be  zero,  i.e.,  the 
algebraic  sum  of  the  moments  of  the  forces  about  an  arbitrary 
point  0  must  vanish  also. 

*8O.  Ex.  ABCD  is  a  square;  along  the  sides  AB,  BG,  DC  and 
DA  act  forces  equal  to  1,  9,  5,  and  3  Ibs.  weight;  jind  the  force,  passing 
through  the  centre  of  the  square,  and  tlie  couple  which  are  together 
equivalent  to  the  given  system. 

Let  0  be  the  centre  of  the  square  and  let  OX  and  OY  be  perpendi 
cular  to  the  sides  B  C,  CD  respectively.  Let  the  side  of  the  square  be  2a. 


la 

a     / 

9* 

Q 

The  force  9  is  equivalent  to  a  force  9  along  OY  together  with  a 
couple  of  moment  9  .  a. 

The  force  3  is  equivalent  to  a  force  -3  along  OF  together  with 
a  couple  of  moment  3  .  a. 

The  force  5  is  equivalent  to  a  force  5  along  OX  together  with  a 
couple  of  moment  -  5 .  a. 

The  force  1  is  equivalent  to  a  force  1  along  OX  together  with  a 
couple  of  moment  1 .  a. 

Henoe  the  moment  of  the  resultant*  couple  is  9a  +  3a-5a  +  l.a, 
i.e.,  8.  a. 
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The  component  force  along  OX  is  6  and  the  component  along  OY 
is  6. 

Hence  the  resultant  force  is  one  of  6  */2  Ibs.  weight  inclined  at  45° 
to  the  side  AB. 

EXAMPLES.    XIL 

1.  A  square  is  acted  upon  by  forces  equal  to  2,  4,  6,  and  8  Ibs. 
weight  along  its  sides  taken  in  order ;  find  the  resultant  force  and  the 
resultant  couple  of  these  forces,  when  the  resultant  force  goes  through 
the  centre  of  the  square. 

2.  A  BCD  is  a  square  ;  along  DA,AB,  EC,  CD,  and  DB  act  forces 
equal  to  P,  3P,  5P,  IP,  and  9^/2^;  find  the  force,  passing  through  A, 
and  the  couple,  which  are  together  equivalent  to  the  system. 

3.  Forces  equal  to  1,  2,  3,  4,  5,  and  6  Ibs.  weight  respectively  act 
along  the  sides  AB,  BC,  CD,  DE,  EF  and  FA  of  a  regular  hexagon  ; 
find  the  force,  passing  through  A,  and  the  couple,  which  are  together 
equivalent  to  the  system. 

4.  Given  in  position  a  force  equal  to  10  Ibs.  weight  and  a  couple 
consisting  of  two  forces,  each  equal  to  4  Ibs.  weight,  at  a  distance  of 
2  inches  asunder,  draw  the  equivalent  single  force. 

Constrained  body. 

90.  A  body  is  said  to  be  constrained  when  one  or 
more  points  of  the  body  are  fixed.  For  example,  a  rod 
attached  to  a  wall  by  a  ball-socket  has  one  point  fixed  and 
is  constrained. 

If  a  rigid  body  have  two  points  A  and  B  fixed,  all  the 
points  of  the  body  in  the  line  AB  are  fixed,  and  the  only 
way  in  which  the  body  can  move  is  by  turning  round 
AB  as  an  axis.  For  example,  a  door  attached  to  the  door 
post  by  two  hinges  can  only  turn  about  the  line  joining  the 
hinges. 

If  a  body  have  three  points  in  it  fixed,  the  three  points 
not  being  in  the  same  straight  line,  it  is  plainly  immovable. 

The  only  cases  we  shall  consider  are  (1)  when  the 
body  has  one  point  fixed  and  is  acted  upon  by  a  system 
of  forces  lying  in  a  plane  passing  through  the  fixed  point, 
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and  (2)  when  the  body  can  only  move  about  a  fixed  axis 
in  it  and  is  acted  upon  by  a  system  of  forces  whose 
directions  are  perpendicular  to  the  axis. 

91.  When  a  rigid  body  has  one  point  Jixed,  and  is  acted 
upon  by  a  system  of  forces  in  a  plane  passing  through  the 
pointy  it  will  be  in  equilibrium  if  the  algebraic  sum  of  the 
moments  of  tlie  forces  about  the  fixed  point  vanishes. 

When  a  body  has  one  point  0  fixed,  there  must  be 
exerted  at  the  point  some  force  of  constraint,  Ft  which 
together  with  the  given  system  of  forces  is  in  equilibrium. 
Hence  the  conditions  of  equilibrium  of  Art.  83  must 
apply. 

If  we  resolve  along  two  directions  at  right  angles,  we 
shall  have  two  equations  to  determine  the  magnitude  and 
direction  of  the  force  F. 

If  we  take  moments  about  »0  for  all  the  forces,  the 
force  F  (since  it  passes  through  0)  does  not  appear  in 
our  equation,  and  hence  the  equation  of  moments  of  Art. 
83  will  become  an  equation  expressing  the  fact  that  the 
algebraic  sum  of  the  moments  of  the  given  system  of 
forces  about  0  is  zero. 

Hence  for  the  equilibrium  of  the  body  (unless  we  wish 
to  find  the  force  of  constraint  F)  we  have  only  to  express 
that  the  algebraic  sum  of  the  moments  of  the  forces  about 
the  fixed  point  0  is  zero. 

92.  Ex.   A  rod  AB  has  one  end  A  fixed,  and  is  kept  in  a  horizontal 
position  by  a  force  equal  to  10  Us.  weight  acting  At  B  in  a  direction 
inclined  at  30°  to  the  rod;  if  the  rod  be  homogeneous,  and  of  length 
I  feet,  find  its  weight. 

The  moment  of  the  weight  about  A  must  be  equal  to  the  moment 
of  the  force  about  A. 

If  W  be  the  weight,  the  former  moment  is  W  x  2,  and  the  latter  is 
10x4  sin  30°. 

/.  2  W=  10x4  sin  30°  =  20. 

/.     ir=101bs.  vrt. 
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93.  When  a  riyid  body  has  an  axis  fixed,  and  is  acted 
upon  by  forces,  whose  directions  are  perpendicular  to  this 
axis,  it  will  be  in  equilibrium  if  the  algebraic  sum  of  the 
moments  of  the  forces  about  the  fixed  axis  vanishes. 

[If  a  force  be  perpendicular  to  a  given  axis  and  do  not  meet  it,  its 
moment  about  the  axis  is  the  product  of  the  force  and  the  per 
pendicular  distance  between  the  axis  and  the  force.] 

Suppose  AB  to  be  the  fixed  axis  in  the  body,  and  let 
the  body  be  acted  on  by  forces  P,  Q  ...;  these  forces  need 


/K 

A 
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A      l*£|C'  D'j  B 

C   Y  V 

P  Q 

not  be  parallel  but  their  directions  must  be  perpendicular 
to  the  axis. 

Draw  CO'  perpendicular  to  both  the  axis  and  P,  and 
DD'  perpendicular  to  the  axis  and  Q ;  let  their  lengths  be 
p  and  q. 

At  C'  introduce  two  equal  and  opposite  forces,  each 
equal  to  P,  one  of  these  being  parallel  to  the  original 
force  P. 

The  force  P  at  C  and  the  two  forces  (P,  P)  at  C"  are 
equivalent  to  a  force  P,  parallel  to  the  original  P,  and  a 
couple  of  moment  P.p. 

Similarly,  the  force  Q  at  D  is  equivalent  to  a  force  Q 
at  D'  and  a  couple  of  moment  Q .  q. 

Similarly  for  the  other  forces. 

The  forces,  since  they  intersect  the  axis,  can  have  no 
efiect  in  turning  the  body  about  the  axis  and  are  balanced 
by  the  forces  of  constraint  applied  to  the  axis. 

The  couples  are,  by  Arts.  72  and  73,  equivalent  to  a  couple 
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of  moment  P.p  +  Q .q  +  ...  in  a  plane  perpendicular  to  the 
axis. 

Hence  the  body  will  be  in  equilibrium  if 

P.p  +  Q  .q+  ...  be  zero  ; 

also   the   latter   expression   is   the   algebraic   sum    of   the 
moments  of  the  forces  about  the  axis. 

Hence  the  theorem  is  true. 

94.  Ex.  A  circular  uniform  table,  of  weight  80  Ibs.,  rests  on  four 
equal  legs  placed  symmetrically  round  its  edge  ;  jind  the  least  weight 
which  hung  upon  the  edge  of  the  table  will  just  overturn  it. 

Let  AE  and  BF  be  two  of  the  legs  of  the  table,  whose  centre  is  O  ; 
the  weight  of  the  table  will  act  through  the  point  0. 


M 


If  the  weight  be  hung  on  the  portion  of  the  table  between  A  and  B 
the  table  will,  if  it  turn  at  all,  turn  about  the  line  joining  the  points 
E  and  F.  Also  it  will  be  just  on  the  point  of  turning  when  the  weight 
and  the  weight  of  the  table  have  equal  moments  about  EF. 

Now  the  weight  will  clearly  have  the  greatest  effect  when  placed  at 
H,  the  middle  point  of  the  arc  AB. 

Let  OM  meet  AB  in  L,  and  let  x  be  the  required  weight.  Taking 
moments  about  EF,  which  is  the  same  as  taking  moments  about  AB, 
we  have 


But 


x.LM=SQ.OL. 

LM=  OM-OL=OA-  OA  cos  45° 


---     OA=8Q,OL  =  8Q.  --  .OA, 
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QA 

and  *=-7^-T  =  80(^2  +  1) 

\/^-  i 

=  193-1  Ibs.  wt. 

95.  Theorem.  If  three  forces  acting  on  a  body  keep 
it  in  equilibrium,  they  must  lie  in  a  plane. 

Let  the  three  forces  be  P,  Q,  and  R. 

Let  Pl  and  Q1  be  any  two  points  on  the  lines  of  action 
of  P  and  Q  respectively. 

Since  the  forces  are  in  equilibrium,  they  can,  taken 
together,  have  no  effect  to  turn  the  body  about  the  line 
PiQi.  But  the  forces  P  and  Q  meet  this  line,  and  there 
fore  separately  have  no  effect  to  turn  the  body  about  P^Q^. 
Hence  the  third  force  R  can  have  no  effect  to  turn  the 
body  about  PtQ:. 

Therefore  the  line  P^Qi  must  meet  R. 

Similarly,  if  Q2,  Qs,...  be  other  points  on  the  line  of 
action  of  Q,  the  lines  P^Q^  P^,...  must  meet  JR. 

Hence  R  must  lie  in  the  plane  through  Px  and  the  line 
of  action  of  Q,  i.e.,  the  lines  of  action  of  Q  and  R  must  be 
in  a  plane  which  passes  through  Plt 

But  Pl  is  any  point  on  the  line  of  action  of  P ;  and 
hence  the  above  plane  passes  through  any  point  on  the 
line  of  action  of  P,  i.e.,  it  contains  the  line  of  action 
of  P. 

EXAMPLES.    XIII. 

1.  A  square  uniform  plate  is  suspended  at  one  of  its  vertices,  and 
a  weight,  equal  to  half  that  of  the  plate,   is   suspended  from   the 
adjacent  vertex  of  the  square.    Find  the  position  of  equilibrium  of  the 
plate. 

2.  A  hollow  vertical  cylinder,  of  radius  2a  and  height  3a,  rests  on 
a  horizontal  table,  and  a  uniform  rod  is  placed  within  it  with  its 
lower  end  resting  on  the  circumference  of  the  base ;  if  the  weight  of 
the  rod  be  equal  to  that  of  the  cylinder,  how  long  must  the  rod  be  so 
that  it  may  just  cause  the  cylinder  to  topple  over? 
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3.  A  cylinder,  whose  length  is  6  and  the  diameter  of  whose  base 
is  c,  is  open  at  the  top  and  rests  on  a  horizontal  plane ;  a  uniform 
rod,  of  length  2a,  rests  partly  within  the  cylinder  and  in  contact  with 
it  at  its  upper  and  lower  edges ;  supposing  the  weight  of  the  cylinder 
to  be  n  times  that  of  the  rod,  find  the  length  of  the  rod  when  the 
cylinder  is  on  the  point  of  falling  over. 

4.  A  square  table  stands  on  four  legs  placed  respectively  at  the 
middle  points  of  its  sides  ;  find  the  greatest  weight  that  can  be  put  at 
one  of  the  corners  without  upsetting  the  table. 

5.  A  round  table  stands  upon  three  equidistant  weightless  legs  at 
its  edge,  and  a  man  sits  upon  its  edge  opposite  a  leg.     It  just  upsets 
and  falls  upon  its  edge  and  two  legs.     He  then  sits  upon  its  highest 
point  and  just  tips  it  up  again.     Shew  that  the  radius  of  the  table  is 
^/2  times  the  length  of  a  leg. 

6.  A  circular  table,  whose  weight  is  10  Ibs.,  is  provided  with  three 
vertical  legs  attached  to  three  points  hi  the  circumference  equidistant 
from  one  another ;  find  the  least  weight  which  hung  from  any  point 
in  the  edge  of  the  table  will  just  cause  it  to  overturn. 

7.  A  square  four-legged  table  has  lost  one  leg  ;  where  on  the  table 
should  a  weight,  equal  to  the  weight  of  the  table,  be  placed,  so  that 
the  pressures  on  the  three  remaining  legs  of  the  table  may  be  equal? 

8.  A  square  table,  of  weight  20  Ibs.,  has  legs  at  the  middle  points 
of  its  sides,  and  three  equal  weights,  each  equal  to  the  weight  of  the 
table,  are  placed  at  three  of  the  angular  points.     What  is  the  greatest 
weight  that  can  be  placed  at  the  fourth  corner  so  that  equilibrium 
may  be  preserved  ? 

9.  A  circular  metallic  plate,  of  uniform  thickness  and  of  weight 
10,  is  hung  from  a  point  on  its  circumference.     A  string  wound  on  its 
edge,  carries  a  weight  p.    Find  the  angle  which  the  diameter  through 
the  point  of  suspension  makes  with  the  vertical. 

10.  A  uniform  circular  disc,  of  weight  nW,  has  a  particle,  of 
weight  W,  attached  to  a  point  on  its  rim.    If  the  disc  be  suspended 
from  a  point  A  on  its  rim,  B  is  the  lowest  point ;  also,  if  suspended 
from  B,  A  is  the  lowest  point.     Shew  that  the  angle  subtended  by  AB 
at  the  centre  of  the  disc  is  2  sec"1  2  (rc  +  1). 

11.  A  heavy  horizontal  circular  ring  rests  on  three  supports  at 
the  points  A,  B,  and  G  of  its  circumference.     Given  its  weight  and 
the  sides  and  angles  of  the  triangle  ABC,  find  the  pressures  on  the 
supports. 


CHAPTER   IX. 

CENTRE   OF   GRAVITY. 

96.  EVERY  particle  of  matter  is  attracted  to  the 
centre  of  the  Earth,  and  the  force  with  which  the  Earth 
attracts  any  particle  to  itself  is,  as  we  shall  see  in 
Dynamics,  proportional  to  the  mass  of  the  particle. 

Any  body  may  be  considered  as  an  agglomeration  of 
particles. 

If  the  body  be  small,  compared  with  the  Earth,  the 
lines  joining  its  component  particles  to  the  centre  of  the 
Earth  will  be  very  approximately  parallel,  and,  within  the 
limits  of  this  book,  we  shall  consider  them  to  be  absolutely 
parallel. 

On  every  particle,  therefore,  of  a  rigid  body  there  is 
acting  a  force  vertically  downwards  which  we  call  its 
weight. 

These  forces  may  by  the  process  of  compounding 
parallel  forces,  Art.  53,  be  compounded  into  a  single 
force,  equal  to  the  sum  of  the  weights  of  the  particles, 
acting  at  some  definite  point  of  the  body.  Such  a  point 
is  called  the  centre  of  gravity  of  the  body. 

Centre  of  gravity.  Def.  The  centre  of  gravity  of  a 
body,  or  system  of  particles  rigidly  connected  together,  is 
that  point  through  which  the  line  of  action  of  the  weight  of 
the  body  always  passes. 
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97.  Every  body,  or  system  of  particles  rigidly  connected 
together,  has  a  centre  of  gravity. 

Let  A,  B,  C,  D...  be  a  system  of  particles  whose 
weights  are  wlt  w2,  w.^...  . 


Join  AB,  and  divide  it  at  Gl  so  that 
AGi  :  GiB  ::  wz  :  w^. 

Then  parallel  forces  wl  and  w%,  acting  at  A  and  B,  are, 
by  Art.  53,  equivalent  to  a  force  (wl  +  w2)  acting  at  Gl. 

Join  G^Gj  and  divide  it  at  6-'2  s°  that 

Gfiz  :  GZC  ::  w3  :  wl  +  w<i. 

Then  parallel  forces,  (wl  +  w2)  at  G±  and  ws  at  (7,  are 
equivalent  to  a  force  (wl  +  w%  +  ws)  at  Gz. 

Hence  the  forces  w11  w%  and  ws  may  be  supposed  to  be 
applied  at  (?2  without  altering  their  effect. 

Similarly,  dividing  GZD  in  G3  so  that 

G2G3  :  G3D  ::  w4  :  w-^  +  w^  +  w^ 

we  see  that  the  resultant  of  the  four  weights  at  A,  B,  C, 
and  D  is  equivalent  to  a  vertical  force,  1^  +  w2  +  wa  +  w±, 
acting  at  G3. 

Proceeding  in  this  way,  we  see  that  the  weights  of  any 
number  of  particles  composing  any  body  may  be  supposed 
to  be  applied  at  some  point  of  the  body  without  altering 
their  effect. 

98.  Since  the  construction  for  the  position  of  the 
resultant  of  parallel  forces  depends  only  on  the  point  of 
application  and  magnitude,  and  not  on  the  direction  of 
the  forces,  the  point  we  finally  arrive  at  is  the  same  if 
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the  body  be  turned  through  any  angle;  for  the  weights 
of  the  portions  of  the  body  are  still  parallel,  although  they 
have  not  the  same  direction,  relative  to  the  body,  in  the 
two  positions. 

We  can  hence  shew  that  a  body  can  only  have  one 
centre  of  gravity.  For,  if  possible,  let  it  have  two  centres 
of  gravity  G  and  G±.  Let  the  body  be  turned,  if  necessary, 
until  GG±  be  horizontal.  We  shall  then  have  the  resultant 
of  a  system  of  vertical  forces  acting  both  through  G  and 
through  G-L.  But  the  resultant  force,  being  itself  neces 
sarily  vertical,  cannot  act  in  the  horizontal  line  GG±. 

Hence  there  can  be  only  one  centre  of  gravity. 

99.  If  the  body  be  not  so  small  that  the  weights  of  its  component 
parts  may  all  be  considered  to  be  very  approximately  parallel,  it  has 
not  necessarily  a  centre  of  gravity. 

In  any  case,  the  point  of  the  body  at  which  we  arrive  by  the  con 
struction  of  Art.  97,  has,  however,  very  important  properties  and  is 
called  its  Centre  of  Mass,  or  Centre  of  Inertia.  If  the  body  be  of 
uniform  density  its  centre  of  mass  coincides  with  its  Centroid. 

100.  We  shall  now  proceed  to  the  determination  of 
the  centre  of  gravity  of  some  bodies  of  simple  forms. 

I.    A  uniform  rod. 

Let  A  B  be  a  uniform  rod,  and  G  its  middle  point. 


B 


G 

Take  any  point  P  of  the  rod  between  G  and  A,  and  a 
point  Q  in  GB,  such  that 

GQ  =  GP. 

The  centre  of  gravity  of  equal  particles  at  P  and  Q 
is  clearly  G  ;  also,  for  every  particle  between  G  and  A, 
there  is  an  equal  particle  at  an  equal  distance  from  Gt 
lying  between  G  and  B. 
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The  centre  of  gravity  of  each  of  these  pairs  of  particles 
is  at  G ;  therefore  the  centre  of  gravity  of  the  whole  rod 
is  at  G. 

1O1.    II.    A  uniform  parallelogram. 

Let  ABCD  be  a  parallelogram,  and  let  E  and  F  be  the 
middle  points  of  AD  and  BC. 


A_r i 

P/  Gi/ 


Divide  the  parallelogram  into  a  very  large  number  of 
strips,  by  means  of  lines  parallel  to  AD,  of  which  PR 
and  QS  are  anv  consecutive  pair.  Then  PQSR  may  be 
considered  to  be  a  uniform  straight  line,  whose  centre  of 
gravity  is  at  its  middle  point  Gl. 

So  the  centre  of  gravity  of  all  the  other  strips  lies  on 
EFj  and  hence  the  centre  of  gravity  of  the  whole  figure 
lies  on  EF. 

So,  by  dividing  the  parallelogram  by  lines  parallel  to 
AB,  we  see  that  the  centre  of  gravity  lies  on  the  line 
joining  the  middle  points  of  the  sides  AB  and  CD. 

Hence  the  centre  of  gravity  is  at  G  the  point  of  inter 
section  of  these  two  lines. 

G  is  clearly  also  the  point  of  intersection  of  the  diagonals 
of  the  parallelogram. 

102.  It  is  clear  from  the  method  of  the  two  previous 
articles  that,  if  in  a  uniform  body  we  can  find  a  point  G 
such  that  the  body  can  be  divided  into  pairs  of  particles 
balancing  about  it,  then  G  must  be  the  centre  of  gravity 
of  the  body. 
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The  centre  of  gravity  of  a  uniform  circle,  or  uniform 
sphere,  is  therefore  its  centre. 

It  is  also  clear  that  if  we  can  divide  a  lamina  into 
strips,  the  centre  of  gravity  of  which  all  lie  on  a  straight 
line,  then  the  centre  of  gravity  of  the  lamina  must  lie  on 
that  line. 

Similarly,  if  a  body  can  be  divided  into  portions,  the 
centres  of  gravity  of  which  lie  in  a  plane,  the  centre  of 
gravity  of  the  whole  must  lie  in  that  p]ane. 

103.    III.     Uniform  triangular  lamina. 

Let  ABC  be  the  triangular  lamina  and  let  D  and  E  be 
the  middle  points  of  the  sides  EC  and  CA.  Join  AD  and 
BE,  and  let  them  meet  in  G.  Then  G  shall  be  the  centre 
of  gravity  of  the  triangle. 


Let  B1C1  be  any  line  parallel  to  the  base  BC  meeting 
AD  in  Z>lt 

As  in  the  case  of  the  parallelogram,  the  triangle  may 
be  considered  to  be  made  up  of  a  very  large  number  of 
strips,  such  as  B-^C^  all  parallel  to  the  base  BC. 

Since  B-f/i  and  BC  are  parallel,  the  triangles  AB^D^ 
and  ABD  are  similar;  so  also  the  triangles  ADfii  and 
ADC  are  similar. 

Hence 


But   BD  =  DC;    therefore   B1D1=D1C^.      Hence   the 
centre  of  gravity  of  the  strip  Bf^  lies  on  AD. 
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So  the  centres  of  gravity  of  all  the  other  strips  lie  on 
AD,  and  hence  the  centre  of  gravity  of  the  triangle  lies 
on  AD. 

Join  BE,  and  let  it  meet  AD  in  G. 

By  dividing  the  triangle  into  strips  parallel  to  AC  we 
see,  similarly,  that  the  centre  of  gravity  lies  on  BE. 

Hence  the  required  centre  of  gravity  must  be  at  6f. 

Since  D  is  the  middle  point  of  BC  and  E  is  the  middle 
point  of  CA,  therefore  DE  is  parallel  to  AB. 

Hence  the  triangles  GDE  and  G  A  B  are  similar, 

GD  _DE  _CE  _ 
*  *  ~GA  ~  AB  ~  CA  ~  *' 
so  that      2GD  =  GA,  and  3GD  =  GA  +  GD  =  AD. 

:.  GD  =  IAD. 

Hence  the  centre  of  gravity  of  a  triangle  is  on  the 
line  joining  the  middle  point  of  any  side  to  the  opposite 
vertex  at  one-third  the  distance  of  the  vertex  from  that- 
side. 

1O4.  The  centre  of  gravity  of  any  triangular  lamina  is  the  same  as 
that  of  three  equal  particles  placed  at  the  vertices  of  the  triangle. 

Taking  the  figure  of  Art.  103,  the  centre  of  gravity  of  two  equal 
particles,  each  equal  to  w,  at  B  and  C,  is  at  D  the  middle  point  of  BC ; 
also  the  centre  of  gravity  of  2w  at  D  and  w  at  A  divides  the  line  DA 
in  the  ratio  of  1 : 2.  But  G,  the  centre  of  gravity  of  the  lamina,  divides 
DA  in  the  ratio  of  1 :  2. 

Hence  the  centre  of  gravity  of  the  three  particles  is  the  same  as 
that  of  the  lamina. 

105.    IV.    Three  rods  forming  a  triangle. 

Let  BC,  CA,  and  AB  be  the  three  rods,  of  the  same 
thickness  and  material,  forming  the  triangle  and  let  D, 
E,  and  F  be  the  middle  points  of  the  rods.  Join  DE,  EF, 
and  FD.  Clearly  DE,  EF,  and  FD  are  half  of  AB,  BC, 
and  CA  respectively.  The  centres  of  gravity  of  the  three 
rods  are  D,  E,  and  F. 
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BOG 

The  centre  of  gravity  of  the  rods  Ail  and  AC  is  there 
fore  a  point  L  on  EF  such  that 

EL  :  LF  ::  weight  at  F  :  weight  at  E 
::  AB  :  AC 
::  DE  :  OF, 
so  that  DL  bisects  the  angle  FDE.  (Euc.  vi.  3.) 

Also  the  centre  of  gravity  of  the  three  rods  must  lie 
on  DL. 

Similarly  the  centre  of  gravity  must  lie  on  EM  which 
bisects  the  angle  DEF. 

Hence  the  required  point  is  the  point  at  which  EM  and 
DL  meet,  and  is  therefore  the  centre  of  the  circle  inscribed 
in  the  triangle  DEF,  i.e.,  the  centre  of  the  circle  inscribed 
in  the  triangle  formed  by  joining  the  middle  points  of 
the  rods. 

106.    V.    Tetrahedron. 

Let  ABCD  be  the  tetrahedron,  E  the  middle  point  of 
AB,  and  Gl  the  centre  of  gravity  of  the  base  ABG. 

D 


L.    8. 
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Take  any  section  A'B'C'  of   the  tetrahedron  which   is 
parallel  to  ABC  ;    let  DE  meet  A'B'  in  E'  and  let  DG, 
meet  E'C'  in  £'. 
Then 

DC" 

similar  As 


,  by  similar  As 
E'G'     EG 


Hence  G'  is  the  centre  of  gravity  of  the  section  A'B'C'. 

By  considering  the  tetrahedron  as  built  up  of  triangles 
parallel  to  the  base  ABC,  it  follows,  since  the  centre  of 
gravity  of  each  triangle  is  in  the  line  DGlt  that  the  centre 
of  gravity  of  the  whole  lies  in  DG±. 


Similarly,  it  may  be  shewn  that  the  centre  of  gravity 
lies  on  the  line  joining  C  to  the  centre  of  gravity  G2  of  the 
opposite  face.  Also  Ga  lies  in  the  line  ED  and  divides  it  in 
the  ratio  1  :  2. 

Hence  G,  the  required  point,  is  the  point  of  intersection 
of  CG2  and 

Join  G 
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Then 


V97T  =  ^  »  ty  Similar   AS 


_i}  by  similar  A*  JZG&  and 


.-.£,(?=  4. 

Similarly  G^D 

Hence  the  centre  of  gravity  of  the  pyramid  lies  on  the 
line  joining  the  centre  of  gravity  of  any  face  to  the  opposite 
angular  point  of  the  tetrahedron  at  one-quarter  of  the 
distance  of  the  angular  point  from  that  face. 

Cor.  The  centre  of  gravity  of  the  tetrahedron  is  the 
same  as  that  of  equal  particles  placed  at  its  vertices. 

For  equal  weights  w  placed  at  the  angular  points  ABC 
of  a  triangle  are  equivalent,  by  Art.  104,  to  a  weight  3w 
placed  at  Glt  the  centre  of  gravity  of  ABC.  Also  3w  at  Gl 
and  w  at  D  are  equivalent  to  4w?  at  G,  since  G  divides  G-JD 
in  the  ratio  1  :  3. 

1O7.    VI.    Pyramid  on  any  base.    Solid  Cone. 

If  the  base  of  the  pyramid  in  the  previous  article^  instead 
of  being  a  triangle,  be  any  plane  figure  ABCLMN...  whose 
centre  of  gravity  is  Glt  it  may  be  shewn,  by  a  similar 
method  of  proof,  that  the  centre  of  gravity  must  lie  on  the 
line  joining  D  to  Glt 

Also  by  drawing  the  planes  DAGlt  DBG^...  the  whole 
pyramid  may  be  split  into  a  number  of  pyramids  on  tri 
angular  bases,  the  centres  of  gravity  of  which  all  lie  on  a 
plane  parallel  to  ABCL...  and  at  a  distance  from  D  of 
three-quarters  that  of  the  latter  plane. 

8—2 
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Hence  the  centre  of  gravity  of  the  whole  lies  on  the  line 
G:Dt  and  divides  it  in  the  ratio  1  : 3. 

Let  now  the  sides  of  the  plane  base  form  a  regular 
polygon,  and  let  their  number  be  indefinitely  increased. 
Ultimately  the  plane  base  becomes  a  circle,  and  the  pyramid 
becomes  a  solid  cone  having  D  as  its  vertex ;  also  the  point 
G-L  is  now  the  centre  of  the  circular  base. 

Hence  the  centre  of  gravity  of  a  solid  right  circular 
cone  is  on  the  line  joining  the  centre  of  the  base  to  the 
vertex,  and  divides  it  in  the  ratio  of  1  :  3. 

108.    VII.     Surface  of  a  hollow  cone. 

Since  the  surface  of  a  cone  can  be  divided  into  an 
infinite  number  of  triangular  laminas,  by  joining  the  vertex 
of  the  cone  to  points  on  the  circular  base  indefinitely  close 
to  one  another,  and  since  their  centres  of  gravity  all  lie  in 
a  plane  parallel  to  the  base  of  the  cone  at  a  distance  from 
the  vertex  equal  to  two- thirds  of  that  of  the  base,  the  centre 
of  gravity  of  the  whole  cone  must  lie  in  that  plane. 

But,  by  symmetry,  the  centre  of  gravity  must  lie  on  the 
axis  of  the  cone. 

Hence  the  required  point  is  the  point  in  which  the 
above  plane  meets  the  axis,  and  therefore  is  on  the  axis  at 
a  point  distant  from  the  base  one-third  the  height  of  the 
cone. 

EXAMPLES.    XIV. 

1.  An  isosceles  triangle  has  its  equal  sides  of  length  5  feet  and 
its  base  of  length  6  feet ;  find  the  distance  of  the  centre  of  gravity 
from  each  of  its  sides. 

2.  The  sides  of  a  triangular  lamina  are  6,  8,  and  10  feet  in 
length ;  find  the  distance  of  the  centre  of  gravity  from  each  of  the 
sides. 

3.  The  base  of  an  isosceles  triangle  is  4  inches  and  the  equal 
sides  are  each  7  inches  in  length  ;  find  the  distances  of  its  centre  of 
gravity  from  the  angular  points  of  the  triangle. 
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4.  D  is  the  middle  point  of  the  base  BC  of  a  triangle  ABC ;  shew 
that  the  distance  between  the  centres  of  gravity  of  the  triangles  ABD 
and  ACD  is  $BC. 

5.  A  heavy  triangular  plate  ABO  lies  on  the  ground ;  if  a  vertical 
force  applied  at  the  point  A  be  just  great  enough  to  begin  to  lift  that 
vertex  from  the  ground,  shew  that  the  same  force  will  suffice,  if  applied 
at  B  or  G. 

6.  Three  men  carry  a  weight,   W,  by  putting  it  on  a  smooth 
triangular  board,  of  weight  w,  and  supporting  the  system  on  their 
shoulders  placed  respectively  at  the  angular  points ;  find  the  weight 
that  each  man  supports. 

7.  The  base  of  a  triangle  is  fixed,  and  its  vertex  moves  on  a  given 
straight  line ;  shew  that  the  centre  of  gravity  also  moves  on  a  straight 
line. 

8.  The  base  of  a  triangle  is  fixed,  and  it  has  a  given  vertical 
angle ;  shew  that  the  centre  of  gravity  of  the  triangle  moves  on  an 
arc  of  a  certain  circle. 

9.  A  given  weight  is  placed  anywhere  on  a  triangle ;  shew  that 
the  centre  of  gravity  of  the  system  lies  within  a  certain  triangle. 

10.  A  uniform  equilateral  triangular  plate  is  suspended  by  a 
string  attached  to  a  point  in  one  of  its  sides,  which  divides  the  side 
in  the  ratio  2:1;  find  the  inclination  of  this  side  to  the  vertical. 

11.  A  uniform  lamina  in  the  shape  of  a  right-angled  triangle,  and 
such  that  one  of  the  sides  containing  the  right  angle  is  three  times 
the  other,  is  suspended  by  a  string  attached  to  the  right  angle ;  in  the 
position  of  equilibrium,  shew  that  the  hypotenuse  is  inclined  at  an 
angle  sin"1!-  to  the  vertical. 

12.  A  uniform  triangular  lamina,  whose  sides  are  3,  4,  and  5 
inches,  is  suspended  by  a  string  from  the  middle  point  of  the  longest 
side  ;  find  the  inclination  of  this  side  to  the  vertical. 

1O9.  General  formulae  for  the  determination 
of  the  centre  of  gravity. 

In  the  following  articles  will  be  obtained  formulae 
giving  the  position  of  the  centre  of  gravity  of  any  system 
of  particles,  whose  position  and  weights  are  known. 

Theorem.  If  a  system  of  particles  whose  weights  cure 
W-L,  tt-a,  ...  wn  be  on  a  straight  line,  and  if  their  distances 
measured  from  a  fixed  point  0  in  the  line  le 
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the  distance,  x,  oftlieir  centre  of  gravity  from  tlw  fixed  point 
is  given  by 


W±  4-  W.2  4-  . 

Let  A,  B,  C,  D...  be  the  particles  and  let  the  centre  of 
gravity  of  wt  and  wt  at  A  and  B  be  ^ ;  let  the  centre  of 

O        A  B       C  D 


gravity  of  (wl  +  w2)  at  Gl  and  iv3  at  C  be  <?2,  and  so  for  the 
other  particles  of  the  system. 

By  Art.  97,  we  have  w^.  AGl  =  wt.  G^  ; 

/.  wl(OG1-OA)  =  w3(OB-OGl). 
llciice      (wl  +  w2)  .  OGl  =  wl.OA  +  w<2.  OB, 


Similarly,  since  6?2  is  the  centre  of  gravity  of  (wt  + 
at  G1  and  w3  at  (7,  we  have 


'     ^  ^  '* 


So  0  G.  =  0*°*  +  **«  +  Wa)  • 
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Proceeding  in  this  manner  we  easily  have 

_     w^  +  wjc2  +  .  .  .  +  wnxn 
wl  +  w<i+  ...  +wn 

whatever  be  the  number  of  the  particles  in  the  system. 

Otherwise,  The  above  formula  may  be  obtained  by  the  use  of 
Article  65.  For  the  weights  of  the  particles  form  a  system  of  parallel 
forces  whose  resultant  is  equal  to  their  sum,  viz.  wl  +  w^  +  ...+wr^. 
Also  the  sum  of  the  moments  of  these  forces  about  any  point  in  their 
plane  is  the  same  as  the  moment  of  their  resultant.  But  the  sum  of 
the  moments  of  the  forces  about  the  fixed  point  0  is 


Also,  if  x  be  the  distance  of  the  centre  of  gravity  from  0,  the  moment 
of  the  resultant  is 


Hence  x  (wl  +  102  +  .  .  .  +  «;M)  =  w^  +  w^  +  .  .  .  +  wnxn 


11O.  Ex.  1.  A  rod  AB,  2  feet  in  length,  and  of  weight  5  Ibs.,  is 
trisected  in  the  points  C  and  D,  and  at  the  points  A,  C,  D  and  B  are 
placed  particles  of  1,  2,  3  and  4  Ibs.  weight  respectively  ;  find  what 
point  of  the  rod  must  be  supported  so  that  the  rod  may  rest  in  any 
position,  i.e.,  find  the  centre  of  gravity  of  the  system. 

Let  G  be  the  middle  point  of  the  rod  and  let  the  fixed  point  0  of 
the  previous  article  be  taken  to  coincide  with  the  end  A  of  the  rod. 
The  quantities  x^t  #2,  xt,  x±  and  xs  are  in  this  case  0,  8,  12,  16,  and 
24  inches  respectively. 

Hence,  if  X  be  the  point  required,  we  have 

1.0  +  2.8  +  5.12  +  3.16  +  4.24 


lo 


1+2+5+3+4 
=14$  inches. 


Ex.  2.  If,  in  the  previous  question,  the  body  at  B  be  removed  and 
another  body  be  substituted,  find  the  weight  of  this  unknown  body  so  that 
the  new  centre  of  gravity  may  be  at  the  middle  point  of  the  rod, 

Let  X  Ibs.  be  the  required  weight. 
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Since  the  distance  of  the  new  centre  of  gravity  from  A  is  to  be 
12  inches,  we  have 

1.0  +  2.8  +  5.12  +  3.16  +  X.24  _  124  +  24X 
~~  1  +  2  +  5  +  3  +  X  "TT+X    ' 


/.  X=|lb. 

Ex.  3.  To  the  end  of  a  rod,  whose  length  is  2  feet  and  whose  weight 
is  3  Ibs.,  is  attached  a  sphere,  of  radius  2  inches  and  weight  10  Ibs.; 
find  the  position  of  the  centre  of  gravity  of  the  compound  body. 

Let  OA  be  the  rod,  Gl  its  middle  point,  G2  the  centre  of  the  sphere, 
and  G  the  required  point. 

o 


But  0^  =  12  inches;  OG2  =  26  inches. 

,     3.12+10.26     296     ( 
*    °°=   -  -  =        =  221*  mches. 


EXAMPLES.    XV. 

1.  A  straight  rod,  1  foot  in  length  and  of  mass  1  ounce,  has  an 
ounce  of  lead  fastened  to  it  at  one  end,  and  another  ounce  fastened  to 
it  at  a  distance  from  the  other  end  equal  to  one-third  of  its  length  ; 
find  the  centre  of  gravity  of  the  system. 

2.  A  uniform  bar,  3  feet  in  length  and  of  mass  6  ounces,  has 
3  rings,  each  of  mass  3  ounces,  at  distances  3,  15  and  21  inches  from 
OLIO  end.     About  what  point  of  the  bar  will  the  system  balance  ? 

3.  A  uniform  rod  AB  is  4  feet  long  and  weighs  3  Ibs.     One  Ib.  is 
attached  at  A,  2  Ibs.  at  a  point  distant  1  foot  from  A,  3  Ibs.  at  2  feet 
from  A,  4  Ibs.  at  3  feet  from  A,  and  5  Ibs.  at  B.     Find  the  distance 
from  A  of  the  centre  of  gravity  of  the  system. 

4.  A  telescope  consists  of  3  tubes,  each  10  inches  in  length, 
one  within  the  other,  and  of  weights  8,  7,  and  6  ounces.     Find  the 
position  of  the  centre  of  gravity  when  the  tubes  are  drawn  out  at  full 
length. 

5.  Twelve  heavy  particles  at  equal  intervals  of  one  inch  along  a 
straight  rod  weigh  1,  2,  3,.  ..12  grains  respectively;  find  their  centre 
of  gravity,  neglecting  the  weight  of  the  rod. 

6.  Weights  proportional  to  1,  4,  9,  and  16  are  placed  in  a  straight 
line  so  that  the  distances  between  .them  are  equal  ;  iiud  the  position 
of  their  centre  of  gravity. 
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7.  A  rod,  of  uniform  thickness,  has  one-half  of  its  length  com 
posed  of  one  metal  and  the  other  half  composed  of  a  different  metal, 
and  the  rod  balances  about  a  point  distant  one-third  of  its  whole 
length  from  one  end  ;  compare  the  weight  of  equal  quantities  of  the 
metal. 

8.  An  inclined  plane,  with  an  angle  of  inclination  of  60°,  is  3  feet 
long  ;  masses  of  7,  5,  4  and  8  ounces  are  placed  on  the  plane  in  order 
at  distances  of  1  foot,  the  latter  being  the  highest  ;  find  the  distance 
of  their  centre  of  gravity  from  the  base  of  the  inclined  plane. 

9.  AB  is  a  uniform  rod,  of  length  n  inches  and  weight  (n+  1)  W. 
To  the  rod  masses  of  weight  JF,  2fP,«8?P,...nTP  are  attached  at  distances 
1,  2,  3,...n  inches  respectively  from  A.     Find  the  distance  from  A  of 
the  centre  of  gravity  of  the  rod  and  weights. 

10.  A  rod,  12  feet  long,  has  a  mass  of  1  Ib.  suspended  from  one 
end,  and,  when  15  Ibs.  is  suspended  from  the  other  end,  it  balances 
about  a  point  distant  3ft.  from  that  end;  if  8  Ibs.  be  suspended  there, 
it  balances  about  a  point  4  ft.  from  that  end.     Find  the  weight  of  the 
rod  and  the  position  of  its  centre  of  gravity. 

111.  Theorem.  If  a  system  of  particles,  whose 
weights  are  wlt  wz,  ...wn,  lie  in  a  plane,  and  if  OX  and  OY 
be  two  fixed  straight  lines  in  the  plane  at  right  angles,  and  if 
the  distances  of  the  particles  from  OX  be  ylt  y3,  ...  yn,  and 
the  distance  of  their  centre  of  gravity  be  y,  then 


y  = 


^v 


Similarly,  if  the  distances  of  the  particles  from  0  Y  be 
,  ie2,  ...  xn  and  that  of  their  centre  of  gravity  be  x,  then 

+  W         +  .  ..  +  WnXn 


R2  R3N 
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Let  A,  B,  C,  ...  be  the  particles,  and  AL,  BM,  CN...  the 
perpendiculars  on  OX. 

Let  6l  be  the  centre  of  gravity  of  wl  and  i02,  G9  the 
centre  of  gravity  of  (wl  +  w2)  at  G1  and  w3  at  (7,  and  so  on. 

Draw  GiRit  G2Rz,  ...  perpendicular  to  OX,  and  through 
Gl  draw  //G^/f  parallel  to  OX  to  meet  ^1^  and  EM  in  // 
and  7T. 

Since  Gl  is  the  centre  of  gravity  of  wl  and  w2,  we  have 

^5=S.     (Art.  97.) 
G-Ji     Wi 

Now  ^16r1//  and  Z^/if  are  similar  triangles, 
.  #/l  __  AGj,  _  w2 
"'BK~  G^B  ~  wl  ' 

But  HA  =  HL-AL  =  G&  -  ijl  , 

and  BK  =  BM  -  KM  =y^~  0^,  ; 


y*  -          MI 

Hence         wv  (Gl  A\  -  y^)  =  m,  (y.2  -  GJtJ  ; 


/n 

(  1  ). 


W1  +  W2 

Similarly,  since  G%  is  the  centre  of  gravity  of  (w^  +  w2) 
at  Gl  and  w.3  at  6',  we  have 

b   ^v 

/  \   /* 


Proceeding  in  this  way  we  easily  obtain 
-  =  ™&i  +  w&3 


Again,  since  the  triangles  .4  ^77  and  BG1K  are  similar, 
we  have 
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But         HGi  =  LR^  =  ORl  -OL 
and  G^K  =  E^M 


Hence 


Proceeding  as  before  we  finally  have 

W^  +  W.2X2  4-  ...  4-  WnXu 

x  =  --  -  -  . 
wl  +  wz+  ...  +  wn 

The  theorem  of  this  article  may  be  put  somewhat 
differently  as  follows  ; 

The  distance  of  the  centre  of  gravity  Jrom  any  line  in 
the  plane  of  the  particles  is  equal  to  a  fraction,  whose 
numerator  is  the  sum  of  the  products  of  each  weight  into  its 
distance  from  the  given  line,  and  whose  denominator  is  the 
sum  of  the  weights. 

112.  The  formula  of  the  preceding  article  may  be  deduced  from 
Article  93.  For,  since  the  resultant  weight  (wl  +  w2+  ...+wn)  acting 
at  G,  where  G  is  the  centre  of  gravity  of  all  the  weights,  is  equivalent 
to  the  component  weights  wlt  wz,...  the  resultant  would,  if  the  line 
OX  be  supposed  to  be  a  fixed  axis,  have  the  same  moment  about 
this  fixed  axis  that  the  component  weights  have. 

But  the  moment  of  the  resultant  is 

(»,+»»+...+»„)?• 

and  the  sum  of  the  moments  of  the  weights  is 


Hence  j 

In  a  similar  manner  we  should  have 
3;  = 


113.  Ex.  1.  A  square  lamina,  whose  weight  is  10  lbs.t  has  attached 
to  its  angular  points  particles  whose  weights,  taken  in  order,  are  3,  6,  5 
and  1  Ibs.  respectively.  Find  the  position  of  the  centre  of  gravity  of 
the  system,  if  the  side  of  the  lamina  be  25  inches. 
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Let  the  particles  be  placed  at  the  angular  points  0,  A,  B  and  0. 
Let  the  two  fixed  lines  from  which  the  distances  are  measured  be  OA 
and  GO. 


Y 

C 

B 

© 

©:D;G 

© 

i  i 

0       LM    Ao  X 

©                  U 

The  weight  of  the  lamina  acts  at  its  centre  D.  Let  G  be  the 
required  centre  of  gravity  and  draw  DL  and  GM  perpendicular 
to  OX. 

The  distances  of  the  points  O,  A,  B,  G  and  D  from  OX  are  clearly 
0,  0,  25,  25,  and  12£  inches  respectively. 

S.  25  +  1.  25  +  10.  12£_275 
~  ~25~ 


So  the  distances  of  the  particles  from  07  are  0,  25,  25,  0  and 
inches  respectively. 


, 


3.  0  +  6.  25  +  5.  25  +  1.  0  +  10. 


400     . 
~  25-  16 


3+65  +  1  +  10 

Hence  the  required  point  may  be  obtained  by  measuring  16  inches 
from  0  along  OA  and  then  erecting  a  perpendicular  of  length  11  inches. 

Ex.  2.  OAB  is  an  isosceles  weightless  triangle,  whose  base  OA  is 
6  inches  and  whose  sides  are  each  5  inches  ;  at  the  points  O,  A  and  B 
are  placed  particles  of  weights  1,  2,  and  3  Ibs.;  find  their  centre  of 
gravity. 

Let  the  fixed  line  OX  coincide  with  OA  and  let  OY  be  a  perpen 
dicular  to  OA  through  the  point  0. 

If  BL  be  drawn  perpendicular  to  OA,  then  OL  =  3  ins.,  and 

Z,£=N/5-'-3a=4ins. 

Hence,  if  G  be  the  required  centre  of  gravity  and  GM  be  drawn 
perpendicular  to  OX,  we  have 


OM= 


nnd 


_,_ 
MG= 


1.0  +  2.6  +  3.3 

l  +  2  +  3~ 
1.0  +  2.0  +  3.4 


21 

—  =3%  inches, 

12 


1+2+3  6 

Hence  the  required  point  is  obtained  by  measuring  a  distance 
3£  inches  from  O  along  OA  and  then  erecting  a  perpendicular  of 
length  2  inches. 
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114.     Centre  of  Parallel  forces. 

The  methods  and  formulae  of  Arts.  109  and  111  will 
apply  not  only  to  weights,  but  also  to  any  system  of  parallel 
forces  and  will  determine  the  position  of  the  resultant  of 
any  such  system.  The  magnitude  of  the  resultant  is  the 
sum  of  the  forces.  Each  force  must,  of  course,  be  taken 
with  its  proper  sign  prefixed. 

There  is  one  case  in  which  we  obtain  no  satisfactory 
result;   if   the  algebraic   sum   of   the  forces  be  zero,  the 
resultant  force  is  zero,  and  the  formulae  of  Art.  Ill  give 
x  =  oo  ,  and  y  —  oo  . 

In  this  case  the  system  of  parallel  forces  is,  as  in 
Art.  54,  equivalent  to  a  couple. 

EXAMPLES.    XVI. 

1.  Particles  of  1,  2,  3,  and  4  Ibs.  weight  are  placed  at  the  angular 
points  of  a  square;  find  the  distance  of  their  c.o.  from  the  centre  of 
the  square. 

2.  At  two  opposite  corners  A  and  G  of  a  square  ABCD  weights 
of  2  Ibs.  each  are  placed,  and  at  B  and  D  are  placed  1  and  7  Ibs. 
respectively ;  find  their  centre  of  gravity. 

3.  Particles  of  5,  6,  9  and  7  Ibs.  respectively  are  placed  at  the 
corners  -4,  B,  C  and  D  of  a  horizontal  square,  the  length  of  whose  side 
is  27  inches ;  find  where  a  single  force  must  be  applied  to  preserve 
equilibrium. 

4.  Five  masses  of  1,  2,  3,  4,  and  5  ounces  respectively  are  placed 
on  a  square  table.     The  distances  from  one  edge  of  the  table  are  2,  4, 
6,  8,  and  10  inches  and  from  the  adjacent  edge  3,  5,  7,  9,  and  11  inches 
respectively.     Find  the  distance  of  the  centre  of  gravity  from  the  two 
edges. 

5.  Weights  proportional  to  1,  2,  and  3  are  placed  at  the  corners 
of  an  equilateral  triangle,  whose  side  is  of  length  a ;  find  the  distance 
of  their  centre  of  gravity  from  the  first  weight. 

Find  the  distance  also  if  the  weights  be  proportional  to  11,  13, 
and  6. 

6.  ABC  is  an  equilateral  triangle  of  side  2  feet.    At  A,  B,  and  C 
are  placed  weights  proportional  to  5,  1,  and  3,  and  at  the  middle 
points  of  the  sides  BC,  CA,  and  AB  weights  proportional  to  2,  4, 
•and  6  ;  shew  that  their  centre  of  gravity  is  distant  16  inches  from  B. 
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7.  Equal  masses,  each  1  oz.,  are  placed  at  the  angular  points  of 
a  heavy  triangular  lamina,  and  also  at  the  middle  points  of  its  sides ; 
find  the  position  of  the  centre  of  gravity  of  the  masses. 

8.  ABC  is  a  triangle  right  angled  at  A,  AB  being  12  and  AC 
15  mches;  weights  proportionaMo  2,  3,  and  4  respectively  are  placed 
at  A,  C,  and  B  ;  find  the  distances  of  their  centre  of  gravity  from  B 
and  G. 

9.  Particles,  of  mass  4,  1,  and  1  Ibs.,  are  placed  at  the  angular 
points  of  a  triangle ;  shew  that  the  centre  of  gravity  of  the  particles 
bisects  the  distance  between  the  centre  of  gravity  and  one  of  the 
vertices  of  the  triangle. 

10.  Three  masses  are  placed  at  the  angular  points  of  a  triangle 
ABC.     Find  their  ratios  if  their  centre  of  inertia  be  halfway  between 
A  and  the  middle  point  of  BC. 

11.  Bodies  of  mass  2,  3,  and  4  Ibs.  respectively  are  placed  at  the 
angular  points  A ,  B  and  C  of  a  triangle ;  find  their  centre  of  gravity  Or, 
and  shew  that  forces  VGA,  3GB  and  4GC  are  in  equilibrium. 

12.  ABC  is  a  uniform  triangular  plate,  of  mass  3  Ibs.     Masses 
of  2,  3,  and  5  Ibs.  respectively  are  placed  at  A,  B  and  C.    Find  the 
position  of  the  centre  of  gravity  of  the  whole  system. 

13.  To  the  vertices  A,  B,  and  C  of  a  uniform  triangular  plate, 
whose  mass  is  3  Ibs.  and  whose  centre  of  gravity  is  G,  particles  of 
masses  2  Ibs.,  2  Ibs.,  and  11  Ibs.,  are  attached ;  shew  that  the  centre 
of  gravity  of  the  system  is  the  middle  point  of  GC. 

14.  Masses  of  2,  3,  2,  6,  9,  and  6  Ibs.  are  placed  at  the  angular 
corners  of  a  regular  hexagon,  taken  in  order;  find  their  centre  of 
gravity. 

15.  Weights  proportional  to  5,  4,  6,  2,  7,  and  3  are  placed  at  the 
angular  points  of  a  regular  hexagon,  taken  in  order ;  shew  that  their 
centre  of  gravity  is  the  centre  of  the  hexagon. 

16.  Weights  proportional  to  1,  5,  3,  4,  2,  and  6  are  placed  at  the 
angular  points  of  a  regular  hexagon,  taken  in  order ;  shew  that  their 
centre  of  gravity  is  the  centre  of  the  hexagon. 

17.  If  weights  proportional  to  the  numbers  1,  2,  3,  4,  5,  and  6  be 
placed  at  the  angular  points  of  a  regular  hexagon  taken  in  order, 
shew  that  the  distance  of  their  centre  of  gravity  from  the  centre  of 
the  circumscribing  circle  of  the  hexagon  is  -f  ths  of  the  radius  of  the  circle. 

18.  At  the  angular  points  of  a  square,  taken  in  order,  there  act 
parallel  forces  in  the  ratio  1:3:5:7;  find  the  distance  from  the 
centre  of  the  square  of  the  point  at  which  their  resultant  acts. 

19.  A,  B,  C,  and  D  are  the  angles  of  a  parallelogram  taken  in 
order ;  like  parallel  forces  proportional  to  6, 10, 14,  and  10  respectively 
act  at  A,  B,  C  and  J) ;  shew  that  the  centre  and  resultant  of  these 
parallel  forces  remain  the  same,  if,  instead  of  these  forces,  parallel 
forces,  proportional  to  8,  12,  16  and  4,  act  at  the  points  of  bisection 
of  the  sides  AB,  BC,  CD,  and  DA  respectively. 
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20.  Find  the  centre  of  parallel  forces  equal  respectively  to  P,  2P, 
3P,  4P,  5P,  and  6P,  the  points  of  application  of  the  forces  being  at 
distances  1,  2,  3,  4,  5,  and  6  inches  respectively  from  a  given  point  A 
measured  along  a  given  line  AB. 

21.  Three  parallel  forces  P,  Q,  and  E,  act  at  the  vertices  A,  B,  and 
C,  of  a  triangle  and  are  proportional  respectively  to  a,  6,  and  c.    Find 
the  magnitude  and  position  of  their  resultant. 

115.     Given  the  centre  of  gravity  of  the  two  portions  of  a 
body,  to  find  the  centre  of  gravity  of  the  whole  body. 

Let  the  given  centres  of  gravity  be  €f1  and  G%,  and  let 
the  weights  of  the  two  portions  be   W1  and    Wz ;   the  re 
quired  point  G,  by  Art.  97,  divides  G^GZ  so  that 
GtG  :  GGZ  ::  Wz  :  W^. 

The   point    G    may   also    be    obtained    by   the    use   of 
Art.  109. 

Ex.  On  the  same  base  AB,  and  on  opposite  sides  of  it,  isosceles 
triangles  CAB  and  DAB  are  described  whose  altitudes  are  12  inches 
and  6  inches  respectively.  Find  the  distance  from  AB  of  the  centre 
of  gravity  of  the  quadrilateral  CADB. 

Let  CLD  be  the  perpendicular  to  AB,  meeting  it  in  L,  and  let  Gl 


and  G2  be  the  centres  of  gravity  of  the  two  triangles  GAB  and  DAB 
respectively.    Hence 

COl=:i.CL=S,  and  Cr(?2=(7L  +  LG2=12  +  2=14. 

The  weights  of  the  triangles  are  proportional  to  their  areas,  i.e.,  to 
.  12  and  ^AB  .  6. 
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If  G  be  the  centre  of  gravity  of  the  whole  figure,  we  have 


rr-     -- 


_ 

&CAB+  &DAB 


.  12  x  8  +  %AB.Q  x  14  _  48  +  42  _  90  _ 
~       ~         ~  ~  "9"  ~ 


Hence  LG  =  CL-CG  =  2  inches. 

116.  Given  the  centre  of  gravity  of  the  whole  of  a  body 
and  of  a  portion  of  the  body,  to  find  the  centre  of  gravity  of 
the  remainder. 

Let  G  be  the  centre  of  gravity  of  a  body  A  BCD,  and  Gl 
that  of  the  portion  ADC. 


Let  W  be  the  weight  of  the  whole  body  and  Wl  that  of 
the  portion  ACD,  so  that  JF2  (=  W-  WJ  is  the  weight  of 
the  portion  ABC. 

Let  6?a  be  the  centre  of  gravity  of  the  portion  ABC. 
Since  the  two  portions  of  the  body  make  up  the  whole, 
therefore  JF^  at  Gl  and  Wz  at  6?a  must  have  their  centre  of 
gravity  at  G. 

Hence  G  must  lie  on  G^G2  and  bo  such  that 
IPi.  GGi=  W^GG*. 

Hence,  given  G  and  Glt  we  obtain  G.2  by  producing  G±G 
to  6'2,  so  that 
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The  required  point  may  be  also  obtained  by  means  of 
Art.  109. 

Ex.  1.  From  a  circular  disc,  of  radius  r,  is  cut  out  «,  circle,  whose 
diameter  is  a  radius  of  the  disc;  find  the  centre  of  gravity  of  the 
remainder. 

Since  the  areas  of  circles  are  to  one  another  as  the  squares  of  their 
radii,  we  have 

/.  area  of  the  portion  cut  out  :  area  of  the  whole  circle 

•(ijv* 

::  1  :  4. 


Hence  the  portion  cut  off  is  one-quarter,  and  the  portion  remain 
ing  is  three-quarters,  of  the  whole,  BO  that  Wl  =  ^W3. 

Now  the  portions  W^  and  JF2  make  up  the  whole  disc,  and  therefore 
balance  about  0. 

Hence  W2.OG2=W1.OGl=$W2x$r. 

.'.   OG,=lr. 

Ex.  2.  From  a  triangular  lamina  ABO  is  cut  off,  by  a  line  parallel 
to  its  base  BO,  one-quarter  of  its  area;  find  the  centre  of  gravity  of  the 
remainder. 

Let  AB^  be  the  portion  cut  off,  so  that 

:  A  ABC  ::  1  :  4. 
A 


L.  3. 
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By  Euc.  vi.  19,  since  the  triangles  AB^  and  ABC  are  similar,  we 
have 

::  AB?  :  A~B\ 

:  AB*  :  :  1  :  4, 
and  hence  ABl  =  ^AB. 

The  line  B^  therefore  bisects  AB,  AC,  and  AD. 

Let  G  and  Gx  be  the  centres  of  gravity  of  the  triangles  ABC  and 
AB^CI  respectively  ;  also  let  JFj  and  Ws  be  the  respective  weights  of 
the  portion  cut  off  and  the  portion  remaining,  so  that  W^  —  ^W-^. 


Since  TF2  at  Ga  and  PFj  at  Gj  balance  about  G,  we  have,  by  Art.  109, 


EXAMPLES.    XVII. 

1.  A  uniform  rod,  1  foot  in  length,  is  broken  into  two  parts,  of 
lengths  5  and  7  inches,  which  are  placed  so  as  to  form  the  letter  T»  the 
longer  portion  being  vertical ;  find  the  centre  of  gravity  of  the  system. 

2.  Two  rectangular  pieces  of  the  same  cardboard,  of  lengths  6  and 
8  inches  and  breadths  2  and  2£  inches  respectively,  are  placed  touching, 
but  not  overlapping,  one  another  on  a  table  so  as  to  form  a  T-shaped 
figure.    Find  the  position  of  its  centre  of  gravity. 

3.  A  heavy  beam  consists  of  two  portions,  whose  lengths  are  as 
3  :  5,  and  whoso  weights  are  as  3:1;  find  the  position  of  its  centre 
of  gravity. 

4.  Two  sides  of  a  rectangle  are  double  of  the  other  two,  and  on 
one  of  the  longer  sides   an  equilateral  triangle  is  described ;   find 
the  centre  of  gravity  of  the  lamina  made  up  of  the  rectangle  and 
the  triangle. 

5.  A  piece  of  cardboard  is  in  the  shape  of  a  square  ABCD  with 
an  isosceles  triangle  described  on  the  side  BC ;  if  the  side  of  the 
square  be  12  inches  and  the  height  of  the  triangle  be  6  inches,  find  the 
distance  of  the  centre  of  gravity  of  the  cardboard  from  the  line  AD. 

6.  An  isosceles  right-angled  triangle  has  squares  described  ex 
ternally  on  all  its  sides.     Shew  that  the  centre  of  gravity  of  the  figure 
so  formed  is  on  the  line,  which  bisects  the  hypothenuse  and  passes 
through  the  right  angle,  and  divides  it  in  the  ratio  1  :  20. 
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7.  Two  uniform  spheres,  composed  of  the  same  materials,  and 
whose  diameters  are  6  and  12  inches  respectively,  are  firmly  united ; 
find  the  position  of  their  centre  of  gravity. 

8.  From  a  parallelogram  is  cut  one  of  the  four  portions  into 
which  \t  is  divided  by  its  diagonals  ;  find  the  centre  of  gravity  of  the 
remainder. 

9.  A  parallelogram  is  divided  into  four  parts,  by  joining  the 
middle  points  of  opposite  sides,  and  one  part  is  cut  away ;  find  the 
centre  of  gravity  of  the  remainder. 

10.  From  a  square  a  triangular  portion  is  cut  off,  by  cutting  the 
square  along  a  line  joining  the  middle  points  of  two  adjacent  sides ; 
find  the  centre  of  gravity  of  the  remainder. 

11.  From  a  triangle  is  cut  off  -Jth  of  its  area  by  a  straight  line 
parallel  to  its  base.    Find  the  position  of  the  centre  of  gravity  of  the 
remainder. 

12.  ABC  is  an  equilateral  triangle,  of  6  inches  side,  of  which  0 
is  the  centre  of  gravity.     If  the  triangle  OBG  be  removed,  find  the 
centre  of  gravity  of  the  remainder. 

13.  If  from  a  triangle  ABC  three  equal  triangles  ARQ,  BPR, 
and  CQP,  be  cut  off,  shew  that  the  centres  of  inertia  of  the  triangles 
ABC  and  PQR  are  coincident. 

14.  G  is  the  centre  of  gravity  of  a  given  isosceles  triangle,  right 
angled  at  A,  and  having  BC  equal  to  a.     The  portion  GBC  is  cut 
away;  find  the  distance  of  the  centre  of  gravity  of  the  remainder 
from  A. 

15.  On  the  same  base  BC  are  two  triangles,  ABC  and  A'BG,  the 
vertex  A'  falling  within  the  former  triangle.     Find  the  position  of  A' 
when  it  is  the  centre  of  gravity  of  the  area  between  the  two  triangles. 

16.  Two  triangles,  each  — th  of  the  whole,  are  cut  off  from  a 
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given  triangle  at  two  of  its  angular  points,  B  and  C,  by  straight  lines 
parallel  to  the  opposite  sides  ;  find  the  C.G.  of  the  remainder. 

17.  Out  of  a  square  plate  shew  how  to  cut  a  triangle,  having  one 
side  of  the  square  for  base,  so  that  the  remainder  may  have  its  centre 
of  gravity  at  the  vertex  of  this  triangle. 

18.  A  uniform  plate  of  metal,  10  inches  square,  has  a  hole  of  area 
3  square  inches  cut  out  of  it,  the  centre  of  the  hole  being  2£  inches  from 
the  centre  of  the  plate ;  find  the  position  of  the  centre  of  gravity  of 
the  remainder  of  the  plate. 

19.  Where  must  a  circular  hole,  of  1  foot  radius,  be  punched  out 
of  a  circular  disc,  of  3  feet  radius,  so  that  the  centre  of  gravity  of 
the  remainder  may  be  2  inches  from  the  centre  of  the  disc  ? 

20.  Two  spheres,  of  radii  a  and  b,  touch  internally ;   find  the 
centre  of  gravity  of  the  solid  included  between  them. 

9—2 
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21.  If  a  right  cone  be  cut  by  a  plane  bisecting  its  axis  at  right 
angles,  find  the  distance  of  the  vertex  of  the  cone  from  the  centre  of 
gravity  of  the  frustum  thus  cut  off. 

22.  A  solid  right  circular  cone  of  homogeneous  iron,  of  height 
64  inches  and  mass  8192  Ibs.,  is  cut  by  a  plane  perpendicular  to  its 
axis  so  that  the  mass  of  the  small  cone  removed  is  686  Ibs.     Find  the 
height  of  the  centre  of  gravity  of  the  truncated  portion  above  the  base 
of  the  cone. 

23.  A  solid  right  circular  cone  has  its  base  scooped  out,  so  that 
the  hollow  is  a  right  cone  on  the  same  base ;  how  much  must  be 
scooped  out  so  that  the  centre  of  gravity  of  the  remainder  may  coincide 
with  the  vertex  of  the  hollow  ? 

*117.     Centre  of  gravity  of  a  uniform  circular 
arc. 

Let  AB  be  a  circular  arc,  subtending  an  angle  2a  at  its 
centre  0,  and  let  OC  bisect  the  angle  AOB. 

B 


A 

Let  the  arc  AB  be  divided  into  2ra  equal  portions,  the 
points  of  division,  starting  from  C,  being  Plt  P^...?^ 
towards  A,  and  Q19  <22J---$n-i  towards  B. 

At  each  of  these  points  of  division,  and  at  the  extremities 
A  and  B,  and  also  at  the  point  (7,  let  there  be  placed  equal 
particles,  each  of  mass  m. 

Let  the  arc  joining  two  successive  particles  subtend  an 
angle  /?  at  the  centre  0,  so  that  2n(3  =  2a. 

Since  the  system  of  particles  is  symmetrical  with  respect 
to  the  line  OC,  the  centre  of  gravity,  G,  must  lie  on  the 
line  00.  Let  x  be  the  distance  OO. 
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Then,  by  Art.  Ill, 

_  _mr  +  2m .  r  cos  ft  +  2m  .  r  cos  2j3  +  ...  +  2mr  cos  n/3 

x  ~  m  +  2m  +  2m  +  ...  +  2m 


-r  [1  +  2  cos  y8  +  2  cos  2/3  +  ...  +  2  cos  n^ 


1  +  2 


w  +  1       .    7^/3" 
cos-2-^sm- 

Sinf          -. 
by  summing  the  trigonometrical  series, 


V^.  Art.  242] 


sn 


.(i). 


sn 


Now  let  the  number  of  particles  be  increased  without 
limit,  a  remaining  constant,  and  consequently  ft  decreasing 
without  limit.  We  thus  obtain  the  case  of  a  uniform 
circular  arc. 


a 

sin  Tt- 


n 


when.  n  is  made  indefinitely  great. 

Hence,  in  the  case  of  a  uniform  circular  arc,  (i)  becomes 
sin  a 
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Cor.    In  the  case  of  a  semicircular  arc,  in  which  a  =  -  , 

A 

the  distance  of  the  centre  of  gravity  from  the  centre 


2 
*118.    Centre  of  gravity  of  a  sector  of  a  circle. 

With  the  same  notation  as  in  the  last  article,  let  P  and  Q 
be  two  consecutive  points  on  the  circular  boundary  of  the 

e 


sector,  so  that  PQ  is  very  approximately  a  straight  line, 
and  OPQ  is  a  triangle  with  a  very  small  vertical  angle  at  0. 

Take  P'  on  OP  duch  that  OP' =  fOP;  when  P#  is  very 
small,  P'  is  the  centre  of  gravity  of  the  triangle  OPQ. 

By  joining  0  to  an  indefinitely  large  number  of  con 
secutive  points  on  the  arc  AB,  the  sector  can  be  divided 
into  an  indefinitely  large  number  of  triangles,  each  of  whose 
centres  of  gravity  lies  on  the  dotted  circular  arc,  whose 
radius  is  £r. 

Hence  the  centre  of  gravity  of  the  sector  is  the  same  as 
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that  of  the  circular  arc  A'C'B',  so  that,  by  the  last  article, 


OG'=OC' 


sin  a 


_  2 


sin  a 


a  a 

Cor.     If  the  sector  be  a  semi-circle,  <*=^,  and  the 
distance  OG'  =  ^- . 

O7T 

*119.    Centre  of  gravity  of  the  segment  of  a 
circle. 

The  segment  of  a  circle  ACB  is  the  difference  between 
the  sector  OACB  and  the  triangle  OAB. 


Using  the  same  notation  as  in  the  two  previous  articles, 
let  Gj_  and  Ga  be  respectively  the  centres  of  gravity  of  the 
triangle  AOB  and  the  segment  AGB.  Also  let  G  be  the 
centre  of  gravity  of  the  sector,  and  let  AB  meet  OC  in  D. 


We  have,  by  Art.  109, 
But 


OG^  segment  ACB  x  OG.2 
A  AOB  +  segment  ACB 


and 


sin  a 
a 


Also 


and 


segment  ABO  =  sector  A  OB  - 
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Hence  equation  (i)  becomes 

2    sin  a  _  Jr2  sin  2a  x  %r  cos  a  +  |r2  (2a  -  sin  2a)  x 
*r~T~  Ir2.2a 

_  § r  cos  a  sin  2a+  OG2  (2a  -  sin  2a)  ^ 


£r  sin  a  -  ?r  cos  a  sin  2a  =  0(72  (2a  —  sin  2a)  ; 
sin  a  —  cos2  a  sin  a 


. 
=  ir 


.     , 
2a  -  sin  2a 


¥    2a  -  sin  2a  * 
*120.    Centre  of  gravity  of  a  hemisphere. 

If  a  hemisphere  be  of  radius  r,  the  centre  of  gravity 
lies  on  that  radius  which    is  perpendicular   to  its   plane 

3r 

face,  and  is  at  a  distance  —  from  the  centre  of  the  plane 

o 

V 

face.      If   the   hemisphere  be  hollow,  the   distance   is  ^ . 

2i 

The  proofs  of  these  statements  are  difficult  by  elementary 
methods,  and  we  shall  not  give  them  here*. 

*121.     To  find  the  centre  of  gravity  of  a  quadrilateral 
lamina  having  two  parallel  sides. 

Let  A  BCD  be  the  quadrilateral,  having  the  sides  AB 
and  CD  parallel  and  equal  to  2a  and  26  respectively. 

D        F       0 


Join  AF,  AC,  FE  and  EC,  and  let  G,  and  G9  be  the 
centres  of  gravity  of  the  triangles  ACR  and  ACD  respect 
ively. 

*  Proofs  of  these  statements  will  be  found  in  Chapter  xv. 
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Let  EF  be  h,  and  let  the  perpendicular  distance  of  C,  F, 
or  D  from  AB  be  k. 

The  perpendiculars  from  Gl  and  G2  upon  .4.Z?  are  therefore 

k  2k 

(by  Art.  103  and  similar  triangles)  equal  to  -  and  —  . 

o  o 

The  triangles  ABC  and  ACD  have  the  same  height  and 
hence  their  areas,  and  therefore  their  weights,  are  propor 
tional  to  their  bases.  (Euc.  vi.  1.) 

Hence  wt.  of  &ACB:  wt.  of  A  A  CD 
::  AB  :  CD 
::    a    :    b. 

The  distance  y  of  the  centre  of  gravity  G  of  the  quadri 
lateral  from  AB  is  therefore  given  by 

k  2/fc 

wt.  of  AAC£x-  +  -wt.  of  A  ACD  x  — 


.        •    .....     wt.  of  A  AC  11  +  wt.  of  A  ^G^P  3  a  +  b  ' 

But,  by  drawing  lines  parallel  to  the  base,  we  can  easily 
shew,  as  in  Art.  103,  that  they  are  bisected  by  the  line  EF, 
and  hence  that  the  centre  of  gravity  G  must  lie  on  EF. 

EG     y      I  a  +  26  h  a  +  2b 

Hence  -=r=1=  y  =  ^  --  =-,  so  that  EG  =  ^  --  r  , 
'  ' 


.  ^^     T 

and  ^(?  =  A  -  ^(? 

3 

.'.  EG'.GFr.  a  + 
Aliter.  Join  Z^  and  EC  ;  replace  the  triangles  ADE, 
DEC  and  BEG  by  particles  each  one  third  of  their  weight 
placed  at  their  angular  points.  Again  replace  the  equal 
particles  at  C  and  D  by  a  particle  at  F  and  the  equal 
particles  a,t  A  and  B  by  one  at  E.  We  then  have 

JEG  _  wt.  at  F     j.  [2  wt.  of  A  CEB  +  2  wt.  of  A  CED] 
GF  ~  wt.  at  E  ~  ~\  [4  wt.  of  A  CEB  +  wt.  of  A  CED] 

a  +  2b 
~  2a  -h  6  " 
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EXAMPLES.    XVIII. 

1.  A  triangular  table  rests  on  supports  at  its  vertices ;  weights  of 
6,  8,  and  10  Ibs.  are  placed  at  the  middle  points  of  the  sides.    Find  by 
how  much  the  pressures  on  the  legs  are  increased  thereby. 

2.  A  piece  of  thin  uniform  wire  is  bent  into  the  form  of  a  four- 
sided  figure,  ABCD,  of  which  the  sides  AB  and  CD  are  parallel,  and 
BC  and  DA  are  equally  inclined  to  AB.     If  AB  be  18  inches,  CD 
12  inches,  and  BC  and  DA  each  5  inches,  find  the  distance  from  AB 
of  the  centre  of  gravity  of  the  wire. 

3.  AB,  BC  and  CD  are  three  equal  uniform  rods  firmly  joined, 
so  as  to  form  three  successive  sides  of  a  regular  hexagon,  and  are 
suspended  from  the  point  A ;  shew  that  CD  is  horizontal. 

4.  ABC  is  a  piece  of  uniform  wire  ;  its  two  parts  AB  and  BC  are 
straight,  and  the  angle  ABC  is  135°.     It  is  suspended  from  a  fixed 
point  by  a  string  attached   to   the  wire  at  B,  and  the  part  AB  is 
observed  to  be  horizontal.     Shew  that  BC  is  to  AB  as  ^/2  to  1. 

5.  A  rod,  of  length  5a,  is  bent  so  as  to  form  5  sides  of  a  regular 
hexagon  ;  shew  that  the  distance  of  its  centre  of  gravity  from  either 

end  of  the  rod  is  ^  A/133. 

6.  The  side  CD  of  a  uniform  trapezoidal  lamina  ABCD  is  twice 
as  long  as  AB,  to  which  it  is  opposite  and  parallel;   compare  the 
distances  of  the  centre  of  gravity  of  ABCD  from  AB  and  CD. 

7.  If  the  centre   of  gravity  of  a  quadrilateral  lamina  ABCD 
coincide  with  one  of  the  angles  A,  shew  that  the  distances  of  A  and  C 
from  the  line  BD  are  as  1  :  2. 

8.  A  uniform  quadrilateral  ABCD  has  the  sides  AB  and  AD,  and 
the  diagonal  AC  all  equal,  and  the  angles  BAG  and  CAD  are  30°  and 
60°  respectively.     If  a  weight,  equal  to  two-thirds  that  of  the  triangle 
ABC,  be  attached  at  the  point  B,  and  the  whole  rest  suspended  from 
the  point  A,  shew  that  the  diagonal  AC  will  be  vertical. 

9.  Explain  what  will  take  place  when  3  forces,  represented  by 
AB,  BC,and.  CA  respectively,  act  along  the  sides  of  a  triangular  board 
ABC  which  is  supported  on  a  smooth  peg  passing  through  its  centre 
of  gravity. 

10.  Three  forces  act  at  a  point  0  in  the  plane  of  a  triangle  ABC, 
being  represented  by  OA,  OB  and  OC  ;  where  must  be  the  point  0  so 
that  the  three  forces  may  be  in  equilibrium  ? 

11.  A  particle  P  is  attracted  to  three  points  A,  B,  C  by  forces 
equal  to  /*  .  PA,  n .  PB,  and  /* .  PC  respectively;  shew  that  the  re 
sultant  is  3/x  .  PG,  where  G  is  the  centre  of  gravity  of  the  triangle 
ABC. 
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12.  A  particle  P  is  acted  upon   by  forces  towards  the  points 
At  B,  <7,...  which  are  represented  by  X  .  PA,  p  .  PB,  v  .  PC,  ...  ;  shew 
that  their  resultant  is  represented  by  (X  +  /4  +  ?  +  ...)  PG,  where  G  is 
the  centre  of  gravity  of  weights  placed  at  A,  B,  C...  proportional 
to  X,  p,  u...  respectively. 

[This  is  the  generalised  form  of  Art.  42,  and  may  be  proved  by 
successive  applications  of  that  article.] 

13.  A  uniform  rod  is  hung  up  by  two  strings  attached  to  its  ends, 
the  other  ends  of  the  strings  being  attached  to  a  fixed  point ;  shew 
that  the  tensions  of  the  strings  are  proportional  to  their  lengths. 

Prove  that  the  same  relation  holds  for  a  uniform  triangular  lamina 
hung  up  by  three  strings  attached  to  its  angular  points. 

14.  .Find  the  vertical  angle  of  a  cone  in  order  that  the  centre  of 
gravity  of  its  whole  surface,  including  its  plane  base,  may  coincide 
with  the  centre  of  gravity  of  its  volume. 

15.  A  cylinder  and  a  cone  have  their  bases  joined  together,  the 
bases  being  of  the  same  size ;  find  the  ratio  of  the  height  of  the  cone 
to  the  height  of  the  cylinder  so  that  the  common  centre  of  gravity  may 
be  at  the  centre  of  the  common  base. 

16.  Shew  how  to  cut  out  of  a  uniform  cylinder  a  cone,  whose  base 
coincides  with  that  of  the  cylinder,  so  that  the  centre  of  gravity  of  the 
remaining  solid  may  coincide  with  the  vertex  of  the  cone. 

17.  If  the  diameter  of  the  base  of  a  cone  be  to  its  altitude  as 
1  :  ^/2,  shew  that,  when  the  greatest  possible  sphere  has  been  cut 
out,  the  centre  of  gravity  of  the  remainder  coincides  with  that  of  the 
cone. 

18.  From  a  uniform  right  cone,  whose  vertical  angle  is  60°,  is  cut 
out  the  greatest  possible  sphere ;  shew  that  the  centre  of  gravity  of 
the  remainder  divides  the  axis  in  the  ratio  11  :  49. 

19.  A  solid  in  the  form  of  a  right  circular  cone  has  its  base 
scooped  out,  so  that  the  hollow  so  formed  is  a  right  circular  cone  on 
the  same  base  and  of  half  the  height  of  the  original  cone ;  find  the 
position  of  the  centre  of  gravity  of  the  cone  so  formed. 

20.  A  uniform  equilateral  triangle  ABC  is  supported  with  the 
angle  A  in  contact  with  a  smooth  wall  by  means  of  a  string  BD,  equal 
in  length  to  a  side  of  the  triangle,  which  is  fastened  to  a  point  D  ver 
tically  above  A.     Shew  that  the  distances  of  B  and  C  from  the  wall 
are  as  1  :  5. 

21.  A  cone,  whose  height  is  equal  to  four  times  the  radius  of  its 
base,  is  hung  from  a  point  in  the  circumference  of  its  base  ;  shew  that 
it  will  rest  with  its  base  and  axis  equally  inclined  to  the  vertical 

22.  Two  right  cones,  consisting  of  the  same  material,  have  equal 
slant  slides  and  vertical  angles  of  60°  and  120°  respectively,  and  are 
so  joined  that  they  have  a  slant  side  coincident.     Shew  that,  if  they 
be  suspended  from  their  common  vertex,  the  line  of  contact  will  be 
inclined  at  15°  to  the  vertical 
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23.  A  triangular  piece  of  paper  is  folded  across  the  line  bisecting 
two  sides,  the  vertex  being  thus  brought  to  lie  on  the  base  of  the 
triangle.     Shew  that  the  distance  of  the  centre  of  inertia  of  the  paper 
in  this  position  from  the  base  of  the  triangle  is  three-quarters  that  of 
the  centre  of  inertia  of  the  unfolded  paper  from  the  same  line. 

24.  A  rectangular  sheet  of  stiff  paper,   whose  length  is  to  its 
breadth  as  ^/2  to  1,  lies  on  a  horizontal  table  with  its  longer  sides 
perpendicular  to  the  edge  and  projecting  over  it.     The  corners  on  the 
table  are  then  doubled  over  symmetrically,  so  that  the  creases  pass 
through  the  middle  point  of  the  side  joining  the  corners  and  make 
angles  of  45°  with  it.     The  paper  is  now  on  the  point  of  falling  over ; 
shew  that  it  had  originally  |-f  ths  of  its  length  on  the  table. 

25.  At  each  of  n  - 1  of  the  angular  points  of  a  regular  polygon  of 
n  sides  a  particle  is  placed,  the  particles  being  equal ;  shew  that  the 
distance  of  their  centre  of  gravity  from   the  centre   of  the  circle 

circumscribing  the  polygon  is  ,  where  r  is  the  radius  of  the 

circle. 

26.  A  square  hole  is  punched  out  of  a   circular  lamina,  the 
diagonal  of  the  square  being  a  radius  of  the  circle.     Shew  that  the 

centre  of  gravity  of  the  remainder  is  at  a  distance  5 from  the 

07T  — 4 

centre  of  the  circle,  where  a  is  the  diameter  of  the  circle. 

27.  From  a  uniform  triangular  board  the  portion  consisting  of 
the  area  of  the  inscribed  circle  is  removed  ;  shew  that  the  distance  of 
the  centre  of  gravity  of  the  remainder  from  any  side,  a,  is 

_S^  2ss  -  SiraS 
Sas   ~**-wS    ' 
where  S  is  the  area  and  s  the  semiperimeter  of  the  board. 

28.  A  circular  hole  of  a  given  size  is  punched  out  of  a  uniform  cir 
cular  plate ;  shew  that  the  centre  of  gravity  lies  within  a  certain  circle. 

29.  The  distances  of  the  angular  points  and  intersection  of  the 
diagonals  of  a  plane  quadrilateral  lamina  from  any  line  in  its  plane 
are  a,  b,  c,  d,  and  e ;  shew  that  the  distance  of  the  centre  of  iuertia 
from  the  same  line  is  £  (a  +  b  +  c  +  d-e). 

30.  If  A  and  B  be  the  positions  of  two  masses,  m  and  77,  and  if 
G  be  their  centre  of  gravity,  shew  that,  if  P  be  any  point,  then 

m  .  AP*  +  n  .  BP2  =  m  .  AG*  +  n.  BG*+(m  +  n)  PG2. 
Similar!}',  if  there  be  any  number  of  masses  m,  n,  p,...  at  points 
A,  B,  C, ...,  and  G  be  their  centre  of  gravity,  shew  that 
G'P2+... 
BGz+p  . 


CHAPTER    X. 

* 

CENTRE  OF  GRAVITY   (CONTINUED). 

122.  If  a  rigid  body  be  in  equilibrium,  one  point  only 
of  the  body  being  fixed,  the  centre  of  gravity  of  the  body  will 
be  in  the  vertical  line  passing  through  the  fixed  point  of  the 
body. 

Let  0  be  the  fixed  point  of  the  body,  and  G  its  centre  of 
gravity. 


The  forces  acting  on  the  body  are  the  reaction  at 
the  fixed  point  of  support  of  the  body,  and  the  weights  of 
the  component  parts  of  the  body. 

The  weights  of  these  component  parts  are  equivalent  to 
a  single  vertical  force  through  the  centre  of  gravity  of  the 
body. 
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Also,  when  two  forces  kee.p  a  body  in  equilibrium,  they 
must  be  equal  and  opposite  and  have  the  same  line  of  action. 
But  the  lines  of  action  cannot  be  the  same  unless  the  vertical 
line  through  G  passes  through  the  point  0. 

Two  cases  arise,  the  first,  in  which  the  centre  of  gravity 
G  is  below  the  point  of  suspension  0,  and  the  second,  in 
which  G  is  above  0. 

In  the  first  case,  the  body,  if  slightly  displaced  from  its 
position  of  equilibrium,  will  tend  to  return  to  this  position; 
in  the  second  case,  the  body  will  not  tend  to  return  to  its 
position  of  equilibrium. 

123.  To  find,  by  experiment,  the  centre  of  gravity  of 
a  body  of  any  shape. 

Fix  one  point  0  of  the  body  and  let  the  body  assume 
its  position  of  equilibrium.  Take  a  point  A  of  the  body 
vertically  below  0;  then,  by  Art.  122,  the  centre  of  gravity 
is  somewhere  in  the  line  OA. 

Secondly,  release  the  point  0  of  the  body,  and  fix  a 
second  point  0'  (not  in  the  straight  line  OA) ;  let  the  body 
take  up  its  new  position  of  equilibrium.  Take  a  point  A' 
in  the  body,  vertically  below  0',  so  that  the  centre  of  gravity 
is  somewhere  in  the  line  O'A'. 

The  required  centre  of  gravity  will  therefore  be  the 
point  of  intersection  of  the  lines  OA  and  O'A1. 

The  student  should  apply  this  method  in  the  case  of 
a  body  such  as  an  irregularly  shaped  piece  of  paper ,  the 
points  0  and  0'  can  be  easily  supported  by  means  of  a  pin 
put  through  the  paper. 

1^4.  If  a  body  be  placed  with  its  base  in  contact  with 
a  horizontal  plane,  it  will  stand,  or  fall,  according  as  the 
vertical  line  drawn  through  the  centre  of  gravity  of  tlw  body 
meets  the  plane  within,  or  without,  the  base. 


CENTRE   OF  GRAVITY. 


143 


The  forces  acting  on  the  body  are  its  weight,  which  acts 
at  its  centre  of  gravity  Gt  and  the  reactions  of  the  plane, 


acting  at  different  points  of  the  base  of  the  body.  These 
reactions  are  all  vertical,  and  hence  they  may  be  com 
pounded  into  a  single  vertical  force  acting  at  some  point 
of  the  base. 

Since  the  resultant  of  two  like  parallel  forces  acts 
always  at  a  point  between  the  forces,  it  follows  that  the 
resultant  of  all  the  pressures  on  the  base  of  the  body 
cannot  act  through  a  point  outside  the  base. 

Hence,  if  the  vertical  line  through  the  centre  of  gravity 
of  the  body  meet  the  plane  at  a  point  outside  the  base, 
it  cannot  be  balanced  by  the  resultant  pressure,  and  the 
body  cannot  therefore  be  in  equilibrium,  but  must  fall  over. 

If  the  base  of  the  body  be  a  figure  having  a  re-entrant 


angle,  as  in  the  above  figure,  we  must  extend  the  meaning 
c>£  the  word  "  base "  in  the  enunciation  to  mean  the  area 
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included  in  the  figure  obtained  by  drawing  a  piece  of  thread 
tightly  round  the  geometrical  base.  In  the  above  figure 
the  "  base  "  therefore  means  the  area  ABDEFA. 

For  example,  the  point  (7,  at  which  the  resultant  pres 
sure  acts,  may  lie  within  the  area  AHB,  but  it  cannot 
lie  without  the  dotted  line  AB. 

If  the  point  C  were  on  the  line  AJB,  between  A  and  .5, 
the  body  would  be  on  the  point  of  falling  over. 

125.  Ex.  A  cylinder,  of  height  h,  and  the  radius  of  whose  base  is 
r,  is  placed  on  an  inclined  plane  and  prevented  from  sliding;  if  the 
inclination  of  the  plane  be  gradually  increased,  find  when  the  cylinder 
will  topple. 

Let  the  figure  represent  the  section  of  the  cylinder  when  it  is  on 
the  point  of  toppling  over;  the  vertical  line  through  the  centre  of 


gravity  G  of  the  body  must  therefore  just  pass  through  the  end  A  of 
the  base.  Hence  CAD  must  be  equal  to  the  angle  of  inclination,  a,  of 
the  plane. 

h        C'Ti 

Hence  —  =  — -  =  tan  CAB  =  cot  a ; 

&r      A.JJ 

.'.  tana  =  -r- , 
giving  the  required  inclination  of  the  plane. 

Stable,  unstable,  and  neutral  equilibrium. 

126.  We  have  pointed  out  in  Art.  122  that  the  body 
in  the  first  figure  of  that  article  would,  if  slightly  dis 
placed,  tend  to  return  to  its  position  of  equilibrium,  and 
that  the  body  in  the  second  figure  would  not  tend  to  return 
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to  its  original  position  of  equilibrium,  but  would  recede 
still  further  from  that  position. 

These  two  bodies  are  said  to  be  in  stable  and  unstable 
equilibrium  respectively. 

Again,  a  cone,  resting  with  its  flat  circular  base  in 
contact  with  a  horizontal  plane,  would,  if  slightly  displaced, 
return  to  its  position  of  equilibrium;  if  resting  with  its 
vertex  in  contact  with  the  plane  it  would,  if  slightly  dis 
placed,  recede  still  further  from  its  position  of  equilibrium  ; 
whilst,  if  placed  with  its  slant  side  in  contact  with  the 
plane,  it  will  remain  in  equilibrium  in  any  position.  The 
equilibrium  in  the  latter  case  is  said  to  be  neutral. 

127.  Consider,  again,  the  case  of  a  heavy  sphere,  rest 
ing  on  a  horizontal  plane,  whose  centre  of  gravity  is  not  at 
its  centre. 

Let  the  first  figure  represent  the  position  of  equilibrium, 
the  centre  of  gravity  being  either  below  the  centre  Oy  as  Glt 


A  B 

or  above,  as  <r2.  Let  the  second  figure  represent  the  sphere 
turned  through  a  small  angle,  so  that  B  is  now  the  point  of 
contact  with  the  plane. 

The  pressure  of  the  plane  still  acts  through  the  centre 
of  the  sphere. 

If  the  weight  of  the  body  act  through  #lt  it  is  clear  that 
the  body  will  return  towards  its  original  position  of  equi 
librium,  and  therefore  the  body  was  originally  in  stable 
equilibrium. 


L.  s. 


10 
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If  the  weight  act  through  G^  the  body  will  move  still 
further  from  its  original  position  of  equilibrium,  and  there 
fore  it  was  originally  in  unstable  equilibrium. 

If  however  the  centre  of  gravity  of  the  body  had  been 
at  0,  then,  in  the  case  of  the  second  figure,  the  weight 
would  still  be  balanced  by  the  pressure  of  the  plane ;  the 
body  would  thus  remain  in  the  new  position,  and  the 
equilibrium  would  be  called  neutral. 

128.  Def.  A  body  is  said  to  be  in  stable  equi 
librium  when,  if  it  be  slightly  displaced  from  its  position 
of  equilibrium,  the  forces  acting  on  the  body  tend  to 
make  it  return  towards  its  position  of  equilibrium ;  it  is 
in  unstable  equilibrium  when,  if  it  be  slightly  displaced, 
the  forces  tend  to  move  it  still  further  from  its  position  of 
equilibrium ;  it  is  in  neutral  equilibrium,  if  the  forces 
acting  on  it  in  its  displaced  position  be  in  equilibrium. 

129.  Ex.  A  homogeneous  body,  consisting  of  a  cylinder  and  a 
hemisphere  joined  at  their  bases,  is  placed  with  the  hemispherical  end 
on  a  horizontal  table  ;  is  the  equilibrium  stable  or  unstable  ? 

Let  Gj  and  G2  be  the  centres  of  gravity  of  the  hemisphere  and 


cylinder,  and  let  A  be  the  point  of  the  body  which  is  initially  in 
contact  with  the  table,  and  let  0  be  the  centre  of  the  base  of  the 
hemisphere. 
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If  h  be  the  height  of  the  cylinder,  and  r  be  the  radius  of  the  base, 
we  have 

OG^^r  (Art.  120),  and  OG2  =  -. 
Also  the  weights  of  the  hemisphere  and  cylinder^ure  proportional 


The  reaction  of  the  plane,  in  the  displaced  position  of  the  body, 
always  passes  through  the  centre  O. 

The  equilibrium  is  stable  or  unstable  according  as  C,  the  centre 
of  gravity  of  the  compound  body,  is  below  or  above  0, 

i.e.,  according  as 

OGl  x  wt.  of  hemisphere  is5*  OG2  x  wt.  of  cylinder, 

i.e.,  according  as  5-r  x  ?,  n-r3  is  >  -  x  Trr'-'A, 

<  & 

i.e.,  according  as  -  is  >  /i2, 

i.e.,  according  as  r  is>x/2/z. 

**130.  Within  the  limits  of  this  book  we  cannot 
enter  into  the  general  discussion  of  the  equilibrium  of  one 
body  resting  on  another  ;  in  the  following  article  we  shall 
discuss  the  case  in  which  the  portions  of  the  two  bodies 
in  contact  are  spherical. 

A  body  rests  in  equilibrium  upon  another  fixed  body, 
the  portions  of  the  two  bodies  in  contact  being  spheres  of 
radii  r  and  R  respectively  ;  if  the  first  body  be  slightly 
displaced  to  find  whether  the  equilibrium  is  stable  or  un 
stable,  the  bodies  being  rough  enough  to  prevent  sliding. 

Let  0  be  the  centre  of  the  spherical  surface  of  the 
lower  body,  and  0^  that  of  the  upper  body;  since  there 
is  equilibrium,  the  centre  of  gravity  G^  of  the  upper  body 
must  be  in  the  line  00lt  which  passes  through  the  point 
•of  contact  A1  of  the  bodies. 

Let  A&  be  h. 

10—2 
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Let  the  upper  body  be  slightly  displaced,  by  rolling, 
so  that  the  new  position  of  the  centre  of  the  upper  body 


is  02,  the  new  point  of  contact  is  A2,  the  new  position 
of  the  centre  of  gravity  is  Gz,  and  the  new  position  of  the 
point  Al  is  C.  Hence  CG.2  is  h. 

Through  Az  draw  A2L  vertically  to  meet  0ZC  in  Z, 
and  draw  0ZM  vertically  dowmvards  to  meet  a  horizontal 
line  through  A2  in  M. 

Let  the  angle  AZOA1  be  0,  and  let  A^O^C  be  <£,  so  that 
the  angle  COZM  is  (0  +  <£). 

Since  the  upper  body  has  rolled  into  its  new  position, 
the  arc  A^A^  is  equal  to  the  arc  CA  2. 

Hence  R.6  =  r.<j> (1), 

where  r  and  JR  are  respectively  the  radii  of  the  upper  and 
lower  surfaces. 

The  equilibrium  is  stable,  or  unstable,  according  as  Gt 
lies  to  the  left,  or  right,  of  the  line  AZL, 
i.e.,  according  as  the  distance  of  Gz  from  0%M  is 
>  or  <  the  distance  of  L  from  Os$f,  i.e., 
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i.e.,  according  as 

0ZGZ  sin  (0  +  <£)  is  >  or  <  02A.2  sin  0, 
i.e.,  according  as 

(r  -  h)  sin  (0  +  </>)  is  >  or  <  r  sin  0, 
i.e.,  according  as 

r-h  .         sin  0 

IS  >  Or  <  -; -j-. r  . 

r         sin  (61  +  <£) 
But  Sin*      * 


sin  (0  +  <£)      0  +  </>  ' 
since  0  and  <£  are  both  very  small, 

y  equation  (1). 


Hence  the  equilibrium  is  stable,  or  unstable,  according  as 


r  —  h  .  r 

-  is  >  or  <  ---  _  , 
r  r  +  R* 

i.e.,  according  as  r  ---  -  is  >  or  <  ht 

Rr 
i.e.,  according  as  --  ^  is  >  or  <  h, 

i.e.,  according  as 

1  .  11 

T  is  >  or  <-,+  —  . 
h  r     R 

If  —  =  -  +  ^5  ,  the  equilibrium  is  sometimes  said  to  be 
n     r     li 

neutral;  it  is  however  really  unstable,  but  the  investiga 
tion  is  beyond  the  limits  of  this  book. 

Hence  the  equilibrium  is  stable  only  when 
1  .        11 


in  all  other  cases  it  is  unstable. 

Cor.  1.     If  the  surface  of  the  lower  body,  instead  of 
being  convex,   as  in  the  above  figure,  be  concave,  as   in 
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the  following  figure,  the  above  investigation  will  still  apply 
provided  we  change  the  sign  of  R. 


Hence  the  equilibrium  is  stable  when 
1  .        11 


otherwise  it  is,  in  general,  unstable. 

Cor.  2.     If   the    upper   body   have    a   plane    face    in 
contact  with  the  lower  body,  as  in  the  following  figure,  r 

is  now  infinite  in  value,  and  therefore  -  is  zero. 


if 


i.e.,  if 


Hence  the  equilibrium  is  stable 


1         1 

h^^R' 

hbetR. 


Hence  the  equilibrium  is  stable, 
if  the  distance  of  the  centre  of 
gravity  of  the  upper  body  from  its 

plane  face  be  less  than    the    radius  of  the  lower  body ; 
otherwise  the  equilibrium  is  unstable. 
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Cor.  3.  If  the  lower  body  be  a  plane,  so  that  H  is 
infinity,  the  equilibrium  is  stable  if 

-  be  >  -,  i.e..  if  h  be  <  r. 
h  r 

Hence,  if  a  body  of  spherical  base  be  placed  on  a  hori 
zontal  table,  it  is  in  stable  equilibrium,  if  the  distance  of 
its  centre  of  gravity  from  the  point  of  contact  be  less  than 
the  radius  of  the  spherical  surface. 


EXAMPLES.    XIX. 

1.  A  carpenter's  rule,  2  feet  in  length,  is  bent  into  two  parts  at 
right  angles  to  one  another,  the  length  of  the  shorter  portion  being 
8  inches.     If  the  shorter  be  placed  on  a  smooth  horizontal  table,  what 
is  the  length  of  the  least  portion  on  the  table  that  there  may  be  equi 
librium  ? 

2.  A  piece  of  metal,  18  cubic  inches  in  volume,  is  made  into  a 
cylinder  which  rests  with  its  base  on  an  inclined  plane,  of  30°  slope, 
and  is  prevented  from  slipping.     How  tall  may  the  cylinder  be  made 
so  that  it  may  just  not  topple  over? 

3.  If  a  triangular  lamina  ABC  can  just  rest  in  a  vertical  plane 
with  its  edge  AB  in  contact  with  a  smooth  table,  prove  that 


4.  The  side  CD  of  a  uniform  square  plate  ABCD,  whose  weight 
is  W,  is  bisected  at  E  and  the  triangle  AED  is  cut  off.     The  plate 
ABCEA  is  placed  in  a  vertical  position  with  the  side  CE  on  a  hori 
zontal  plane.     What  is  the  greatest  weight  that  can  be  placed  at  A 
without  upsetting  the  plate? 

5.  ABC  is  a  flat  board,  A  being  a  right  angle  and  AC  in  contact 
with  a  flat  table;  D  is  the  middle  point  of  AC  and  the  triangle  ABD 
is  cut  away;  shew  that  the  triangle  is  just  on  the  point  of  falling 
over. 

6.  A  brick  is  laid  with  one-quarter  of  its  length  projecting  over 
the  edge  of  a  wall  ;  a  brick  and  one-quarter  of  a  brick  are  then  laid 
on  the  first  with  one-quarter  of  a  brick  projecting  over  the  edge  of  the 
first  brick  ;  a  brick  and  a  half  are  laid  on  this,  and  so  on  ;  shew  that 
4  courses  of  brick  laid  in  the  above  manner  will  be  in  equilibrium 
without  the  aid  of  mortar,  but  that,  if  a  fifth  course  be  added,  tiuj 
structure  will  topple. 
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7.  How  many  coins,  of  the  same  size  and  having  their  thick 
nesses  equal  to  ^th  of  their  diameters,  can  stand  in  a  cylindrical  pile 
on  an  inclined  plane,  whose  height  is  one-sixth  of  the  base,  assuming 
that  there  is  no  slipping? 

If  the  edge  of  each  coin  overlap  on  one  side  that  of  the  coin  below, 
find  by  what  fraction  of  the  diameter  each  must  overlap  so  that  a 
pile  of  unlimited  height  may  stand  on  the  plane. 

8.  A  number  of  bricks,  each  9  inches  long,  4  inches  wide,  and 
3  inches  thick,  are  placed  one  on  another  so  that,  whilst  their  narrowest 
surfaces,  or  thicknesses,  are  in  the  same  vertical  plane,  each  brick 
overlaps  the  one  underneath  it  by  half  an  inch ;  the  lowest  brick 
being  placed  on  a  table,  how  many  bricks  can  be  so  placed  without 
their  falling  over? 

9.  ABC  is  an  isosceles  triangle,  of  weight  W,  of  which  the  angle 
A  is  120°,  and  the  side  AB  rests  on  a  smooth  horizontal  table,  the 

W 

plane  of  the  triangle  being  vertical;  if  a  weight— be  hung  on  at  Ct 

shew  that  the  triangle  will  just  be  on  the  point  of  toppling  over. 

10.  The  quadrilateral  lamina  ABCD  is  formed  of  two  uniform 
isosceles  triangles  ABC  and  ADC,  whose  vertices  are  B  and  D,  on 
opposite  sides  of  a  common  base  AC,  the  angle  ABC  being  a  right 
angle.     Shew  that  it  will  rest  in  a  vertical  plane  with  BC  on  a  hori 
zontal  plane,  provided  the  area  of  ADC  be  not  greater  than  four  times 
that  of  ABC. 

11.  A  body,  consisting  of  a  cone  and  a  hemisphere  on  the  same 
base,  rests  on  a  rough  horizontal  table,  the  hemisphere  being  in  con 
tact  with  the  table;  find  the  greatest  height  of  the  cone  BO  that  the 
equilibrium  may  be  stable. 

12.  A  solid  consists  of  a  cylinder  and  a  hemisphere  of  equal 
radius,  fixed  base  to  base ;  find  the  ratio  of  the  height  to  the  radius  of 
the  cylinder,  so  that  the  equilibrium  may  be  neutral  when  the  spherical 
surface  rests  on  a  horizontal  plane. 

13.  A  hemisphere  rests  in  equilibrium  on  a  sphere  of  equal  radius; 
shew  that  the  equilibrium  is  unstable  when  the  curved,  and  stable 
when  the  flat,  surface  of  the  hemisphere  rests  on  the  sphere. 

14.  A  heavy  right  cone  rests  with  its  base  on  a  fixed  rough  sphere 
of  given  radius ;  find  the  greatest  height  of  the  cone  if  it  be  in  stable 
equilibrium. 

15.  A  uniform  beam,  of  thickness  2b,  rests  symmetrically  on  a 
perfectly  rough  horizontal  cylinder  of  radius  a ;  shew  that  the  equi 
librium  of  the  beam,  will  be  stable  or  unstable  according  as  b  is  less  or 
greater  than  a. 
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16.  A  heavy  uniform  cube  balances  on  the  highest  point  of  a 
sphere,  whose  radius  is  r.    If  the  sphere  be  rough  enough  to  prevent 

sliding,  and  if  the  side  of  the  cube  be  ^ ,  shew  that  the  cube  can  rock 

^  ^ 

through  a  right  angle  without  falling. 

17.  A  lamina  in  the  form  of  an  isosceles  triangle,  whose  vertical 
angle  is  a,  is  placed  on  a  sphere,  of  radius  r,  so  that  its  plane  is  vertical 
and  one  of  its  equal  sides  is  in  contact  with  the  sphere ;  shew  that,  if 
the  triangle  be  slightly  displaced  in  its  own  plane,  the  equilibrium  is 

stable  if  sin  a  be  less  than  —  ,  where  a  is  one  of  the  equal  sides  of  the 
a 

triangle. 

18.  A  weight  W  is  supported  on  a  smooth  inclined  plane  by  a 
given  weight  P,  connected  with  W  by  means  of  a  string  passing  round 
a  fixed  pulley  whose  position  is  given.     Find  the   position   of  W 
on  the  plane,  and  determine  whether  the  position  is  stable  or  un 
stable. 

19.  A  rough  uniform  circular  disc,  of  radius  r  and  weight  p,  is 
movable  about  a  point  distant  c  from  its  centre.     A  string,  rough 
enough  to  prevent  any  slipping,  hangs  over  the  circumference  and 
carries  unequal  weights  W  and  w  at  its  ends.    Find  the  position  of 
equilibrium,  and  determine  whether  it  is  stable  or  unstable. 


CHAPTER   XI. 

MACHINES. 

131.  IN  the   present  chapter  we  shall   explain  and 
discuss  the  equilibrium  of  some  of  the  simpler  machines, 
viz.,  (1)  The  Lever,  (2)  The  Pulley  and  Systems  of  Pulleys, 
(3)  The  Inclined  Plane,  (4)  The  Wheel  and  Axle,  (5)  The 
Common     Balance,     (6)    The     Steelyards,    and    (7)     The 
Screw. 

We  shall  suppose  the  different  portions  of  these 
machines  to  be  smooth,  and  that  the  forces  acting  on 
them  always  balance,  so  that  the  machines  are  at  rest. 

132.  The  Lever,  The  Wheel  and  Axle,  The  .Balance, 
and   the    Steelyards   are   similar    macl lines.      In   each  we 
have  either  a  point,  or  an  axis,   fixed   about  which  the 
machine  can  revolve. 

In  the  pulleys  the  essential  part  is  a  flexible  string  or 
strings. 

133.  When  two  external  forces  applied  to  a  machine 
balance,  one  is  called  the  Power  and  the  other  is  called  the 
Weight. 

A  machine  is  always  used  in  practice  to  overcome  some 
resistance;  the  force  we  exert  011  the  machine  is  the  power; 
the  resistance  to  be  overcome,  in  whatever  form  it  may 
appear,  is  called  the  Weight. 
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134.  Mechanical  Advantage.   If  in  any  machine 
a  power  P  balance  a  weight  Wt  the  ratio  IF  :  P  is  called 
the  mechanical  advantage  of  the  machine,  so  that 

Weight  =  Power  x  Mechanical  Advantage. 

Almost  all  machines  are  constructed  so  that  the  me 
chanical  advantage  is  a  ratio  greater  than  unity. 

If  in  any  machine  the  mechanical  advantage  be  less 
than  unity,  it  may,  with  more  accuracy,  be  called  me 
chanical  disadvantage. 

I.    The  Lever. 

135.  The  Lever  consists  essentially  of  a   rigid  bar, 
straight  or  bent,  which  has  one  point  fixed  about  which 
the  rest  of  the  lever  can  turn.     This  fixed  point  is  called 
the  Fulcrum,  and  the  perpendicular  distances  between  the 
fulcrum  and  the  lines  of  action  of  the  power  and  the  weight 
are  called  the  arms  of  the  lever. 

When  the  lever  is  straight,  and  the  power  and  weight 
act  perpendicular  to  the  lever,  it  is  usual  to  distinguish 
three  classes  or  orders. 

Class  I.     Here  the  power  P       A cl 

and   the   weight    W  act   on  op 
posite  sides  of  the  fulcrum  G. 

Class  II.  Here  the  power  P 
and  the  weight  W  act  on  the  P 
same  side  of  the  fulcrum  C,  but 
the  former  acts  at  a  greater  dis 
tance  than  the  latter  from  the 
fulcrum.  HW 
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Class  III.  Here  the  power 
P  and  the  weight  W  act  on  the 
same  side  of  the  fulcrum  C,  but 
the  former  acts  at  a  less  dis 
tance  than  the  latter  from  the 
fulcrum. 

136.     Conditions  of  equilibrium  of  a  straight  lever. 

In  each  case  we  have  three  parallel  forces  acting  on 
the  body,  so  that  the  reaction,  R,  at  the  fulcrum  must 
be  equal  and  opposite  to  the  resultant  of  P  and  W. 

In  the  first  class  P  and  W  are  like  parallel  forces,  so 
that  their  resultant  is  P+  W.     Hence 
R  =  P  +  W. 

In  the  second  class  P  and  W  are  unlike  parallel  forces, 
so  that  R=W-P. 

So  in  the  third  class  R  =  P-W. 

In  the  first  and  third  cases  we  see  that  R  and  P  act  in 
opposite  directions;  in  the  second  class  they  act  in  the 
same  direction. 

In  all  three  classes,  since  the  resultant  of  P  and  W 
passes  through  C,  we  have,  as  in  Art.  53, 

P.AC=W.BCt 
i.e.  P  x  the  arm  of  P  =  W  x  the  arm  of  W. 

W      arm  of   P 

bince  -p  = ^ — ^  ,    we  observe   that  generally  in 

Class  I.,  and  always  in  Class  II.,  there  is  mechanical 
advantage,  but  that  in  Class  III.  there  is  mechanical 
disadvantage. 

The  practical  use  of  levers  of  the  latter  class  is  to 
apply  a  force  at  some  point  at  which  it  is  not  easy  to  apply 
the  force  directly. 
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137.  In  the  previous  article  we  have  neglected   the 
weight  of  the  bar  itself. 

If  the  weight  be  taken  into  consideration  we  must, 
as  in  Art.  91,  obtain  the  conditions  of  equilibrium  by 
equating  to  zero  the  algebraic  sum  of  the  moments  of  the 
forces  about  the  fulcrum  C. 

138.  Examples  of  the  different  classes  of  levers  are ; 
Class  I.     A  Poker  (when  used  to  stir  the  fire,  the  bar 


of  the  grate  being  the  fulcrum) ;  A  Claw-hammer 
used  to  extract  nails) ;  A  Crowbar  (when  used  with  a  point 
in  it  resting  on  a  fixed  support") ;  A  Pair  of  Scales ;  The 
Brake  of  a  Pump. 

Double  levers  of  this  class  are ;  A  Pair  of  Scissors,  A 
Pair  of  Pincers. 

Class  II.  A  Wheelbarrow ;  A  Cork  Squeezer ;  A 
Crowbar  (with  one  end  in  contact  with  the  ground) ;  An 
Oar  (assuming  the  end  of  the  oar  in  contact  with  the  water 
to  be  at  rest). 

A  Pair  of  Nutcrackers  is  a  double  lever  of  this  class. 

Class  III.  The  Treadle  of  a  Lathe;  The  Human 
Forearm  (when  the  latter  is  used  to  support  a  weight  placed 
on  the  palm  of  the  hand.  The  .Fulcrum  is  the  elbow,  and 
the  tension  exerted  by  t/w  muscles  is  the  power). 

A  Pair  of  Sugar-tongs  is  a  double  lever  of  this  class. 

139.     Bent  Levers. 

Let  A  OB  be  a  bent  lever,  of  which  0  is  the  fulcrum,  and 
let  OL  and  OM  be  the  perpendiculars  from  0  upon  the  lines 
of  action  AC  and  BC  of  the  power  P  and  the  weight  W. 


158  STATICS. 

The  condition  of  equilibrium  of  Art.  91  again  applies, 
and  we  have,  by  taking  moments  about  0, 

P.OL=W.OM (1); 

.    P_  _  0  M 
"~W~  OL 

perpendicular  from  fulcrum  on  direction  of  the  weight 
perpendicular  from  fulcrum  on  direction  of  the  power  * 


To  obtain  the  reaction  at  0  let  the  directions  of  P  and 
IF  meet  in  6'.  Since  there  are  only  three  forces  acting 
on  the  body,  the  direction  of  the  reaction  R  at  0  must 
pass  through  (7,  and  then,  by  Lami's  Theorem,  we  have 

R  P  W 

smACB  ~  sin  EGO  ~  sin  AC 0  ' 

The  reaction  may  also  be  obtained,  as  in  Art.  48,  by 
resolving  the  forces  JR,  P,  and  W  in  two  directions  at  right 
angles. 

If  the  power  and  weight  be  parallel  forces,  the  reaction 
R  is  parallel  to  either  of  them  and  equal  to  (P  +  IF),  and, 
as  before,  we  have 

P.OL=W.  OM, 

where  OL  and  OM  are  the  perpendiculars  from  0  upon  the 
lines  of  action  of  the  forces. 

If  the  weight  W  of  the  lever  be  not  neglected,  we 
have  an  additional  term  to  introduce  into  our  equation 
of  moments. 
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140.  If  two  weights  balance,  about  a  fixed  fulcrum, 
at  the  extremities  of  a  straight  lever,  in  any  position  in 
clined  to  the  vertical,  they  will  balance  in  any  other 
position. 

Let  AB  be  the  lever,  of  weight  W,  and  let  its  centre 
of  gravity  be  0.  Let  the  lever  balance  about  a  fulcrum 


0  in  any  position  inclined  at  an  angle  6  to  the  horizontal, 
the  weights  at  A  and  B  being  P  and  W  respectively. 

Through  0  draw  a  horizontal  line  LONM  to  meet  the 
lines  of  action  of  P,  W,  and  W  in  L,  N,  and  M  re 
spectively. 

Since  the  forces  balance  about  0,  we  have 

P.OL=W.  OM+  W  .ON. 

/.  P.  OAcos0  =  W.  OB  cos  0+  W'.OGcozO. 

:.P.OA=W.OB+  W'.OG. 

This  condition  of  equilibrium  is  independent  of  the 
inclination  0  of  the  lever  to  the  horizontal;  hence  in  any 
other  position  of  the  lever  the  condition  would  be  the 
same. 

Hence,  if  the  lever  be  in  equilibrium  in  one  position,  it 
will  be  in  equilibrium  in  all  positions. 
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EXAMPLES.    XX. 

1.  In  a  weightless  lever,  if  one  of  the  forces  be  equal  to  10  Ibs.  wt. 
and  the  pressure  on  the  fulcrum  be  equal  to  16 Ibs.  wt.,  and  the  length 
of  the  shorter  arm  be  3  feet,  find  the  length  of  the  longer  arm. 

2.  Where  must  the  fulcrum  be  so  that  a  weight  of  6  Ibs.  may 
balance  a  weight  of  8  Ibs.  on  a  straight  weightless  lever,  7  feet  long  ? 

If  each  weight  be  increased  by  1  lb.,  in  what  direction  will  the 
lever  turn? 

3.  If  two  forces,  applied  to  a  weightless  lever,  balance,  and  if  the 
pressure  on  the  fulcrum  be  ten  times  the  difference  of  the  forces,  find 
the  ratio  of  the  arms. 

4.  A  lever,  1  yard  long,  has  weights  of  6  and  20  Ibs.  fastened  to 
its  ends,  and  balances  about  a  point  distant  9  inches  from  one  end ; 
find  its  weight. 

5.  A  straight  lever,  AB,  12  feet  long,  balances  about  a  point, 

I  foot  from  A,  when  a  weight  of  13  Ibs.  is  suspended  from  A.    It  will 
balance  about  a  point,  which  is  1  foot  from  B,  when  a  weight  of 

II  Ibs.  is  suspended  from  B.     Shew  that  the  centre  of  gravity  of  the 
lever  is  5  inches  from  the  middle  point  of  the  lever. 

6.  A  straight  uniform  lever  is  kept  in  equilibrium  by  weights  of 
12  and  5  Ibs.  respectively  attached  to  the  ends  of  its  arms,  and  the 
length  of  one  arm  is  double  that  of  the  other.     What  is  the  weight  of 
the  lever? 

7.  A  straight  uniform  lever,  of  length  5  feet  and  weight  10  Ibs., 
has  its  fulcrum  at  one  end  and  weights  of  3  and  G  Ibs.  are  fastened  to 
it  at  distances  of  1  and  3  feet  respectively  from  the  fulcrum;  it  ia 
kept  horizontal  by  a  force  at  its  other  end ;  find  the  pressure  on  the 
fulcrum. 

8.  A  uniform  lever  is  18  inches  long  and  is  of  weight  18  ounces ; 
find  the  position  of  the  fulcrum  when  a  weight  of  27  ounces  at  one 
end  of  the  lever  balances  one  of  9  ounces  at  the  other. 

If  the  lesser  weight  be  doubled,  by  how  much  must  the  position  of 
the  fulcrum  be  shifted  so  as  to  preserve  equilibrium? 

9.  Two  weights,  of  8  and  4  ounces,  are  in  equilibrium  when 
attached  to  the  opposite  ends  of  a  rod  of  negligible  weight ;  if  2  ounces 
be  added  to  the  greater,  the  fulcrum  must  »be  moved  through  f ths  of 
an  inch  to  preserve  equilibrium ;  find  the  length  of  the  lever. 

10.  The  short  arm  of  one  lever  is  hinged  to  the  long  arm  of  a 
second  lever,  and  the  short  arm  of  the  latter  is  attached  to  a  press; 
the  long  arms  being  each  3  feet  in  length,  and  the  short  arms  6  inches, 
find  what  pressure  will  be  produced  on  the  press  by  a  force,  equal  to 
10  stone  weight,  applied  to  the  long  end  of  the  first  lever. 
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11.  A  straight  heavy  uniform  lever,  21  inches  long,  has  a  ful 
crum  at  its  end.    A  power,  equal  to  the  weight  of  12  Ibs.,  acting  at  a 
distance  of  7  inches  from  the  fulcrum,  supports  a  weight  of  3  Ibs. 
hanging  at  the  other  end  of  the  lever.     If  the  weight  be  increased  by 
1  lb.,  what  power  at  a  distance  of  5  inches  from  the  fulcrum  will 
support  the  lever? 

12.  On  a  lever,  forces  of  18  and  14  Ibs.  weight  balance,  and  their 
directions  meet  at  an  angle  whose  cosine  is   -&',  find  the  pressure 
on  the  fulcrum. 

13.  A  straight  lever  is  acted  on,  at  its  extremities,  by  forces  in 
the  ratio  ^/S  +  1  :  ^/S  -  1,  and  which  are  inclined  at  angles  of  30°  and 
60°  to  its  length.     Find  the  magnitude  of  the  pressure  on  the  fulcrum, 
and  the  direction  in  which  it  acts. 

14.  The  arms  of  a  bent  lever  are  at  right  angles  to  one  another, 
and  the  arms  are  in  the  ratio  of  5  to  1.     The  longer  arm  is  inclined 
to  the  horizon  at  an  angle  of  45°,  and  carries  at  its  end  a  weight  of 
10  Ibs.  ;  the  end  of  the  shorter  arm  presses  against  a  horizontal  plane  ; 
find  the  pressure  on  the  plane. 

15.  The  arms  of  a  uniform  heavy  bent  rod  are  inclined  to  one 
another  at  an  angle  of  120°,  and  their  lengths  are  in  the  ratio  of  2  :  1  ; 
if  the  rod  be  suspended  from  its  angular  point,  find  the  position  in 
which  it  will  rest. 

16.  A  uniform  bar,  of  length  7£  feet  and  weight  17  Ibs.,  rests  on 
a  horizontal  table  with  one  end  projecting  2£  feet  over  the  edge;  find 
the  greatest  weight  that  can  be  attached  to  its  end,  without  making 
the  bar  topple  over. 

17.  A  straight  weightless  lever  has  for  its  fulcrum  a  hinge  at  one 
end  A  ,  and  from  a  point  B  is  hung  a  body  of  weight  W.    If  the  strain 
at  the  hinge  must  not  exceed  \W  in  either  direction,  upwards  or  down 
wards,  shew  that  the  power  must  act  somewhere  within  a  space  equal 


18.  Shew  that  the  propelling  force   on   an   eight-oared  boat  is 
224  Ibs.  weight,  supposing  each  man  to  pull  his  oar  with  a  force  of 
56  Ibs.  weight,  and  that  the  length  of  the  oar  from  the  middle  of  the 
blade  to  the  handle  is  three  times  that  from  the  handle  to  the  row 
lock. 

19.  In  a  pair  of  nutcrackers,  5  inches  long,  if  the  nut  be  placed 
at  a  distance  of  £•  inch  from  the  hinge,  a  pressure  of  3£  Ibs.  applied  to 
the  ends  of  the  arms  will  crack  the  nut.     What  weight  placed  on  the 
top  of  the  nut  will  crack  it? 

20.  -A-  man  raises  a  3-foot  cube  of  stone,  weighing  2  tons,  by 
means  of  a  crowbar,  4  feet  long,  after  having  thrust  one  end  of  the 
bar  under  the  stone  to  a  distance  of  6  inches  ;  what  force  must  be 
applied  at  the  other  end  of  the  bar  to  raise  the  stone? 

L.  S.  11 
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21.  A  cubical  block,  of  edge  a,  is  being  turned  over  by  a  crowbar 
applied  at  the  middle  point  of  the  edge  in  a  plane  through  its  centre 
of  gravity;  if  the  crowbar  be  held  at  rest  when  it  is  inclined  at  an 
angle  of  60°  to  the  horizon,  the  lower  face  of  the  block  being  then 
inclined  at  30°  to  the  horizon,  and  if  the  weight  of  the  block  be  n 
times  the  force  applied,  find  the  length  of  the  crowbar,  the  force 
being  applied  at  right  angles  to  the  crowbar. 

II.    Pulleys. 

141.  A  pulley  is  composed  of   a  wheel  of   wood,  or 
metal,  grooved  along  its  circumference  to  receive  a  string 
or  rope ;  it  can  turn  freely  about  an  axle  passing  through 
its  centre  perpendicular  to  its  plane,  the  ends  of  this  axle 
being  supported  by  a  frame  of  wood  called  the  block. 

A  pulley  is  said  to  be  movable  or  fixed  according  as  its 
block  is  movable  or  fixed. 

The  weight  of  the  pulley  is  often  so  small,  compared 
with  the  weights  which  it  supports,  that  it  may  be  neg 
lected  ;  such  a  pulley  is  called  a  weightless  pulley. 

We  shall  always  neglect  the  weight  of  the  string  or 
rope  which  passes  round  the  pulley. 

We  shall  also  always  consider  the  pulley  to  be  perfectly 
smooth,  so  that  the  tension  of  a  string  which  passes  round 
a  pulley  is  constant  throughout  its  length. 

142.  Single  Pulley.    The  use  of  a  single  pulley  is  to 
apply  a  power  in  a  different  direction  from  that  in  which  it 
is  convenient  to  us  to  apply  the  power. 

Thus,  in  the  first  figure,  a  man  standing  on  the  ground 
and  pulling  vertically  at  one  end  of  the  rope  might  support 
a  weight  W  hanging  at  the  other  end  ;  in  the  second  figure 
the  same  man  pulling  sideways  might  support  the  weight. 

In  each  case  the  tension  of  the  string  passing  round 
the  pulley  is  unaltered ;  the  power  P  is  therefore  equal  to 
the  weight  W. 
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In  the  first  figure  the  action  on  the  fixed  support  to 
which  the  block  is  attached  must  balance  the  other  forces 
on  the  pulley-block,  and  must  therefore  be  equad  to 

W+P  +  w, 
i.e.,  2  W  +  w,  where  w  is  the  weight  of  the  pulley -block. 


4 


w 


/p 


In  the  second  figure,  neglecting  the  weight  of  the 
pulley,  the  power  P,  and  the  weight  W,  being  equal, 
must  be  equally  inclined  to  the  line  OA. 

Hence,  if  T  be  the  tension  of  the  supporting  string  OB 
and  20  the  angle  between  the  directions  of  P  and  W,  we 
have 


If  w  be  the  weight  of  the  pulley,  we  should  have, 
z=(W+w)*  +  P*  +  2(W+w).P.GOB  26 
2  W2  +  2  Ww  +  w?2  +  2  (W+  w)  .  W  (2  cos2  6  -  1),  since  P  and  W  are  equal, 


143.  We  shall  discuss  three  systems  of  pulleys  and 
shall  follow  the  usual  order  ;  there  is  no  particular  reason 
for  this  order,  but  it  is  convenient  to  retain  it  for  purposes 
of  reference. 

144.  First  system  of  Pulleys.    Each  string  attach 
ed  to  the  supporting  beam.     To  find  the  relation  between  the 
power  and  the  weight. 

11—2 


164 


STATICS. 


In  this  system  of  pulleys  the  weight  is  attached  to  the 
lowest  pulley,  and  the  string  passing  round  it  has  one 
end  attached  to  the  fixed  beam,  and  the  other  end  attached 
to  the  next  highest  pulley;  the  string  passing  round  the 
latter  pulley  has  one  end  attached  to  the  fixed  beam,  and 
the  other  to  the  next  pulley,  and  so  on;  the  power  is 
applied  to  the  free  end  of  the  last  string. 

Often  there  is  an  additional  fixed  pulley  over  which  the 
free  end  of  the  last  string  passes ;  the  power  may  then  be 
applied  as  a  downward  force. 

Let  AI,  A?,,...  be  the  pulleys,  beginning  from  the 
lowest,  and  let  the  tensions  of  the  strings  passing  round 


w 


them    be  T^   T^  ...  .     Let   W  be   the  weight  and  P  the 
power. 

[N.B.     The  string  passing  ronnd  any  pulley,  Ay  say,  pulls  A3  ver 
tically  upwards,  and  pulls  Az  downwards.} 
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I.     Let  the  weights  of  the  pulleys  be  neglected. 

From  the  equilibrium  of  the  pulleys  A^  Att  ...,  taken 
in  order,  we  have 


But,  with  our  figure,  T4  =  P. 

.-.  ^4  w. 

Similarly,  if  there  were  n  pulleys,  we  should  have 


Hence,  in  this  system  of   pulleys,  the  mechanical  ad 
vantage 


II.     Let   the  weights  of  the  pulleys   in   succession,  be 
ginning  from  the  lowest,  be  wl}  M>2,  ...  . 

In  this  case  we   have   an   additional  downward  force 
on  each  pulley. 

Resolving  as  before,  we  have 
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2      22  +  22  +  2  ' 

w3  _  W     w1     w2 

~2~  ~~  "33  +  "23  +  2^  ^ 


and 


Similarly,  if  there  were  n  pulleys,  we  should  have 
W     wl       wt  wn 


2  .  «;a  +  2X  +  ...  +  2»~1 
If  the  pulleys  be  all  equalj  we  have 
wl  =  Wt=  ...  =  wn. 
:.  2"P=  TT+  M>  (1  +  2  +  22  +  ...  +  2"-1) 


by  summing  the  geometrical  progression. 

W 
It  follows  that  the  mechanical  advantage,  -=  ,  depends 

on  the  weight  of  the  pulleys. 

In  this  system  of  pulleys  we  observe  that  the  greater 
the  weight  of  the  pulleys,  the  greater  must  P  be  to  support 
a  given  weight  W  ;  the  weights  of  the  pulleys  oppose  the 
power,  and  the  pulleys  should  therefore  be  made  as  light  as 
is  consistent  with  the  required  strength. 

Stress  on  the  beam  from  which  the  pulleys  are  hung. 

Let  R  be  the  stress  on  the  beam.  Since  JK,  together 
with  the  power  P,  supports  the  system  of  pulleys,  together 
with  the  weight  IF,  we  have 

A'  +  P  -  W  +  w±  +  M?2  +  •  •  •  +  wn- 
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Ex.  .//"  there  be  4  movable  pulleys,  whose  weights,  commencing 
with  the  lowest,  are  4,  5,  6,  and  7  Ibs.,  what  power  will  support  a  body 
of  weiyht  1  cwt.  ? 

Using  the  notation  of  the  previous  article,  we  have 
2T1  =  112  +  4;  .-.    ri==58. 

2^2=^  +  5  =  63;  .*.  T3=31i. 
2r3  =  T2  +  6  =  37£;  •'•  218=18f- 
2P  =  T3  +  7  =  25f  ;  /.  P  =  12|  Ibs.  wt. 

EXAMPLES.    XXL 

1.  In  the  following  cases,  the  movable  pulleys  are  weightless, 
their  number  is  n,  the  weight  is  JF,  and  the  power  is  P  ; 

(1)  If  n=4  and  P=20  Ibs.  wt.,  find  W\ 

(2)  Ifn  =  4and  TP=1  cwt.,  find  P; 

(3)  If  JF=56  Ibs.  wt.  and  P=71bs.  wt.,  find  n. 

2.  In  the  following  cases,  the  movable  pulleys  are  of  equal  weight 
w,  and  are  n  in  number,  P  is  the  power,  and  W  is  the  weight; 

(1)  If  n=4,  w=l    Ib.  wt.,  and  TF=97  Ibs.  wt.,  find  P; 

(2)  If  n=3,  «?  =  !£  Ibs.  wt.,  and  P=  7  Ibs.  wt.,  find  T7; 

(3)  If  n=5,  TF=7751bs.  wt.,  and  P=31  Ibs.  wt.,  find  w  ; 

(4)  If  PT=107  Ibs.  wt.,  P=2  Ibs.  wt.,  and  w>=£lbs.  wt.,  find  n. 

3.  In  the  first  system  of  pulleys,  if  there  be  4  pulleys,  each  of 
weight  2  Ibs.,  what  weight  can  be  raised  by  a  power  equal  to  the 
weight  of  20  Ibs.  ? 

4.  If  there  be  3  movable  pulleys,  whose  weights,  commencing 
with  the  lowest,  are  9,  2,  and  1  Ibs.  respectively,  what  power  will  sup 
port  a  weight  of  69  Ibs.  ? 

5.  If  there  be  4  movable  pulleys,  whose  weights,  commencing 
with  the  lowest,  are  4,  3,  2,  and  1  Ibs.  respectively,  what  power  will 
support  a  weight  of  54  Ibs.  ? 
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6.  If  there  be  4  movable  pulleys,  eacb  of  weight  to,  aud  the  power 
be  P,  shew  that  the  stress  on  the  beam  is  15P-  llw. 

7.  If  there  be  3  movable  pulleys  and  their  weights  beginning  from 
the  lowest  be  4,  2,  and  1  Ibs.  respectively,  what  power  will  be  required 
to  support  a  weight  of  28  Ibs.  ? 

8.  Shew  that,  on  the  supposition  that  the  pulleys  are  weightless, 
the  mechanical  advantage  is  greater  than  it  actually  is. 

9.  In  the  system  of  pulleys  in  which  each  hangs  by  a  separate 
string,  if  there  be  3  pulleys,  it  is  found  that  a  certain  weight  can  be 
supported  by  a  power  of  7  Ibs.  weight;  but,  if  there  be  4  pulleys,  the 
same  weight  can  be  supported  by  a  power  of  4  Ibs.  weight ;  find  the 
weight  supported  and  the  weight  of  the  pulleys,  which  are  equal. 

10.  A  system  consists  of  4  pulleys,   arranged    so    that    each 
hangs  by  a  separate  string,  one  end  being  fastened  to  the  upper  block, 
and  all 'the  free  ends  being  vertical.     If  the  weights  of  the  pulleys, 
beginning  at  the  lowest,  be  w,  2w,  3w?,  and  4t0,  find   the  power 
necessary  to  support  a  weight  15u>,  and  the  magnitude  of  the  single 
force  necessary  to  support  the  beam  to  which  the  other  ends  of  the 
string  are  attached. 

11.  In  the  system  of  4  heavy  pulleys,  if  P  be  the  power  and  W 
the  weight,  shew  that  the  stress  on  the  beam  is  intermediate  between 
f&TF  and  15P. 

12.  A  man,  of  12  stone  weight,  is  suspended  from  the  lowest  of  a 
system  of  4  weightless  pulleys,  in  which  each  hangs  by  a  separate 
string,  and  supports  himself  by  pulling  at  the  end  of  the  string  which 
passes  over  a  fixed  pulley.    Find  the  amount  of  his  pull  on  this 
string. 

13.  A  man,  whose  weight  is  156  Ibs.,  is  suspended  from  the 
lowest  of  a  system  of  4  pulleys,  each  being  of  weight  10  Ibs.,  and 
supports  himself  by  pulling  at  the  end  of  the  string  which  passes  over 
the  fixed  pulley.     Find  the  force  which  he  exerts  on  the  string,  sup 
posing  all  tiie  strings  to  be  vertical. 

145.  Second  system  of  pulleys.  The  same  string 
passing  round  all  the  pulleys.  To  find  the  relation  be 
tween  the  power  and  the  weight. 

In 'this  system  there  are  two  blocks,  each  containing 
pulleys,  the  upper  block  being  fixed  and  the  lower  block 
movable.  The  same  string  passes  round  all  the  pulleys 
as  in  the  figures. 
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If   the  number  of   pulleys  in  the  upper  block  be  the 
same  as  in  the  lower  block  (Fig.  1),  one  end  of  the  string 


must  be  fastened  to  the  upper  block;  if  the  number  in 
the  upper  block  be  greater  by  one  than  the  number  in 
the  lower  block  (Fig.  2),  the  end  of  the  string  must  be 
attached  to  the  lower  block. 

In  the  first  case,  the  number  of  portions  of  string  con 
necting  the  blocks  is  even ;  in  the  second  case,  the  number 
is  odd. 

In  either  case,  let  n  be  the  number  of  portions  of  string 
at  the  lower  block.  Since  we  have  only  one  string  passing 
over  smooth  pulleys,  the  tension  of  each  of  these  portions 
is  P,  so  that  the  total  upward  force  at  the  lower  block 
is  n .  P. 
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Let  W  be  the  weight  supported,  and  w  the  weight  of 
the  lower  block. 

|    Hence  W  +  w  =  nP,  giving  the  relation  required. 

In  practice  the  pulleys  of  each  block  are  often  placed 
parallel  to  one  another,  so  that  the  strings  are  not  mathe 
matically  parallel;  they  are,  however,  very  approximately 
parallel,  so  that  the  above  relation  is  still  very  approxi 
mately  true. 

EXAMPLES.    XXIL 

1.  If  a  weight  of  5  Ibs.  support  a  weight  of  24  Ibs.,  find  the 
weight  of  the  lower  block,  when  there  are  3  pulleys  in  each  block. 

2.  If  weights  of  5  and  6  Ibs.  respectively  at  the  free  ends  of  the 
string  support  weights  of  18  and  22  Ibs.  at  the  lower  block,  find  the 
number  of  the  strings  and  the  weight  of  the  lower  block. 

3.  If  weights  of  4  Ibs.  and  5  Ibs.  support  weights  of  5  Ibs.  and 
18  Ibs.  respectively,  what  is  the  weight  of  the  lower  block,  and  how 
many  pulleys  are  there  in  it? 

4.  A  power  of  6  Ibs.  just  supports  a  weight  of  28  Ibs.,  and  a  power 
of  8  Ibs.  just  supports  a  weight  of  42  Ibs. ;  find  the  number  of  strings 
and  the  weight  of  the  lower  block. 

5.  In  the  second  system  of  pulleys,  if  a  basket  be  suspended  from 
the  lower  block  and  a  man  in  the  basket  support  himself  and  the 
basket,  by  pulling  at  the  free  end  of  the  string,  find  the  tension  he 
exerts,  neglecting  the  inclination  of  the  string  to  the  vertical,  and 
assuming  the  weight  of  the  man  and  basket  to  be  W. 

6.  A  man,  whose  weight  is  12  stone,  raises  3  cwt.  by  means  of  a 
system  of  pulleys  in  which  the  same  string  passes  round  all  the 
pulleys,  there  being  4  in  each  block,  and  the  string  being  attached  to 
the  upper  block;   neglecting  the  weights  of  the  pulleys,  find  what 
will  be  his  pressure  on  the  ground  if  he  pull  vertically  downwards. 

7.  We  are  told  that  the  cable  by  which  "Great  Paul,"  whose 
weight  is  18  tons,  was  lifted  into  its  place  in  the  cathedral  tower, 
passed  four  times  through  the  two  blocks  of  pulleys.     From  this 
statement  give  a  description  of  the  pulleys,  and  estimate  the  strength 
of  the  cable. 
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146.  Third  system  of  pulleys.  All  the  strings 
attached  to  the  weight.  To  find  t/te  relation  between  the 
power  and  the  weight. 

In  this  system  the  string  passing  round  any  pulley 
is  attached  at  one  end  to  a  bar,  from  which  the  weight 


is  suspended,  and  at  the  other  end  to  the  next  lower  pulley; 
the  string  round  the  lowest  pulley  is  attached  at  one  end 
to  the  bar,  whilst  at  the  other  end  of  this  string  the  power 
is  applied. 

In  this  system  the  upper  pulley  is  a  fixed  pulley. 

Let  Alt  Az,  Aa  ...  be  the  movable  pulleys,  beginning 
from  the  lowest,  and  let  the  tensions  of  the  strings  passing 
round  these  pulleys  respectively  be 


V       »       t.... 

If  the  power  be  P,  we  have  clearly 
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I.     Let  tlie.  weights  of  the  pulleys  be  neglected. 

For  the  equilibrium  of  the  pulleys,  taken  in  order  and 
commencing  from  the  lowest,  we  have 


and  T4  =  2T9  =  23P. 

But,  since  the  bar,  from  which   W  is  suspended,  is  in 
equilibrium,  we  have 


-  P  +  2P  +  21P  +  23P 

.l)  ..................  (1). 


If   there  were   n   pulleys,  of   which  (n  -  1}  would  be 
movable,  we  should  have,  similarly, 

W=Z\  +  2\  +  Tt  +  ...  +Tn 


by  summing  the  geometrical  progression, 

=  P(2»-1)  .....................  (2). 

Hence  the  mechanical  advantage  is  2"  —  1. 

II.     Let   the  weights  of  the  movable  pulleys,  taken  in 
order  and  commencing  with  tJie  lowest^  be  wlt  wyi.... 

Considering  the  equilibrium  of   the  pulleys  in  order, 
we  have 


T4  =- 
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But,  frota  the  equilibrium  of  the  bar, 
=T4+T9  +  Ti+Tt 

=  (23  4-  22  +  2  +  1)  P  +  (22  +  2  +  1)  w,  +  (2  +  1)  wa  +  w3 
24-l         23-l          22-l 


=  (24-  1)  P  +  (2s-  1)  w,  +  (22-  1)  u;,  +  w,   .........  (3). 


If   there  were   w  pulleys,  of   which   (n  —  1)  would   be 
movable,  we  should  have,  similarly, 

w=Tn  +  Tn_1  +  ...  +TZ  +  TI 

=  (2n~*  +  2n~a  +  ...  +  1)  P+  (2»-2  +  2W-3  +  ...  +  1)  w, 
+  (2n~3  +  2"~4  +  ...  +  1)  wa  +  ...-*-  (2  +  1)  wn_2  +  ww_, 


22-l 

+  ~'  +  2^lWn-*  +  Wn 
1  -  1  )  wl  +  (2»-2  -l)ws+  ... 
+  (V-l)wn_2  +  (2-l)wn_l  ......  (4). 

If  the  pulleys  be  all  equal,  so  that 

Wi  =  W>2  =  .  .  .  =  Wn_i  =  W, 

the  relation  (4)  becomes 

W=  (2W  -  1)  P  +  w  [2"-1  +  2W-2  +  .  .  .  +  2  -  (n  -  1)] 


by  summing  the  geometrical  progression. 

Stress  on  the  supporting  beam.  This  stress  balances  the 
power,  the  weight,  and  the  weight  of  the  pulleys,  and  there 
fore  equals 

P  +  W  +  wl  +  w>a  +  .  .  .  +  wn  , 
and  hence  is  easily  found. 
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Ex.  If  there  be  4  pulleys,  whose  weights,  commencing  with  the 
lowest,  are  4,  5,  6,  and  7  Ibs.,  what  power  will  support  a  body  of  weight 
1  cwt.  I 

Using  the  notation  of  the  previous  article,  we  have 


Also  112=r4-t-T8  +  ra  +  P 

.  wt. 


147.  In  this  system  we  observe  that,  the  greater  the 
weight   of   each   pulley,  the   less  is  P  required  to  be  in 
order  that  it  may  support  a  given  weight  W.     Hence  the 
weights  of  the  pulleys  assist  the  power. 

If  the  weights  of  the  pulleys  be  properly  chosen,  the 
system  will  remain  in  equilibrium  without  the  application 
of  any  power  whatever. 

For  example,  suppose  we  have  3  movable  pulleys,  each 
of  weight  w,  the  relation  (3)  of  the  last  article  will  become 
W=l5P+llw. 

Hence,  if  llw=  W,  we  have  P  zero,  i.e.,  if  the  weight 
to  be  supported  be  eleven  times  the  weight  of  each  of  the 
three  movable  pulleys,  no  power  need  be  applied  at  the 
free  end  of  the  string  to  preserve  equilibrium. 

148.  In   the   third  system  of   pulleys,  the   bar  sup 
porting  the  weight    W  will  not  remain  horizontal,  unless 
the   point   at  which   the  weight   is  attached  be  properly 
chosen. 

In  any  particular  case  the  proper  point  of  attachment 
can  be  easily  found. 


MACHINES.     THE  PULLEY.  175 

Taking  the  figure  of  Art.  146  let  there  be  three  mov 
able  pulleys,  whose  weights  are  negligible.  Let  the  dis 
tances  between  the  points  D,  E,  F  and  G  at  which  the 
strings  are  attached,  be  successively  a,  and  let  the  point  at 
which  the  weight  is  attached  be  X. 

The  resultant  of  Tl9  Ta,  T8  and  T4  must  pass  through  X. 

Hence  by  Art.  109, 

Tj  *  0  +  Ts  x  a  +  Ty  x  2a  +  T±  x  3a 


_  4P  .  a  +  2P  .  2a  +  P  .  3a  _  lla 
8P+1P+2P  +  P       rl5~" 
.".   DX  =  y^DE,  giving  the  position  of  X. 

EXAMPLES.    XXIII. 

1.  In  the  following  cases,  the  pulleys  are  weightless  and  n  in 
number,  P  is  the  power,  and  W  the  weight  ; 

(1)  If  n=4  and  P=     2  Ibs.  wt.f  find  W\ 

(2)  If  n=5  and  JT=124  Ibs.  wt.,  find  P; 

(3)  If  JF=105  Ibs.  and  P  =  l  Ibs.  wt.,  find  n. 

2.  In  the  following  cases,  the  pulleys  are  equal  and  each  of  weight 
«7,  P  is  the  power,  and  W  is  the  weight  ; 

(1)  If  n=4,  w=  1  Ib.  wt.,  and  P=  10  Ibs.  wt.,  find  JF; 

(2)  If  n=3,  M  i  Ib.  wt.,  and  JF=114  Ibs.  wt.,  find  P; 

(3)  H  n=5,  P=  3  Ibs.  wt.,  and  TF=106  Ibs.  wt.,  find  w  ; 

(4)  If  P=4  Ibs.  wt.,  JT=137  Ibs.  wt.,  and  w  =  &  Ib.  wt.,  find  n. 

3.  If  there  be  5  pulleys,  each  of  weight  1  Ib.  ,  what  power  is  re 
quired  to  support  3  cwt.  ? 

If  the  pulleys  be  of  equal  size,  find  to  what  point  of  the  bar  the 
weight  must  be  attached,  so  that  the  beam  may  be  always  hori 
zontal. 

4.  If  the  strings  passing  round  a  system  of  4  weightless  pulleys 
be  fastened  to  a  rod  without  weight  at  distances  successively  an  inch 
apart,  find  to  what  point  of  the  rod  the  weight  must  be  attached,  so 
that  the  rod  may  be  always  horizontal. 
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5.  Find  the  mechanical  advantage,  when  the  pulleys  are  4  in 
number,  and  each  is  of  weight  -^th  that  of  the  weight. 

6.  In  a  system  of  3  weightless  pulleys,  in  which  each  string  is 
attached  to  a  bar  which  carries  the  weight,  if  the  diameter  of  each 
pulley  be  2  inches,  find  to  what  point  of  the  bar  the  weight  should  be 
attached  so  that  the  bar  may  be  always  horizontal. 

7.  If  the  pulleys  be  equal,  and  the  power  be  equal  to  the  weight 
of  one  of  them,  and  the  number  of  pulleys  be  5,  shew  that  the  weight 
is  57  times  the  power.  , 

8.  In  the  third  system  of  3  pulleys,  if  the  weights  of  the  pulleys 
be  all  equal,  find  the  relation  of  the  power  to  the  weight  when  equi 
librium  is  established.     If  each  pulley  weigh  2  ounces,  what  weight 
would  be  supported  by  the  pulleys  only? 

If  the  weight  supported  be  25  Ibs.  wt.,  and  the  power  be.  3  Ibs.  wt., 
find  what  must  be  the  weight  of  each  pulley. 

9.  In  the  third  system  of  weightless  pulleys,  the  weight  is  sup 
ported  by  a  power  of  70  Ibs.     The  hook  by  which  one  of  the  strings  is 
attached  to  the  weight  breaks,  and  the  string  is  then  attached  to  the 
pulley  which  it  passed  over,  and  a  power  of  150  Ibs.  is  now  required. 
Find  the  number  of  pulleys  and  the  weight  supported. 

10.  In  the  third  system  of  weightless  pulleys,  if  the  string  round 
the  last  pulley  be  tied  to  the  weight,  shew  that  the  tension  of  the 
string  is  diminished  in  a  ratio  depending  on  the  number  of  pulleys. 

If  the  tension  be  decreased  in  the  ratio  16  :  15,  find  the  number  of 
pulleys. 

11.  In  the  system  of  pulleys  in  which  each  string  is  attached  to 
the  weight,  if  each  pulley  have  a  weight  w,  and  the  sum  of  the  weights 
of  the  pulleys  be  Wt  and  P  and  W  be  the  power  and  weight  in  this 
case,  shew  that  the  power  P  +  w  would  support  the  weight  W+Win 
the  same  system  if  the  pulleys  had  no  weight. 

12.  If  there  be  n  weightless  pulleys  and  if  a  string,  whose  ends 
are  attached  to  the  weights  P  and  W,  carry  a  pulley  from  which  a 
weight  W  is  suspended,  find  the  relation  between  P,  W,  and  W. 

13.  If  there  be  n  pulleys,  each  of  diameter  2a  and  of  negligible 
weight,  shew  that  the  distance  of  the  point  of  application  of  the 

2n 
weight  from  the  line  of  action  of  the  power  should  be  — — -  na. 


III.    The  Inclined  Plane. 

149.     The  Inclined  Plane,  considered  as  a  mechanical 
power,  is  a  rigid  plane  inclined  at  an  angle  to  the  horizon. 
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It  is  used  to  facilitate  the  raising  of  heavy  bodies. 

In  the  present  chapter  we  shall  only  consider  the  case 
of  a  body  resting  on  the  plane,  and  acted  upon  by  forces 
in  a  plane  perpendicular  to  the  intersection  of  the  inclined 
plane  and  the  horizontal,  i.e.,  in  a  vertical  plane  through 
the  line  of  greatest  slope. 

The  reader  can  picture  to  himself  the  line  of  greatest  slope  on  an 
inclined  plane  in  the  following  manner:  take  a  rectangular  sheet  of 


cardboard  ABCD,  and  place  it  at  an  angle  to  the  horizontal,  so  that 
the  line  AB  is  in  contact  with  a  horizontal  table :  take  any  point  P 
on  the  cardboard  and  draw  PM  perpendicular  to  the  line  AB ;  PM  is 
the  line  of  greatest  slope  passing  through  the  point  P. 

From  C  draw  CE  perpendicular  to  the  horizontal  plane  through 
AB,  and  join  BE.  The  lines  BC,  BE,  and  CE  are  called  respec 
tively  the  length,  base,  and  height  of  the  inclined  plane;  also  the 
angle  CBE  is  the  inclination  of  the  plane  to  the  horizon. 

150.  The  inclined  plane  is  supposed  to  be  smooth,  so 
that  the  only  reaction  between  it  and  any  body  resting 
on  it  is  perpendicular  to  the  inclined  plane. 

Since  the  plane  is  rigid,  it  is  capable  of  exerting  any 
reaction,  however  great,  that  may  be  necessary  to  give 
equilibrium. 

151.  A    body,  of  given  weight,  rests  on  an  inclined 
plane;   to   determine   the   relations   between   the  power,  the 
weight,  and  the  reaction  of  the  plane. 

Let  W  be  the  weight  of  the  body,  P  the  power,  and 
R  the  reaction  of  the  plane ;  also  let  a  be  the  inclination 
of  the  plane  to  the  horizon. 

L.  s.  12 
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Case  I.     Let  the  power  act  up  the  plane  along  the  line  of 
greatest  slope. 

Let  AC  be  the  inclined  plane,  AB  the  horizontal  line 


through  A,  DE  a  vertical  line,  and  let  the  perpendicular 
to  the  plane  through  D  meet  AB  in  F. 
Then  clearly 

LFDE  =  W-  tADE=  LDAE=a. 
By  Lami's  Theorem  (Art.  40),  since  only  three  forces 
act  on  the  body,  each  is  proportional  to  the  sine  of  the 
•angle  between  the  other  two. 

P  R  W 

"  sm  (It,  W) 
P 


l'6' 


'  sin  (180°-"^)  ~  sin  (90°  +  a)  ~  sin  9UJ  ' 


sin  a      cos  a 

/.   P=  W  sin  a,  and  .#=JFcosa. 
The  relation  (1)  may  be  written  in  the  form 

P  :R  :  W 
::  Height  of  plane  :  Base  of  plane  :  Length  of  plane. 

Otherwise  thus:    Resolve    W  along  and  perpendicular  to   the 
plane  ;  its  components  are 

W  cos  ADE,  i.e.,  W  sin  a,   along  DA, 
and  W  Bin  ADE,  i.e.,  W  cos  a,   along  DF. 

Henoe  P=  W  sin  a,   and   R  =  W  cos  a. 
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Case  II.     Let  the  power  act  horizontally. 


[In  this  case  we  must  imagine  a  small  hole  in  the  plane  at  D  through 
which  a  string  is  passed  and  attached  to  the  body,  or  else  that  the 
body  is  pushed  toward  the  plane  by  a  horizontal  force.] 


As  in  Case  I.,  we  have 


w 


_         _   _ 

sin  (R,   IF)  ~  sin  (  IF,  P)  ~  sin  (F~Tl)  ' 

P  JR  _  W 

'J  sin  (180°  -  a)  ~  slnTCT  "  sin  (90°Ta)  ' 

P        It        W 

i.e.,    .  —  =  T  =  -  ......  ..........  (1). 

sin  a        1       cos  a 


.'.   P-TFtana,  and  R= 

The  relation  (1)  may  be  written  in  the  form 

P  :  R  :  W 
::  Height  of  Plane  :  Length  of  Plane  :  Base  of  Plane. 

Otherwise  thus  :  The  components  of  W  along  and  perpendicular 
to  the  plane  are  W  sin  a  and  W  cos  a;  the  components  of  P,  similarly, 
are  P  cos  a  and  P  sin  a. 

.'.   P  cos  a  =  W  sin  a, 
and 


R  =  P  sin  a*  TFcos  a  =  W  [™*  +  cos  a]  =  W  ^  ±  ^  =  W  sec  a. 
LCOS  a  J  cos  a 

.'.  P=>Ftaua,    and   R  =  W  BCO  a. 

12—2 
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Case  III.     Let  the  power  act  at  an  angle  6  with  the 
inclined  plane. 


R/V 


By  Lami's  Theorem  we  have 
P  R 


W 


sin  (R,  W)  ~  sin  (  W,  P)      sin  (P,  R) ' 

P  R  W 


-  a)      sin  (90°  +  0  +  a)      sin  (90°  -  0) ' 

JP_  R  W 

''  sin  a  ~~  cos  (0  +  a)  ~  cos  6  ' 

o-in  n  r>r><z  (ft  J.  n\ 

and  R  =  I 


cos  6 


Otherwise  thus:    Kesolving  along  and    perpendicular    to    the 
plane,  we  have 

P  cos  d  =  W  sin  a, 


and 


-R  +  P  sin  0  =  W  cos  a. 


and 


_ 


cos  0 
cos  a  cos  0-sin  a  sin  6 


s  (a  +  0) 


It  will  be  noted  that  Case  III.  includes  both  Cases  I. 
and  II.  ;  if  we  make  0  zero,  we  obtain  Case  I.  ;  if  we  put 
0  equal  to  (  —  a),  we  have  Case  II. 
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152.  If  the  power  does  not  act  in  a  vertical  plane 
through  the  line  of  greatest  slope  there  could  not  be 
equilibrium  on  a  smooth  inclined  plane;  in  this  case  we 
could,  however,  have  equilibrium  if  the  inclined  plane  were 
rough.  We  shall  return  to  this  case  in  the  next  chapter. 

EXAMPLES.    XXIV. 

1.  What  force,  acting  horizontally,  could  keep  a  mass  of  16  Ibs. 
at  rest  on  a  smooth  inclined  plane,  whose  height  is  3  feet  and  length 
of  base  4  feet,  and  what  is  the  pressure  on  the  plane  ? 

2.  A  body  rests  on  an  inclined  plane,  being  supported  by  a  force 
acting  up  the  plane  equal  to  half  its  weight.     Find  the  inclination  of 
the  plane  to  the  horizon  and  the  reaction  of  the  plane. 

3.  A  rope,  whose  inclination  to  the  vertical  is  30°,  is  just  strong 
enough  to  support  a  weight  of  180  Ibs.  on  a  smooth  plane,  whose 
inclination  to  the  horizon  is  30°.     Find  approximately  the  greatest 
tension  that  the  rope  could  exert. 

4.  A  body  rests  on  a  plane,  inclined  at  an  angle  of  60°  to  the 
horizon,  and  is  supported  by  a  force  inclined  at  an  angle  of  30°  to  the 
horizon ;  shew  that  the  force  and  the  reaction  of  the  plane  are  each 
equal  to  the  weight  of  the  body. 

5.  A  body,  of  weight  2P,  is  kept  in  equilibrium  on  an  inclined 
plane  by  a  horizontal  force  P,  together  with  a  force  P  acting  parallel 
to  the  plane ;  find  the  ratio  of  the  base  of  the  plane  to  the  height  and 
also  the  pressure  on  the  plane. 

6.  A  body  rests  on  a  plane,  inclined  to  the  horizon  at  an  angle 
of  30°,  being  supported  by  a  power  inclined  at  30°  to  the  plane ;  find 
the  ratio  of  the  weight  of  the  body  to  the  power. 

7.  A  weight  is  supported  on  an  inclined  plane  by  a  force  inclined 
to  the  plane;   if  the  weight,  the  force,  and  the  pressure  be  as  the 
numbers  4,  3,  and  2,  find  the  inclination  of  the  plane  and  the  direction 
of  the  force. 

8.  A  body,  of  5  Ibs.  wt.,  is  placed  on  a  smooth  plane  inclined  at 
30°  to  the  horizon,  and  is  acted  on  by  two  forces,  one  equal  to  the 
weight  of  2  Ibs.  and  acting  parallel  to  the  plane  and  upwards,  and  the 
other  equal  to  P  and  acting  at  an  angle  of  30°  with  the  plane.     Find 
P  and  the  pressure  on  the  plane, 
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9.  Find  the  force  which  acting  up  an  inclined  plane  will  keep  a 
body,  of  10  Ibs.  weight,  in  equilibrium,  it  being  given  that  the  force, 
the  pressure   on  the  plane,    and   the   weight   of    the  body   are  in 
arithmetical  progreasion. 

10.  If  a  power  P,  acting  parallel  to  an  inclined  plane  and  sup 
porting  a  mass  of  weight  Wt  produces  on  the  plane  a  pressure  .#,  shew 
that  the  same  power,  acting  horizontally  and  supporting  a  mass  of 
weight  .R,  will  produce  on  the  plane  a  pressure  W. 

11.  Two  boards,  of  lengths  11  and  8  feet,  are  fixed  with  their 
lower  ends  on  a  horizontal  plane  and  their  upper  ends  in  contact ;  on 
these  planes  rest  bodies  of  weights  W  and  12  Ibs.  respectively,  which 
are  connected  by  a  string  passing  over  the  common  vertex  of  the 
boards ;  find  the  value  of  W. 

12.  A  number  of  loaded  trucks,  each  containing  1  ton,  on  one 
part  of  a  tramway  inclined  at  an  angle  a  to  the  horizon  supports 
an  equal  number  of  empty  trucks  on  another  part  whose  inclination  is 
/S.    Find  the  weight  of  a  truck. 

13.  A  body  rests  on  a  plane  inclined  to  the  horizon  at  an  angle  a; 
if  the  pressure  on  the  plane  be  equal  to  the  power  applied,  shew  that 
the  inclination  of  the  power  to  the  inclined  plane  is  90°  -  2a. 

14.  A  heavy  string  is  placed  with  a  portion  of  it  resting  on  a 
given  inclined  plane,  the  remaining  part  hanging  vertically  over  a 
small  pulley  at  the  top  of  the  plane.     Find  what  point  of  the  string 
should  be  placed  over  the  pulley  for  equilibrium. 

15.  On  two  inclined  planes,  of  equal  height,  two  weights  are 
respectively  supported,  by  means  of  a  string  passing  over  the  common 
vertex  and  parallel  to  the  planes ;  the  length  of  one  plane  is  double  its 
height,  and  the  length  of  the  other  plane  is  double  its  base;  shew 
that  the  pressure  on  one  plane  is  three  times  the  pressure  on  the 
other. 

16.  A  body,  of  weight  50  Ibs.,  is  in  equilibrium  on  a  smooth 
plane  inclined  at  an  angle  of  20°  20'  to  the  horizon  being  supported  by 
a  force  acting  up  the  plane ;  find  the  force  and  the  pressure  on  the 
plane. 

17.  A  body,  of  weight  20  Ibs. ,  rests  on  a  smooth  plane  inclined 
at  an  angle  of  25°  to  the  horizon,  being  supported  by  a  force  P  acting 
at  an  angle  of  35°  with  the  plane ;  find  P  and.  the  pressure  on  the 
plane. 

18.  A  body,  of  weight  30  Ibs.,  rests  on  a  smooth  plane  inclined 
at  an  angle  of  28°  15'  to  the  horizon,  being  supported  by  a  horizontal 
force  Pj  find  P  and  the  pressure  on  the  plane. 
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IV.    The  Wheel  and  Axle. 

153.     This    machine    consists    of    a    strong   circular 
cylinder,  or   axle,  terminating   in   two   pivots,  A   and  H, 


W 


which  can  turn  freely  on  fixed  supports.  To  the  cylinder 
is  rigidly  attached  a  'wheel,  CD,  the  plane  of  the  wheel 
being  perpendicular  to  the  axle. 

Round  the  axle  is  coiled  a  rope,  one  end  of  which  is 
firmly  attached  to  the  axle,  and  the  other  end  of  which  is 
attached  to  the  weight. 

Round  the  circumference  of  the  wheel,  in  a  direction 
opposite  to  that  of  the  .first  rope,  is  coiled  a  second  rope, 
having  one  end  firmly  attached  to  the  wheel,  and  having 
the  power  applied  at  its  other  end.  The  circumference  of 
the  wheel  is  grooved  to  prevent  the  rope  from  slipping  off. 

154.  To  find  the  relation  between  the  power  and  the 
weight. 

In  Art.  93,  we  have  shewn  that  a  body,  which  can  turn 
freely  about  a  fixed  axis,  is  in  equilibrium  if  the  algebraic 
sum  of  the  moments  of  the  forces  about  the  axis  vanishes. 
In  this  case,  the  only  forces  acting  on  the  machine  are  the 
power  P  and  the  weight  IF,  which  tend  to  turn  the  machine 
in  opposite  directions.  Hence,  if  a  be  the  radius  of  the  axle, 
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and  b  be  the  radius  of  the  wheel,  the  condition  of  equili 
brium  is 

P.b=W  .a. 

W 
Hence  the  mechanical  advantage  =  -^ 

b      radius  of  the  wheel 
~~  a     radius  of  the  axle 

165.     Theoretically,  by  making   the  quantity  -  very 

large,  we  can  make  the  mechanical  advantage  as  great  as 
we  please  ;  practically  however  there  are  limits.  Since  the 
pressure  of  the  fixed  supports  on  the  axle  must  balance  P 
and  W,  it  follows  that  the  thickness  of  the  axle,  i.e.,  2a, 
must  not  be  reduced  unduly,  for  then  the  axle  would  break. 
Neither  can  the  radius  of  the  wheel  in  practice  become  very 
large,  for  then  the  machine  would  be  unwieldy.  Hence  the 
possible  values  of  the  mechanical  advantage  are  bounded, 
in  one  direction  by  the  strength  of  our  materials,  and  in 
the  other  direction  by  the  necessity  of  keeping  the  size  of 
the  machine  within  reasonable  limits. 

156.  In  Art.  154  we  have  neglected  the  thicknesses  of 
the  ropes.  If,  however,  they  are  too  great  to  be  neglected, 
compared  with  the  radii  of  the  wheel  and  axle,  we  may 
take  them  into  consideration  by  supposing  the  tensions  of 
the  ropes  to  act  along  their  middle  threads. 

Suppose  the  radii  of  the  ropes  which  pass  round  the  axle 
and  wheel  to  be  x  and  y  respectively;  the  distances  from  the 
line  joining  the  pivots  at  which  the  tensions  now  act  are 
(a  +  x)  and  (6  +  y)  respectively.  Hence  the  condition  of 
equilibrium  is 


so  that 

P      sum  of  the  radii  of  the  axle  and  its  rope 
W  ~  sum  of  the  radii  of  the  wheel  and  its  rope  " 
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157.  Other  forms  of  the  Wheel  and  Axle  are  the 
Windlass  and  Capstan.  In  these  machines  the  power 
instead  of  being  applied,  as  in  Art.  153,  by  means  of  a  rope 
passing  round  a  cylinder,  is  applied  at  the  ends  of  a  spoke, 
or  spokes,  which  are  inserted  in  a  plane  perpendicular  to 
the  axle. 

In  the  Windlass  the  axle  is  horizontal,  and  in  the  Capstan 
it  is  vertical. 


In  the  latter  case  the  "  weight "  consists  of  the  tension 
T  of  the  rope  round  the  axle,  and  the  power  consists  of  the 
forces  applied  at  the  ends  of  bars  inserted  into  sockets  at 
the  point  A  of  the  axle.  The  condition  of  equilibrium 
may  be  obtained  as  in  Art.  154. 

*158.  Differential  Wheel  and  Axle.  A  slightly  modified  form  of 
the  ordinary  wheel  and  axle  is  the  differential  wheel  and  axle.  In  this 
machine  the  axle  consists  of  two  cylinders,  having  a  common  axis, 
joined  at  their  ends,  the  radii  of  the  two  cylinders  being  different. 
One  end  of  the  rope  is  wound  round  one  of  these  cylinders,  and  its 
other  end  is  wound  in  a  contrary  direction  round  the  other  cylinder. 
Upon  the  slack  portion  of  the  rope  is  slung  a  pulley  to  which  the 
weight  is  attached.  The  part  of  the  rope  which  passes  round  the 
smaller  cylinder  tends  to  turn  the  machine  in  the  same  direction  as 
the  power. 
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As  before,  let  6  be  the  radius  of  the  wheel  and  let  a  and  c  be  the 
radii  of  the  portion  A  G  and  CB  of  the  axle,  a  being  the  smaller. 

Since  the  pulley  is  smooth,  the  tension  T  of  the  string  round  it  is 
the  same  throughout  its  length,  and  hence,  for  the  equilibrium  of  the 
weight,  we  have  T=%W. 


Taldng  moments  about  the  line  AB  for  the  equilibrium  of  the 
machine,  we  have 


c-a     Wc-a 

~=~~ 


Hence  the  mechanical  advantage 


c- 


By  making  the  radii  c  and  a  of  the  two  portions  of  the  axle  very 
nearly  equal,  we  can  make  the  mechanical  advantage  very  great,  with 
out  unduly  weakening  the  machine. 


EXAMPLES,  xxv. 


1.  If  the  radii  of  the  wheel  and  axle  be  respectively  2  feet  and 
3  inches,  find  what  power  must  be  applied   to   raise  a  weight  of 
56  Ibs. 

2.  If  the  radii  of  the  wheel  and  axle  be  respectively  30  inches 
and  5  inches,  find  what  weight  would  be  supported  by  a  force  equal 
to  the  weight  of  20  Ibs.,  and  find  also  the  pressures  on  the  supports  on 
which  the  axle  rests. 

If  the  thickness  of  the  ropes  be  each  1  inch,  find  what  weight  would 
now  be  supported. 
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3.  If  by  means  of  a  wheel  and  axle  a  power  equal  to  3  Ibs.  weight 
balance  a  weight  of  30  Ibs.,  and  if  the  radius  of  the  axle  be  2  inches, 
what  is  the  radius  of  the  wheel  ? 

4.  The  axle  of  a  capstan  is  16  inches  in  diameter  and  there  are 
8  bars.     At  what  distance  from  the  axis  must  8  men  push,  1  at  each 
bar  and  each  exerting  a  force  equal  to  the  weight  of  26§  Ibs.,  in  order 
that  they  must  just  produce  a  strain  sufficient  to  raise  the  weight  of 
1  ton? 

5.  Four  sailors  raise  an  anchor  by  means  of  a  capstan,  the  radius 
of  which  is  4  ins.  and  the  length  of  the  spokes  6  feet  from  the  capstan  ; 
if  each  man  exert  a  force  equal  to  the  weight  of  112  Ibs.,  find  the 
weight  of  the  anchor. 

6.  Four  wheels  and  axles,  in  each  of  which  the  radii  are  in  the 
ratio  of  5  : 1,  are  arranged  so  that  the  circumference  of  each  axle  is 
applied  to  the  circumference  of  the  next  wheel ;  what  power  is  required 
to  support  a  weight  of  1875  Ibs.  ? 

7.  The  radii  of  a  wheel  and  axle  are  2  feet  and  2  ins.  respectively, 
and  the  strings  which  hang  from  them  are  tied  to  the  two  ends  of  a 
uniform  rod,  2  feet  2  ins.  in  length  and  10  Ibs.  in  weight ;  what  weight 
must  be  also  hung  from  one  of  the  strings  that  the  rod  may  hang 
in  a  horizontal  position  ? 

8.  A  pulley  is  suspended  by  a  vertical  loop  of  string  from  a  wheel- 
and-axle  and  supports  a  weight  of  1  cwt. ,  one  end  of  the  string  being 
wound  round  the  axle  and  the  other  in  a  contrary  direction  round  the 
wheel.     Find  the  power  which  acting  at  one  end  of  an  arm,  2  feet  in 
length,  so  as  to  turn  the  axle,  will  support  the  weight,  assuming  the 
radii  of  the  wheel  and  axle  to  be  1  foot  and  2  ins. 

Q.  In  the  Differential  Wheel  and  Axle,  if  the  radius  of  the  wheel 
be  1  foot  and  the  radii  of  the  two  portions  of  the  axle  be  5  and  4  ins. 
respectively,  what  power  will  support  a  weight  of  56  Ibs.  ? 

10.  In  the  Differential  Wheel  and  Axle,  if  the  radius  of  the  wheel 
be  18  ins.  and  the  radii  of  the  two  portions  of  the  axle  be  6  and  4  ins. 
respectively,  what  weight  will  be  supported  by  a  power  equal  to  20  Ibs. 
weight  ? 

11.  In  a  wheel  and  axle  the  radius  of  the  wheel  is  1  foot  and  that 
of  the  axle  is  1  inch  ;  if  2  weights,  each  10  Ibs.,  be  fastened  to  2  points 
on  the  rim  of  the  wheel,  so  that  the  line  joining  them  subtends  an 
angle  of  120°  at  the  centre  of  the  wheel,  find  the  greatest  Weight 
which  can  be  supported  by  a  string  hanging  from  the  axle  in  the  usual 
way. 
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V.    The  Common  Balance. 

V 

159.  The  Common  Balance  consist^  of  a  rigid  beam 
AB  (Art.  160),  carrying  a  scale-pan  suspended  from  each 
end,  which  can  turn  freely  about  a  fulcrum  0  outside  the 
beam.    ^Fhe  fulcrum  and  the  beam  are  rigidly  connected 
and,  if'  trie  balance  be  well    constructed,  at  the  point  0 
is  a;hard   steel  wedge,  whose  edge   is   turned   downward 
and  "which  rests  on  a  small  plate  of  agate. 

The  body  to  be  weighed  is  placed  in  one  scale-pan  and 
in  the  other  are  placed  weights,  whose  magnitudes  are 
known ;  these  weights  are  adjusted  until  the  beam  of  the 
balance  rests  in  a  horizontal  position.  If  OH  be  perpen 
dicular  to  the  beam,  and  the  arms  HA  and  HB  be  of  equal 
length,  and  if  the  centre  of  gravity  of  the  beam  lie  in 
the  line  Off,  and  the  scale-pans  be  of  equal  weight,  then 
the  weight  of  the  body  is  the  same  as  the  sum  of  the 
weights  placed  in  the  other  scale-pan. 

If  the  weight  of  the  body  be  not  equal  to  the  sum  of 
the  weights  placed  in  the  other  scale-pan,  the  balance 
will  not  rest  with  its  beam  horizontal,  but  will  rest  with 
the  beam  inclined  to  the  horizon. 

In  the  best  balances  the  beam  is  usually  provided  with 
a  long  pointer  attached  to  the  beam  at  II.  The  end  of 
this  pointer  travels  along  a  graduated  scale  and,  when 
the  beam  is  horizontal,  the  pointer  is  vertical  and  points 
to  the  zero  graduation  on  the  scale. 

160.  To  find  the  position  of  equilibrium  of  a  balance 
when  the  weights  placed  in  the  scale-pans  are  not  equal. 

Let  the  weights  placed  in  the  scale-pans  be  P  and  W, 
the  former  being  the  greater ;  let  S  be  the  weight  of  each 
scale-pan,  and  let  the  weight  of  the  beam  (and  the  parts 

I 
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rigidly   connected   with   it)   be   W,  acting   at   a   point   K 
on  OH. 

When  in  equilibrium  let  the  beam  be  inclined  at  an 
angle  0  to  the  horizontal,  so  that  OH  is  inclined  at  the 
same  angle  6  to  the  vertical. 


w+s 


Let  OH  and  OK  be  h  and  k  re~spectively,  and  let  the 
length  of  AH  or  HE  be  a. 

Let  horizontal  lines  through  0  and  II  meet  the  vertical 
lines  through  the  ends  A  and  B  of  the  beam  in  the  points 
L,  My  L'  and  M'  respectively. 

Also  let  the  vertical  lines  through  II  and  K  meet  LM 
in  F  and  G  respectively. 

When  the  system  is  in  equilibrium,  the  moments  of 
the  forces  about  0  must  balance. 


i.e.,  (P  +  S)(FL-FO)  =  (W  +  S)(FM+OF)  +  W  .  OG, 
.'.  (P  +  3)(acosO-h  sin  6)  =  (W+  S)  (a  cosO  +  h  sin  6) 

+  W'.k  sin  0, 
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[For       OF~  OH  cos  FOH  =  h  sin  0  ;     OG  =  OK  sin  0  ; 
and  PL  =  ML'  —  a  cos  0.] 

/.   a  cos  0  (P  -W)  =  sin  0  [TT&  +  (P  +  TF+  2£)  /*]. 

•'•  tan  ^  =  ' 


161.     Requisites  of  a  good  balance. 

(1)  The  balance  must  be  true. 

This  will  be  the  case  if  the  arms  of  the  balance  be 
equal,  if  the  weights  of  the  scale-pans  be  equal,  and  if 
the  centre  of  gravity  of  the  beam  be  on  the  line  through 
the  fulcrum  perpendicular  to  the  beam  ;  for  the  beam  will 
now  be  horizontal  when  equal  weights  are  placed  in  the 
scale-pans. 

To  test  whether  the  balance  is  true,  first  make  the 
beam  horizontal  by  putting  sufficient  weights  in  one  scale- 
pan  to  balance  the  weight  of  a  body  placed  in  the  other  ; 
now  interchange  the  body  and  the  weights;  if  they  still 
balance  one  another,  the  balance  must  be  true;  if  in  the 
second  case  the  beam  assumes  any  position  inclined  to  the 
vertical,  the  balance  is  not  true. 

(2)  The  balance  must  be  sensitive,  i.e.,  the  beam  must, 
for  any  difference,   however    small,   between  the   weights 
in  the  scale-pans,  be  inclined  at  an  appreciable  angle  to 
the  horizon. 

For  a  given  difference  between  P  and  TP,  the  greater 
the  inclination  of  the  beam  to  the  horizon  the  more  sensitive 
is  the  balance  ;  also  the  less  the  difference  between  the 
weights  required  to  produce  a  given  inclination  0,  the 
greater  is  the  sensitiveness  of  the  balance. 
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Hence,  when  P  —  W  is  given,  the  sensitiveness  varies  as 
tan  6  ,  also  when  0  is  given  it  varies  as 

1 

P-W 

The  sensitiveness  is  therefore  appropriately  measured  by 
tan  0 


-  (Art-160-) 


Hence,  to  make  the  balance  as  sensitive  as  possible, 
the  arm  a  should  be  fairly  long  and  the  distances  h  and  k 
should  be  small,  and  the  weight  W  of  the  beam  as  small 
as  is  consistent  with  the  length  and  rigidity  of  the 
machine. 

We  must  not  make  h  and  k  zero  ;  for  then  the  points 
0  arid  K  would  both  coincide  with  H.  In  this  case  the 
balance  would  either  when  the  weights  in  the  scale-pans 
were  equal,  be,  as  in  Art.  140,  in  equilibrium  in  any 
position  or  else,  if  the  weights  in  the  scale-pans  were  not 
equal,  it  would  take  up  a  position  as  nearly  vertical  as 
the  mechanism  of  the  machine  would  allow. 

(3)  The  balance  must  be  stable  and  must  quickly  take 
up  its  position  of  equilibrium. 

The  determination  of  the  time  taken  by  the  machine  to 
take  up  its  position  of  equilibrium  is  essentially  a  dynamical 
question.  We  may  however  assume  that  this  condition 
is  best  satisfied  when  the  moment  of  the  forces  about  the 
fulcrum  0  is  greatest.  When  the  weights  in  the  scale-pans 
are  each  P,  the  moment  of  the  forces  tending  to  restore 
equilibrium 
=  (P  +  S)  (a  cos  6  +  h  sin  0)-(P  +  S)  (a  cos  6-h  sin  0) 

+  W  .  &  sin  0 
=  [2  (P  +  S)  h+W.  k]  sin  0. 
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This  expression  is  greatest  when  h  and  k  are  greatest. 

Since  the  balance  is  most  sensitive  when  h  and  k  are 
small,  and  most  stable  when  these  quantities  are  large,  we 
see  that  in  any  balance  great  sensitiveness  and  quick  weigh 
ing  are  to  a  certain  extent  incompatible.  In  practice  this 
is  not  very  important ;  for  in  balances  where  great  sensi 
tiveness  is  required  (such  as  balances  used  in  a  laboratory) 
we  can  afford  to  sacrifice  quickness  of  weighing ;  the  oppo 
site  is  the  case  when  the  balance  is  used  for  ordinary  com 
mercial  purposes. 

To  insure  as  much  as  possible  both  the  qualities  of 
sensitiveness  and  quick  weighing,  the  balance  should  be 
made  with  fairly  light  long  arms,  and  at  the  same  time 
the  distance  of  the 'fulcrum  from  the  beam  should  be 
considerable, 

162.  Double  weighing.    By  this  method  the  weight 
of  a  body  may  be  accurately  determined  even  if  the  balance 
be  not  accurate. 

Place  the  body  to  be  weighed  in  one  scale-pan  and  in 
the  other  pan  put  sand,  or  other  suitable  material,  sufficient 
to  balance  the  body.  Next  remove  the  body,  and  in  its 
place  put  known  weights  sufficient  to  again  balance  the 
sand.  The  weight  of  the  body  is  now  clearly  equal  to  the 
sum  of  the  weights. 

This  method  is  used  even  in  the  case  of  extremely  good 
machines  when  very  great  accuracy  is  desired. 

163.  Ex.  1.     The  arms  of  a  balance  are  equal  in  length  but  the 
beam  is  unjustly  loaded  ;  if  a  body  be  placed  in  each  scale-pan  in  suc 
cession  and  weighed,  shew  that  its  true  weight  is  the  arithmetic  mean 
between  its  apparent  weights. 

For  let  the  length  of  the  arms  be  a,  and  let  the  horizontal  distance 
of  the  centre  of  gravity  of  the  beam  from  the  fulcrum  be  x. 

Let  a  body,  whose  true  weight  is  W,  appear  to  weigh  Wl  and  JFa 
successively. 
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If  W  be  the  weight  of  the  beam,  we  have 

W  .a=W.x  +  W1.at 

and  W^.a  =  W.x+W.a. 

Hence,  by  subtraction, 

(IV  -W2)  a  =  (Wl-W)a. 


=  arithmetic  mean  between  the 
apparent  weights. 

ETC.  2.  The  arms  of  a  balance  are  of  unequal  length,  but  the  beam 
remains  in  a  horizontal  position  when  the  scale-pans  are  not  loaded; 
shew  that,  if  a  body  be  placed  successively  in  each  scale-pan,  its  true 
weight  is  the  geometrical  mean  between  its  apparent  weights. 

Shew  also  that  if  a  tradesman  appear  to  weigh  out  equal  quantities 
of  the  same  substance,  using  alternately  each  of  the  scale-pans,  he  will 
defraud  himself. 

Since  the  beam  remains  horizontal  when  there  are  no  weights  in 
the  scale-pans,  it  follows  that  the  centre  of  gravity  of  the  beam  and 
scale-pans  must  be  vertically  under  the  fulcrum. 

Let  a  and  6  be  the  lengths  of  the  arms  of  the  beam  and  let  a  body, 
whose  true  weight  is  IF,  appear  to  weigh  W^  and  TF"2  successively. 

Hence  W  .a  =  Wl.b  ..............................  (1), 

and  W2.a  =  W  .  b  ..............................  (2). 

Hence,  by  multiplication,  we  have 


i.e.,  the  true  weight  is  the  geometrical  mean  between  the  apparent 
weights. 

Again,  if  the  tradesman  appear  to  weigh  out  in  succession  quan 
tities  equal  to  W,  he  really  gives  his  customers  Wt  +  W.2. 

Now 


ah  ab 

Now,  whatever  be  the  values  of  a  and  6,  the  right-hand  member  of 
this  equation  is  always  positive,  so  that  Wl+W2  is  always  >  217. 
Hence  the  tradesman  defrauds  himself. 

Numerical  example.  If  the  lengths  of  the  arms  be  11  and  12  ins. 
respectively,  and  if  the  nominal  quantity  weighed  be  66  Ibs.  in  each 
case,  the  real  quantities  are  f£  .  66  and  }^  .  66,  i.e.,  60J  and  72, 
i.e.,  132|-  Ibs.,  so  that  the  tradesman  loses  £  Ib. 

L.  8.  13 
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Ex.  3.  If  a  balance  be  unjustly  Weighted,  and  have  unequal  arms, 
and  if  a  tradesman  weigh  out  to  a  customer  a  quantity  2W  of  some  sub 
stance  by  weighing  equal  portions  in  the  two  scale-pans,  shew  that  he 
will  defraud  himself  if  the  centre  of  gravity  of  the  beam  be  in  the  longer 
arm. 

Let  a  and  b  be  the  lengths  of  the  arms  ;  and  let  the  weight  W  of 
the  machine  act  at  a  point  in  the  arm  b  at  a  distance  x  from  the 
fulcrum.  Let  a  body  of  weight  Wt  placed  in  the  two  pans  in  suc 
cession,  be  balanced  by  Wl  and  W%  respectively.  Then  we  have 


and  TF2  .  a-  W  .  b  +  W  .  x. 


ab  ab 

If  b  be>a,  the  right-hand  member  of  this  equation  is  positive,  and 
then  Wl+Wzis>2W. 

Hence,  if  the  centre  of  gravity  of  the  beam  be  in  the  longer  arm,' 
the  tradesman  will  defraud  himself. 


EXAMPLES.    XXVL 

1.  The  only  fault  in  a  balance  being  the  unequalness  in  weight 
of  the  scale-pans,  what  is  the  real  weight  of  a  body  which  balances 
10  Ibs.  when  placed  in  one  scale-pan,  and  12  Ibs.  when  placed  in  the 
other  ? 

2.  The  arms  of  a  balance  are  8|  and  9  ins.  respectively,  the  goods 
to  be  weighed  being  suspended  from  the  longer  arm ;  find  the  real 
weight  of  goods  whose  apparent  weight  is  27  Ibs. 

3.  One  scale  of  a  common  balance  is  loaded  so  that  the  apparent 
weight  of  a  body,  whose  true  weight  is  18  ounces,  is  20  ounces ;  find 
the  weight  with  which  the  scale  is  loaded. 

4.  A  substance,  weighed  from  the  two  arms   successively  of  a 
balance,  has  apparent  weights  9  and  4  Ibs.     Find  the  ratio  of  the 
lengths  of  the  arms  and  the  true  weight  of  the  body. 

5.  A  body,  when  placed  in  one  scale-pan,  appears  to  weigh  24  Ibs. 
and,  when  placed  in  the  other,  25  Ibs.     Find  its  true  weight  to  three 
places  of  decimals,  assuming  the  arms  of  the  scale-pans  to  be  of 
unequal  length. 

6.  A  piece  of  lead  in  one  pan  A  of  a  balance  is  counterpoised  by 
100  grains  in  the  pan  B  ;  when  the  same  piece  of  lead  is  put  into  the 
pan  B  it  requires  104  grains  in  A  to  balance  it ;  what  is  the  ratio  of 
the  length  of  the  arms  of  the  balance  ? 
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7.  A  body,  placed  in  a  scale-pan,  is  balanced  by  10  Ibs.  placed  in 
the  other  pan ;  when  the  position  of  the  body  and  the  weights  are 
interchanged,  11  Ibs.  are  required  to  balance  the  body.    If  the  length 
of  the  shorter  arm  be  12  ins.,  find  the  length  of  the  longer  arm  and 
the  weight  of  the  body. 

8.  The  arms  of  a  false  balance,  whose  weight  is  neglected,  are  in 
the  ratio  of  10  :  9.     If  goods  be  alternately  weighed  from  each  arm, 
shew  that  the  seller  loses  |th  per  cent. 

9.  If  the  arms  of  a  false  balance  be  8  and  9  ins.  long  respectively, 
find  the  prices  really  paid  by  a  person  for  tea  at  two  shillings  per  lb., 
if  the  tea  be  weighed  out  from  the  end  of  (1)  the  longer,  (2)  the  shorter 
arm. 

10.  A  dealer  has  correct  weights,  but  one  arm  of  his  balance  is 
^jth  part  shorter  than  the  other.     If  he  sell  two  quantities  of   a 
certain  drug,  each  apparently  weighing  9^  Ibs.,  at  40s.  per  lb.,  weigh 
ing  one  in  one  scale  and  the  other  in  the  other,  what  will  he  gain  or 
lose? 

11.  When  a  given  balance  is  loaded  with  equal  weights,  it  is 
found  that  the  beam  is  not  horizontal,  but  it  is  not  known  whether 
the  arms  are  of  unequal  length,  or  the  scale-pans  of  unequal  weight ; 
51*075  grains  in  one  scale  balance  51-362  in  the  other,  and  25 '592 
grains  balance  25-879  grains ;  shew  that  the  arms  are  equal,  but  that 
the  scale-pans  differ  in  weight  by  -287  grains. 

12.  P  and  Q  balance  on  a  common  balance ;  on  interchanging 
them  it  is  found  that  we  must   add  to    Q   one-hundredth   part  of 
itself;  what  is  the  ratio  of  the  arms  and  the  ratio  of  P  to  Q? 

13.  A  true  balance  has  one  scale  unjustly  loaded;  if  a  body  be 
successively  weighed  in  the  two  scales  and  appear  to  weigh  P  and 
Q  pounds  respectively,  find  the  amount  of  the  unjust  load  and  also 
the  true  weight  of  the  body. 

14.  The  arms  of  a  false  balance  are  unequal  and  the  scale 
loaded;  a  body,  whose  true  weight  is  P  Ibs.,  appears  to  weigh  w  Ibs. 
when  placed  in  one  scale  and  tc'  Ibs.  when  placed  in  the  other ;  find 
the  ratio  of  the  arms  and  the  weight  with  which  the  scale  is  loaded. 

15.  In  a  loaded  balance  with  unequal  arms,  P  appears  to  weigh 
Q,  and  Q  appears  to  weigh  R ;  find  what  R  appears  to  weigh. 

16.  A  piece  of  wood  in  the  form  of  a  long  wedge,  of  uniform 
width,  one  end  being  £-inch  and  the  other  £-inch  thick,  is  suspended 
by  its  centre  of  gravity  and  used  as  the  beam  of  a  balance,  the  goods 
to  be  weighed  being  suspended  from  the  longer  arm ;  find  the  true 
weight  of  goods  whose  apparent  weight  is  20  Ibs. 

17.  The  arms  of  a  false  balance  are  a  and  6,  and  a  weight  W 
balances  P  at  the  end  of  the  shorter  arm  b,  and  Q  at  the  end  of  the 
arm  a ;  shew  that 

a     P-  W 
ft— HTTg' 

13—2 
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18.  If  a  man,  sitting  in  one  scale  of  a  weighing-machine,  press 
with  a  stick  against  any  point  of  the  beam  between  the  point  from 
which  the  scale  is  suspended  and  the  fulcrum,  shew  that  he  will 
appear  to  weigh  more  than  before. 

VI.    The  Steelyards. 

1 64.  The  Common,  or  Roman,  Steelyard  is  a  machine 
for  weighing  bodies  and  consists  of  a  rod,  AB,  movable 
about  a  fixed  fulcrum  at  a  point  C. 

At  the  point  A  is  attached  a  scale-pan  which  contains 
the  body  to  be  weighed,  and  on  the  arm  CB  slides  a  movable 

GO O*ix.,x,         x 
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weight  P.  The  point  at  which  /'  must  be  placed,  in  order 
that  the  beam  may  rest  in  a  horizontal  position,  determines 
the  weight  of  the  body  in  the  scale-pan.  The  arm  CB  has 
numbers  engraved  on  it  at  different  points  of  its  length,  so 
that  the  graduation  at  which  the  weight  P  rests  gives  the 
weight  of  the  body. 

165.  To  graduate  the  Steelyard.  Let  W  be  the  weight 
of  the  steelyard  and  the  scale-pan,  arid  let  G  be  the  point 
of  the  beam  through  which  W  acts.  The  beam  is  usually 
constructed  so  that  G  lies  in  the  shorter  arm  AC. 

When  there  is  no  weight  in  the  scale-pan,  let  0  be  the 
point  in  CB  at  which  the  movable  weight  P  must  be  placed 
to  balance  W '. 

Taking  moments  about  C,  we  have 

W  .  GC  =  P  .  CO (i). 

This  condition  determines  the  position  of  the  point  0 
which  is  the  zero  of  graduation. 
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When  the  weight  in  the  scale-pan  is  W,  let  X  be  the 
point  at  which  P  must  be  placed.  Taking  moments,  we 

have 

W.CA  +  W  .  GC  =  P  .  CX (ii). 

By  subtracting  equation  (i)  from  equation  (ii),  we  have 
W  .  CA  =  P  .  OX. 

•'.  OX=^.CA (iii). 

First,  let  W-P\  then,  by  (iii),  we  have 
OX  =  CA. 

Hence,  if  from  0  we  measure  off  a  distance  OX^  (—  CA), 
and  if  we  mark  the  point  X^  with  the  figure  1,  then, 
when  the  movable  weight  rests  here,  the  body  in  the 
scale-pan  is  P  Ibs. 

Secondly,  let  TF=  '2P  •  then,  from  (iii),  OX  =20 A. 

Hence  from  0  mark  off  a  distance  2(7 A,  arid  at  the 
extremity  put  the  figure  2.  Thirdly,  let  W=3P;  then, 
from  (iii),  OX=  3(7-4,  and  we  therefore  mark  off"  a  distance 
from  0  equal  to  3CAt  and  mark  the  extremity  with  the 
figure  3. 

Hence,  to  graduate  the  steelyard,  we  must  mark  off  from 
0  successive  distances  CA,  2(7-4,  3(7-4,...  and  at  their  ex 
tremities  put  the  figures  1,  2,  3,  4,....  The  intermediate 
spaces  can  be  subdivided  to  shew  fractions  of  P  Ibs. 

If  the  movable  weight  be  1  lb.,  the  graduations  will 
shew  pounds. 

Cor.  Since  the  distances  between  successive  gradu 
ations  are  equal,  it  follows  that  the  distances  of  the  points 
of  graduations  from  the  fulcrum,  corresponding  to  equal 
increments  of  weight,  form  an  arithmetical  progression 
whose  common  difference  is  the  distance  between  the  fulcrum 
and  the  point  at  which  the  body  to  be  weighed  is  attached- 
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166.  When  the  centre  of  gravity  G  of  the  machine  is  in  the  longer 
arm,  the  point  O  from  which  the  graduations  are  to  be  measured  must 
lie  in  the  shorter  arm.  The  theory  will  be  the  same  as  before,  except 
that  in  this  case  we  shall  have  to  add  the  equations  (i)  and  (ii). 

167.  The  Danish  steelyard  consists  of  a  bar  AB,  ter 
minating  in  a  heavy  knob,  or  ball,  B.  At  A  is  attached  a 
scale-pan  in  which  is  placed  the  body  to  be  weighed. 


I  433y\l  J^ 

mw 

The  weight  of  the  body  is  determined  by  observing 
about  what  point  of  the  bar  the  machine  balances. 

[This  is  usually  done  by  having  a  loop  of  string,  which  can  slide 
along  the  bar,  and  finding  where  the  loop  must  be  to  give  equi 
librium.] 

168.  To  graduate  the  Danish  steelyard.  Let  P  be  the 
weight  of  the  bar  and  scale-pan,  and  let  G  be  their  common 
centre  of  gravity.  When  a  body  of  weight  W  is  placed  in 
the  scale  pan,  let  X  be  the  position  of  the  fulcrum. 

By  taking  moments  about  X,  we  have 

AX  .  W  =  XG  .  P  =  (AG-  AX) .  P. 
.%  AX(P+  W)  =  P  .  AG. 

First,  let  17=  P;  then  AX=  \AG. 

Hence  bisect  AG  and  at  the  middle  point,  Xl,  engrave 
the  figure  1 ;  when  the  steelyard  balances  about  this  point 
the  weight  of  the  body  in  the  scale-pan  is  P. 

Secondly,  let  W=2P;  then 
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Take  a  point  at  a  distance  from  A  equal  to  ^AG  and 
mark  it  2. 

Next,  let  W  in  succession  be  equal  to  3P,  4P,  .  .  .  ;  from 
(i),  the  corresponding  values  of  AX  are  ^AG,  ±AG,  —  Take 
points  of  the  bar  at  these  distances  from  A  and  mark  them 
3,  4,... 

Finally,  let     W  =  JP  ;  then,  from  (i),  AX  =  %AG; 
and  let  W=*P;  then,  from  (i),  AX  =  \AG. 

Take  points  whose  distances  from  A  are  %AGt  %AG, 
^AG,.  ..,  and  mark  them  J,  ^,  J,.... 

It  will  be  noticed  that  the  point  G  can  be  easily  de 
termined;  for  it  is  the  position  of  the  fulcrum  when  the 
steelyard  balances  without  any  weight  in  the  scale-pan. 

Cor.  Since  AXlt  AXa,  AXS,...  are  inversely  propor 
tional  to  the  numbers  2,  3,  4,  ...  they  form  an  harmonical 
progression;  hence  the  distances  of  the  points  of  graduation 
from  the  scale-pan  (corresponding  to  equal  increments  of 
the  body  to  be  weighed)  are  in  harmonical  progression. 

169.  Ex.  A  Danish  steelyard  weighs  6  Ibs.,  and  the  distance  of 
its  centre  of  gravity  from  the  scale-pan  is  3  feet;  find  the  distances  of 
the  successive  points  of  graduation  from  the  fulcrum. 

Taking  the  notation  of  the  preceding  article,  we  have  P=6,  and 
4G  =  3  feet. 


when  W=I,  AX1=*?  =  2j  feet, 
when  W=  2,  AXZ  =  ^  =  2£  feet, 
when  TT=8,  AXS=  */-  =  2  feet, 


when  W  =  l,  4J^" 
and  so  on. 

These  give  the  required  graduations. 
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EXAMPLES.    XXVII. 

1.  A  common  steelyard  weighs  10  Ibs. ;  the  weight  is  suspended 
from  a  point  4  iuches  from  the  fulcrum,  and  the  centre  of  gravity  of 
the  steelyard  is  3  inches  on  the  other  side  of  the  fulcrum ;  the  movable 
weight  is  12  Ibs. ;  where  should  the  graduation  corresponding  to  1  cwt. 
be  situated? 

2.  A  heavy  tapering  rod,  14£  inches  long  and  of  weight  3  Ibs., 
has  its  centre  of  gravity  If  inches  from  the  thick  end  and  is  used  as 
a  steelyard  with  a  movable  weight  of  2  Ibs. ;  where  must  the  fulcrum 
be  placed,  so  that  it  may  weigh  up  to  12  Ibs.,  and  what  are  the  inter 
vals  between  the  graduations  that  denote  pounds  ? 

3.  In  a  steelyard,  in  which  the  distance  of  the  fulcrum  from  the 
point  of  suspension  of  the  weight  is  one  inch  and  the  movable  weight 
is  6  ozs.,  to  weigh  15  Ibs.  the  weight  must  be  placed  8  inches  from  the 
fulcrum ;  where  must  it  be  placed  to  weigh  24  Ibs.  ? 

4.  The  fulcrum  is  distant  1\  inches  from  the  point  at  which  are 
suspended  the  goods  to  be  weighed,  and  is  distant  2  inches  from  the 
centre  of  gravity  of  the  bar;  the  bar  itself  weighs  3  Ibs.  and  a  2  Ib. 
weight  slides  on  it.     At  what  distance  apart   are  the   graduations 
marking  successive  pounds'  weight,  and  what  is  the  least  weight  that 
can  be  weighed  ? 

5.  A  steelyard,  A B,  4  feet  long,  has  its  centre  of  gravity  11  inches, 
and  its  fulcrum  8  inches,  from  A.     If  the  weight  of  the  machine  be 
4  Ibs.  and  the  movable  weight  be  3  Ibs.,  find  how  many  inches  from  B 
is  the  graduation  marking  15  Ibs. 

6.  A  uniform  bar,  AB,  2  feet  long  and  weighing  3  Ibs.,  is  used 
as  a  steelyard,  being  supported  at  a  point  4  inches  from  A.    Find 
the  greatest  weight  that  can  be  weighed  with  a  movable  weight  of 
2  Ibs.,  and  find  also   the  point   from  which    the    graduations    are 
measured. 

7.  A  uniform  rod  being  divided  into  20  equal  parts,  the  fulcrum  is 
placed  at  the  first  graduation.     The  greatest  and  least  weights  which 
the  instrument  can  weigh  are  20  and  2  Ibs. ;  find  its  weight  and  the 
magnitude  of  the  movable  weight. 

8.  A  uniform  rod,  2  feet  long  and  of  weight  3  Ibs.,  is  used  as 
a  steelyard,  whose  fulcrum  is  2  inches  from  one  end.  the  sliding 
weight  being  1  Ib.     Find  the  greatest  and  the  least  weights  that  can 
be  measured. 

Where  should  the  sliding  weight  be  to  shew  20  Ibs.  ? 

9.  The  beam  of  a  steelyard  is  33  inches  in  length  ;  the  fulcrum  is 
distant  4  inches  and  the  centre  of  gravity  of  the  beam  5£  incbes  from 
the  point  of  attachment  of  the  weight ;  if  the  weight  of  the  beam  be 
fi  Ibs.  and  the  heaviest  weight  that  can  be  weighed  be  24  Ibs.,  find  the 
magnitude  of  the  movable  weight. 
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10.  A  steelyard  is  formed  of  a  uniform  bar,  3  feet  long  and 
weighing  2£  Ibs.,  and  the  fulcrum  is  distant  4  inches  from  one  end;  if 
the  movable  weight  be  1  lb.,  find  the  greatest  and  least  weights  that 
can  be  weighed  by  the  machine  and  the  distance  between  the  gradua 
tions  when  it  is  graduated  to  shew  pounds. 

11.  A  common  steelyard,  supposed  uniform,  is  40  inches  long, 
the  weight  of  the  beam  is  equal  to  the  movable  weight,  and  the  greatest 
weight  that  can  be  weighed  by  it  is  four  times  the  movable  weight ; 
find  the  position  of  the  fulcrum. 

12.  In  a  Danish  steelyard  the  distance  between  the  zero  gradu 
ation  and  the  end  of  trie  instrument  is  divided  into  20  equal  parts  and 
the  greatest  weight  that  can  be  weighed  is  3  Ibs.  9  ozs. ;  find  the  weight 
of  the  instrument. 

13.  Find  the  length  of  a  Danish  steelyard,  whose  weight  is  1  lb., 
and  in  which  the  distance  between  the  graduations  denoting  4  and 
5  Ibs.  is  one  inch. 

14.  In  a  Danish  steelyard  the  fulcrum  rests  halfway  between  the 
first  and  second  graduation  ;  shew  that  the  weight  in  the  scale-pan  is 
gths  of  the  weight  of  the  bar. 

15.  If  the  weight  of  a  steelyard  be  worn  away  to  one-half,  its 
length  and  centre  of  gravity  remaining  unaltered,  what  corrections 
must  be  applied  to  make  the  weighing  true,  if  the  distance  of  the  zero 
point  of  graduation  from  the  fulcrum  were  originally  one-third  of  the 
distance  between  successive  graduations,  and  if  the  movable  weight  be 
one  pound  ? 

16.  A  steelyard  by  use  loses  ^th  of  its  weight,  its  centre  of  gravity 
remaining  unaltered ;  shew  how  to  correct  its  graduations. 

17.  A  shopman,  using  a  common  steelyard,  alters  the  movable 
weight  for  which  it  has  been  graduated ;  does  he  cheat  himself  or  his 
customers  ? 

18.  In  a  weighing  machine  constructed  on  the  principle  of  a 
common  steelyard,  the  pounds  are  read  off  by  graduations  reading 
from  0  to  14  Ibs.,  and  the  stones  by  a  weight  hung  at  the  end  of  the 
arm  ;  if  the  weight  corresponding  to  one  stone  be  7  ounces,  the  movable 
weight  ^  lb. ,  and  the  length  of  the  arm  measured  from  the  fulcrum  1 
foot,  shew  that  the  distance  between  successive  graduations  is  f  inch. 

19.  A  weighing  machine  is  constructed  so  that  for  each  complete 
stone  placed  in  the  weighing  pan  an  additional  mass  of  ra  ounces  has 
to  be  placed  at  the  end  of  the  arm,  which  is  one  foot  in  length 
measured  from  the  fulcrum,  whilst  the  odd  pounds  in  the  weighing 
pan  are  measured  by  a  mass  of  n  ounces  sliding  along  the  weighing 
arm.    Shew  that  the  distances  between  the  graduations  for  successive 

Ibs.  must  be  -:=-  inches. 
In 
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VII.    The  Screw. 

170.     A  Screw  consists  of  a  cylinder  of  metal  round 
the  outside  of  which  runs  a  protuberant  thread  of  metal. 

Let  ABCD  be  a  solid  cylinder,  and  let  EFGH  be  a 


A^B 


rectangle,  whose  base   EF  is  equal  to   the  circumference 
of  the  solid  cylinder.     On  EH  and  FG  take  points 

L,  N,  Q...     and  K,  M,  P  ... 
such  that         EL,  LN,...FK,  KM,  UP ... 
are  all  equal,  and  join  EK,  LM,  WP,.... 

Wrap  the  rectangle  round  the  cylinder,  so  that  the 
point  E  coincides  with  A  and  EH  with  the  line  AD.  On 
being  wrapped  round  tlie  cylinder  the  point  F  will  coincide 
with  E  at  A. 

The  lines  EK,  LM,  NP  ...  will  now  become  a  con 
tinuous  spiral  line  011  the  surface  of  the  cylinder  and,  if 
we  imagine  the  metal  along  this  spiral  line  to  become 
protuberant,  we  shall  have  the  thread  of  a  screw. 

It  is  evident,  by  the  method  of  construction,  that  the 
thread  is  an  inclined  plane  running  round  the  cylinder 


MACHINES.     THE  SCREW.  203 

and  that  its  inclination  to  the  horizon  is  the  same  every 
where  and  equal  to  the  angle  KEF.  This  angle  is  often 
called  the  angle  of  the  screw,  and  the  distance  between 
two  consecutive  threads,  measured  parallel  to  the  axis,  is 
called  the  pitch  of  the  screw. 

It  is  clear  that  FK  is  equal  to  the  distance  between 
consecutive  threads  on  the  screw,  and  that  EF  is  equal  to 
the  circumference  of  the  cylinder  on  which  the  thread  is 
traced. 

FK 

.*.  tan  (angle  of  screw)  =  -=^, 
iLJb 

pitch  of  screw 

~~  circumference  of  a  circle  whose  radius  is  the  distance  from 
the  axis  of  any  point  of  the  screw. 

The  section  of  the  thread  of  the  screw  has,  in  practice, 
various  shapes.  The  only  kind  that  we  shall  consider  has 
the  section  rectangular. 

171.  The  screw  usually  works  in  a  fixed  support,  along 
the  inside  of  which  is  cut  out  a  hollow  of  the  same  shape 
as  the  thread  of  the  screw,  and  along  which  the  thread 
slides.  The  only  movement  admissible  to  the  screw  is  to 
revolve  about  its  axis,  and  at  the  same  time  to  move  in 
a  direction  parallel  to  its  length. 

If  the  screw  were  placed  in  an  upright  position,  and 
a  weight  placed  on  its  top,  the  screw  would  revolve  and 
descend  since  there  is  supposed  to  be  no  friction  between 
the  screw  and  its  support.  Hence,  if  the  screw  is  to 
remain  in  equilibrium,  some  power  must  be  applied  to  it ; 
this  power  is  usually  applied  at  one  end  of  a  horizontal 
arm,  the  other  end  of  which  is  rigidly  attached  to  the 
screw. 
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172.  In  a  smooth  screw,  to  find  the,  relation  between  the 
power  and  the  weight. 

Let  a  be  the  distance  of  any  point  on  the  thread  of  the 
screw  from  its  axis,  and  6  the  distance,  AB,  from  the  axis 
of  the  screw,  of  the  point  at  which  the  power  is  applied. 


W 


"" 


The  screw  is  in  equilibrium  under  the  action  of  the 
power  P,  the  weight  W,  and  the  reactions  at  the  points 
in  which  the  fixed  block  touches  the  thread  of  the  screw. 
Let  R,  8,  T,...  denote  the  pressures  of  the  block  at  different 
points  of  the  thread  of  the  screw.  These  will  be  all  per 
pendicular  to  the  thread  of  the  screw,  since  it  is  smooth. 

Let  a  be  the  inclination  of   the  thread  of   the  screw 
to  the  horizon. 

The  horizontal  and  vertical  components  of  the  pressure 
R  are  R  sin  a  and  R  cos  a  respectively. 

Similarly,  we  may  resolve  S,  T, .... 
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Hence  the  pressures  of  the  block  are  equivalent  to  a 
set  of  forces  R  cos  a,  S  cos  a,  T  cos  a,  ...  vertically,  and  a 
set  R  sin  a,  S  sin  a,  T  sin  a, ...  horizontally.  These  latter 
forces,  though  they  act  at  different  points  of  the  screw, 
all  act  at  the  same  distance  from  the  axis  of  the  screw; 


they  also  tend  to  turn  the  screw  in  the  opposite  direction 
to  that  of  P. 

Equating  the  vertical  forces,  we  have 
TF  =  Jffcosa  +  /S'cosa+  ...  =  (R  +  S  +  T+  ...)  cos  a  ...(1). 

Also,  taking  moments  about  the  axis  of  the  screw,  we 
have,  by  Art.  93, 

P  .  b  =  R  sin  a  .  a  +  /S  sin  a  .  a  +  T  sin  a  .  a  +  ... 

=  asina(R  +  S+T+...)  ........................  (2). 

From  equations  (1)  and  (2)  we  have,  by  division, 
P  .b      a  sin  a 
~W~''=   cos  a  ' 
P       a  %7ra  tan  a 

" 


But,  by  Art.  170, 

tan  a  =  distance  between  consecutive  threads. 
Also  2-Trb  =  circumference  of  the  circle  described  by  the 
end  B  of  the  power-arm. 

-„.  W          2irb 

Hence  the  mechanical  advantage  =  T—  =  — 

P       2ira  tan  a 

circumference  of  a  circle  whose  radius  is  the  power-arm 
distance  between  consecutive  threads  of  the  screw 
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*173.  Theoretically,  the  mechanical  advantage  in  the 
case  of  the  screw  can  be  made  as  large  as  we  please,  by 
decreasing  sufficiently  the  distance  between  the  threads 
of  the  screw.  In  practice,  however,  this  is  impossible; 
for,  if  we  diminish  the  distance  between  the  threads  to 
too  small  a  quantity,  the  threads  themselves  would  not 
be  sufficiently  strong  to  bear  the  strain  put  upon  them. 

By  means  of  Hunter's  Differential  Screw  this 
difficulty  may  be  overcome. 


In  this  machine  we  have  a  screw  A  D  working  in  a  fixed 
block.  The  inside  of  the  screw  AD  is  hollow  and  is 
grooved  to  admit  a  smaller  screw  DE.  The  screw  DE 
is  fastened  at  E  to  a  block,  so  that  it  cannot  rotate,  but 
can  only  move  in  the  direction  of  its  length. 

When  the  power-arm  AB  has  made  one  revolution, 
the  screw  AD  has  advanced  a  distance  equal  to  the  dis 
tance  between  two  consecutive  threads,  and  at  the  same 
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time  the  smaller  screw  goes  into  DA  a  distance  equal 
to  the  distance  between  two  consecutive  threads  of  the 
smaller  screw.  Hence  the  smaller  screw,  and  therefore 
also  the  weight,  advances  a  distance  equal  to  the  difference 
of  these  two  distances. 

When  in  equilibrium  let  R,  S,  T,  ...  be  the  pressures 
between  the  larger  screw  and  its  block,  and  R,  8',  T',... 
the  pressures  between  the  inner  and  outer  screws;  let 
a  and  a  be  the  radii,  and  a  and  a'  the  angles  of  the  screws. 

As  in  the  last  article,  since  the  outer  screw  is  in  equi 
librium,  we  have 

P.  b  =  (It  +  S+  T+  ...)  sin  a  .  a  -  (Rf  +  S'  +  .  ..)  sin  a'  .  a' 

.........  (1), 

and      (R  +  S+T+  ...)  cosa  =  (£'  +  £'+  ...)cosa'  ......  (2). 

Also,  since  the  inner  screw  is  in  equilibrium,  we  have 
W  =  (jR'  +  S'  +  T'...)cosa'  ..................  (3). 

From  (2)  and  (3),  we  have  C/^W 

W  W  WWiva 

,  and  JB 


..  ,  ...  . 

COS  a  COS  a         jurrl. 

Hence,  from  (1), 

P  .  b  =  W  .  a  tan  a  -  W.  a'  tan  of. 


P       2-n-a  tan  a  —  2ira  tan  a 

_  circum.  of  the  circle  described  by  the  end  of  the  power-arm 
difference  of  the  pitches  of  the  two  screws. 

By  making  the  pitches  of  the  two  screws  nearly  equal, 
we  can  make  the  mechanical  advantage  very  great  without. 
weakening  the  machine. 
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EXAMPLES.    XXVIII. 

1.  Find  what  mass  can  be  lifted  by  a  smooth  vertical  screw  of 
1J  ins.  pitch,  if  the  power  be  a  force  of  25  Ibs.  wt.  acting  at  the  end  of 
an  arm,  3£  feet  long. 

2.  What  must  be  the  length  of  the  power-arm  of  a  screw,  having 
6  threads  to  the  inch,  so  that  the  mechanical  advantage  may  be  216? 

3.  What  force  applied  to  the  end  of  an  arm,  18  ins.  long,  will 
produce  a  pressure  of  1100  Ibs.  wt.  upon  the  head  of  a  screw,  when 
seven  turns  cause  the  screw  to  advance  through  f  rds  of  an  inch  ? 

4.  A  screw,  whose  pitch  is  £  inch,  is  turned  by  means  of  a  lever,  * 

4  feet  long ;  find  the  power  which  will  raise  15  cwt. 

5.  The  arm  of  a  screw-jack  is  1  yard  long,  and  the  screw  has 
2  threads  to  the  inch.     What  force  must  be  applied  to  the  arm  to 
raise  1  ton  ? 

6.  What  is  the  thrust  caused  by  a  screw,  having  4  threads  to  the 
inch,  when  a  force  of  50  Ibs.  wt.  is  applied  to  the  end  of  an  arm,  2  feet 
long? 

7.  What  pressure  will  a  screw,  whose  arm  is  2  feet  and  with 
10  threads  per  foot  of  its  length,  produce,  if  the  power  be  a  force  of 
112  Ibs.  weight? 

8.  If  the  power  be  applied  at  the  end  of  an  arm  of  1  foot  in  length, 
and  if  the  screw  make  seven  complete  turns  in  1  foot  of  its  length, 
find  the  power  that  will  support  a  weight  of  1  ton. 

9.  If  the  lever  by  which  a  screw  is  worked  be  6  feet  in  length, 
determine  the  distance  between  two  successive  threads  of  the  screw, 
in  order  that  the  pressure  of  10  Ibs.  wt.  applied  to  each  end  of  the 
lever  may  produce  a  pressure  of  1000  Ibs.  wt.  at  the  end  of  the 
screw. 

10.  Find  the  mechanical  advantage  in  a  differential  screw,  having 

5  threads  to  an  inch  and  6  threads  to  the  inch,  the  power  being 
applied  at  the  circumference  of  a  wheel  of  diameter  4  feet. 

11.  Find  the  mechanical  advantage  in  a  differential  screw,  the 
larger  screw  having  8  threads  to  the  inch  and  the  smaller  9  threads, 
the  length  of  the  power-arm  being  1  foot. 
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FRICTION. 

174.  IN  Art.  20  we  defined  smooth  bodies  to  be  bodies 
such  that,  if  they  be  in  contact,  the  only  action  between 
them  is  perpendicular  to  both  surfaces  at  the  point  of  con 
tact.     With   smooth  bodies,   therefore,   there  is    no   force 
tending   to   prevent  one  body  sliding  over  the  other.     If 
a  perfectly  smooth  body  be  placed  on  a  perfectly  smooth 
inclined  plane,  there  is  no  action  between  the  plane  and 
the  body  to  prevent  the  latter  from  sliding  down  the  plane, 
and  hence  the  body  will  not  remain  at  rest  on  the  plane 
unless  some  external  force  be  applied  to  it. 

Practically,  however,  there  are  no  bodies  which  are 
perfectly  smooth ;  there  is  always  some  force  between  two 
bodies  in  contact  to  prevent  one  sliding  upon  the  other. 
Such  a  force  is  called  the  force  of  friction. 

Friction.  Def.  If  two  bodies  be  in  contact  with  one 
another,  the  property  of  the  two  bodies,  by  virtue  of  which 
a  force  is  exerted  between  the  two  bodies  at  their  point  of 
contact  to  prevent  one  body  sliding  on  the  other,  is  called 
friction;  also  the  force  exerted  is  called  the  force  of  friction. 

175.  Friction  is  a  self-adjusting  force;  no  more  friction 
is  called  into  play  than  is  sufficient  to  prevent  motion. 

L.  s.  14 
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Let  a  heavy  slab  of  iron  with  a  plane  base  be  placed  on 
a  horizontal  table.  If  we  attach  a  piece  of  string  to  some 
point  of  the  body,  and  pull  in  a  horizontal  direction  passing 
through  the  centre  of  gravity  of  the  slab,  a  resistance  is  felt 
which  prevents  our  moving  the  body ;  this  resistance  is 
exactly  equal  to  the  force  which  we  exert  on  the  body. 

If  we  now  stop  pulling,  the  force  of  friction  also  ceases 
to  act ;  for,  if  the  force  of  friction  did  not  cease  to  act,  the 
body  would  move. 

The  amount  of  friction  which  can  be  exerted  between 
two  bodies  is  not,  however,  unlimited.  If  we  continually 
increase  the  force  which  we  exert  on  the  slab,  we  find  that 
finally  the  friction  is  not  sufficient  to  overcome  this  force, 
and  the  body  moves. 

176.  Friction    plays    an    important   part  in   the  me 
chanical  problems  of  ordinary  life.     If  there  were  no  friction 
between  our  boots  and  the  ground,  we  should  not  be  able 
to  walk ;  if  there  were  no  friction  between  a  ladder  and 
the  ground,  the  ladder  would  not  rest,  unless  held,  in  any 
position  inclined  to  the  vertical. 

177.  The  laws  of  statical  friction  are  as  follows : 

Law  I.  When  two  bodies  are  in  contact,  the  direction 
of  the  friction  on  one  of  them  at  its  point  of  contact  is  oppo 
site  to  the  direction  in  which  this  point  of  contact  would  cojri- 
meuce  to  move. 

Law  II.  TJie  magnitude  of  the  friction  is,  when  there 
is  equilibrium,  just  sufficient  to  prevent  the  body  from  moving. 

178.  Suppose,  in  Art.   151,  Case  I.,  the  plane  to  be 
rough,  and  that  the  body,  instead  of  being  supported  by 
a  power,  rested  freely  on  the  plane.     In  this  case  the  power 
P  is  replaced  by  the  friction,  which  is  therefore  equal  to 
W  sin  a. 
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Ex.  1.  In  what  direction  does  the  force  of  friction  act  in  the 
cases  of  (I)  the  wheel  of  a  carriage,  (2)  the  feet  of  a  man  who  is 
walking? 

Ex.  2.  A  body,  of  weight  30  Ibs.,  rests  on  a  rough  horizontal 
plane  and  is  acted  upon  by  a  force,  equal  to  10  Ibs.  wt.,  making  an 
angle  of  30°  with  the  horizontal ;  shew  that  the  force  of  friction  is 
equal  to  about  8-66  Ibs.  wt. 

Ex.  3.  A  body,  resting  on  a  rough  horizontal  plane,  is  acted  on 
by  two  horizontal  forces,  equal  respectively  to  7  and  8  Ibs.  wt.,  and 
acting  at  an  angle  of  60° ;  shew  that  the  force  of  friction  is  equal  to 

4  /3 

13  Ibs.  wt.  in  a  direction  making  an  angle  sin""1  -~-  with  the  first 

iLo 

force. 

Ex.  4.  A  body,  of  weight  40  Ibs.,  rests  on  a  rough  plane  inclined 
at  30°  to  the  horizon,  and  is  supported  by  (1)  a  force  of  14  Ibs.  wt. 
acting  up  the  plane,  (2)  a  force  of  25  Ibs.  acting  up  the  plane,  (3)  a 
horizontal  force  equal  to  20  Ibs.  wt.,  (4)  a  force  equal  to  30  Ibs.  wt. 
making  an  angle  of  30°  with  the  plane. 

Find  the  force  of  friction  in  each  case. 

Ans.  (1)  6  Ibs.  wt.  up  the  plane ;  (2)  5  Ibs.  wt.  down  the  plane ; 
(3)  2-68 Ibs.  wt.  up  the  plane;  (4)  5'98  Ibs.  wt.  down  the  plane. 

179.  The  above  laws  hold  good,  in  general;  but  the 
amount  of  friction  that  can  be  exerted  is  limited,  and  equi 
librium  is  sometimes  011  the  point  of  being  destroyed. 

Limiting  Friction.  Def.  When  one  body  is  just  on 
the  point  of  sliding  upon  another  body,  the  equilibrium  is 
said  to  be  limiting,  and  the  friction  then  exerted  is  called 
limiting  friction. 

180.  The  direction  of  the  limiting  friction  is  given  by 
Law  I.  (Art.  177). 

The  magnitude  of  the  limiting  friction  is  given  by  the 
three  following  laws. 

Law  III.  The  magnitude  of  the  limiting  friction 
always  bears  a  constant  ratio  to  the  normal  reaction,  and 
this  ratio  depends  only  on  the  substances  of  which  the  bodies 
are  composed. 

Law  IV.  The  limiting  friction  is  independent  of  the 
extent  and  shape  of  the  surfaces  in  contact,  so  long  as  the 
normal  reaction  is  unaltered. 

14—2 
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Law  V.  When  motion  ensues,  by  one  body  sliding  over 
the  other,  the  direction  of  friction  is  opposite  to  the  direction 
of  motion;  the  magnitude  of  the  friction  is  independent  of 
the  velocity,  but  the  ratio  of  the  friction  to  the  normal  reaction 
is  slightly  less  than  when  the  body  is  at  rest  and  just  on  tlie 
point  of  motion. 

The  above  laws  are  experimental,  and  cannot  be  ac 
cepted  as  rigorously  accurate;  they  represent,  however,  to 
a  fair  degree  of  accuracy  the  actual  circumstances. 

181.  Coefficient  of  Friction.     The  constant  ratio 
of  the  limiting  friction  to  the  normal  pressure  is  called  the 
coefficient  of  friction,  and  is  generally  denoted  by  /a;  hence, 
if  F  be  the  friction,  and  R  the  normal  pressure,  between 
two   bodies   when   equilibrium   is   on   the  point  of   being 

F 
destroyed,  we  have  —  =  JJL,  and  hence  F  —  pR. 

The  values  of  /A  are  widely  different  for  different  pairs 
of  substances  in  contact ;  no  pairs  of  substances  are,  how 
ever,  known  for  which  the  coefficient  of  friction  is  as  great 
as  unity. 

182.  Angle  of  Friction.     When  the  equilibrium  is 
limiting,  if  the  friction  and  the  normal  reaction  be  com 
pounded  into  one  single  force,  the  angle  which  this  force 
makes  with  the  normal  is  called  the  angle  of  friction,  and 
the  single  force  is  called  the  resultant  reaction. 

Let  A  be  the  point  of  contact  of  the  two  bodies,  and 
let  AB  and  AC  be  the  directions  of  the  normal  force  R 
and  the  friction  p.R. 

Let  AD  be  the  direction  of  the  resultant  reaction  S,  so 
that  the  angle  of  friction  is  BAD.  Let  this  angle  be  \. 


FRICTION.  213 

Since  R  and  //J2  are  the  components  of  S,  we  have 


and 


Hence,  by  squaring  and  adding,  we  have 


and,  by  division,     tan  X  =  /A. 

Hence  we  see  that  the  coefficient  of  friction  is  equal  to 
the  tangent  of  the  angle  of  friction. 

183.  Since  the  greatest  value  of  the  friction  is  pR,  it  follows  that 
the  greatest  angle  which  the  direction  of  resultant  reaction  can  make 
with  the  normal  is  X,  i.e.,  tan"1/*. 

Hence,  if  two  bodies  be  in  contact  and  if,  with  the  common  normal 
as  axis,  and  the  point  of  contact  as  vertex,  we  describe  a  cone  whose 
semi-  vertical  angle  is  tan"1  /tt,  it  is  possible  for  the  resultant  reaction 
to  have  any  direction  lying  within,  or  upon,  this  cone,  but  it  cannot 
have  any  direction  lying  without  the  cone. 

This  cone  is  called  the  Cone  of  friction. 

184.  The  following  table,  taken  from  Prof.  Kankine's  Machinery 
and  Millwork,  gives  the  coefficients  and  angles  of  friction  for  a  few 
substances. 


SUBSTANCES 

/* 

X 

Wood  on  wood      —  Dry 

•25  to  -5 

14°  to  26J° 

„      „      „         —Soaped 

•04  to  -2 

2°  to  1H° 

Metals  on  metals  —  Dry 

•15  to  -2 

8i°  to  1H° 

„      „      „         _Wet 

•3 

16£° 

Leather  on  metals  —  Dry 

•56 

29£° 

„      „      „         —Wet 

•36 

20° 

„      ,.      ,,         -Oily 

•15 

8i° 
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185.  If  a  body  le  placed  upon  a  rough  inclined  plane, 
and  be  on  the  point  of  sliding  down  the  plane  under  the 
action  of  its  weight  and  the  reactions  of  the  plane  only,  the 
angle  of  inclination  of  the  plane  to  the  horizon  is  equal  to 
the  angle  of  friction. 

Let  0  be  the  inclination  of  the  plane  to  the  horizon,  W 
the  weight  of  the  body,  and  R  the  normal  reaction. 


Since  the  body  is  on  the  point  of  motion  down  the 
plane,  the  friction  acts  up  the  plane  and  is  equal  to  /nR. 

Resolving  perpendicular  and  parallel  to  the  plane,  we 
have  Wcos0  =  R, 

and  W  sin  0  =  pR. 

Hence,  by  division, 

tan  6  =  p  =  tan  (angle  of  friction), 
.*.   0  —  the  angle  of  friction. 

This  may  be  shewn  otherwise  thus : 

Since  the  body  is  in  equilibrium  under  the  action  of  its  weight  and 
the  resultant  reaction,  the  latter  must  be  vertical;  but,  since  the 
equilibrium  is  limiting,  the  resultant  reaction  makes  with  the  normal 
the  angle  of  friction. 

Hence  the  angle  between  the  normal  and  the  vertical  is  the  angle 
of  friction,  i.e.,  the  inclination  of  the  plane  to  the  horizon  is  the  angle 
of  friction. 

N.B.  The  student  must  carefully  notice  that,  when  the 
body  rests  on  the  inclined  plane  supported  by  an  external  force, 
it  must  not  be  assumed  that  the  coefficient  of  friction  is  equal 
to  the  tangent  of  inclination  of  the  plane  to  the  horizon. 
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186.  To  determine  the  coefficient  of  friction  experiment 
ally. 

By  mean's  of  the  theorem  of  the  previous  article  the 
coefficient  of  friction  between  two  bodies  may  be  experi 
mentally  obtained. 

For  let  an  inclined  plane  be  made  of  one  of  the  sub 
stances  and  let  its  face  be  made  as  smooth  as  is  possible ; 
on  this  face  let  there  be  placed  a  slab,  having  a  plane  face, 
composed  of  the  other  substance. 

If  the  angle  of  inclination  of  the  plane  be  gradually 
increased,  until  the  slab  just  slides,  the  tangent  of  the 
angle  of  inclination  is  the  coefficient  of  friction. 

To  obtain  the  result  as  accurately  as  possible,  the  ex 
periment  should  be  performed  a  large  number  of  times 
with  the  same  substances,  and  the  mean  of  all  the  results 
taken. 

187.  Equilibrium  on  a  rough  inclined  plane. 

A  body  is  placed  on  a  rough  plane  inclined  to  the  horizon  at 
an  angle  greater  than  the  angle  of  friction,  and  is  supported 
by  a  force,  acting  parallel  to  the  plane,  and  along  a  line  of 
greatest  slope;  to  Jltid  the  limits  between  which  the  force 
must  lie. 

Let  a  be  the  inclination  of  the  plane  to  the  horizon, 
W  the  weight  of  the  body,  and  R  the  normal  reaction 
(Fig.  L,  Art.  151). 

(i)  Let  the  body  be  on  the  point  of  motion  down  the 
plane,  so  that  the  friction  acts  up  the  plane  and  is  equal  to 
/u.A' ;  let  P  be  the  force  required  to  keep  the  body  at  rest. 

Resolving  parallel  and  perpendicular  to  the  plane,  we 

have  P  +  pR=Wsma  (1), 

and  R=  JFcosa  (2), 

.*.    P  =  W  (sin  a  —  /x  cos  a). 
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If  ti  =  tan  X,  we  have 

P  =  W  [sin  a  -  tan  X  cos  a] 

("sin  a  cos  X  —  sin  X  cos  a~|          sin(a-X)      , 

—    W  I    -  r  -  I  =  fr     —     -  r  -  .  .  .(  O  )• 
L  COS  X  J  COS  X 

(ii)  Let  the  body  be  on  the  point  of  motion  up  the 
plane,  so  that  the  friction  acts  down  the  plane  and  is  equal 
to  pR  y  let  Pl  be  the  force  required  to  keep  the  body  at 
rest.  In  this  case,  we  have 


and  R  =  W  cos  a. 

Hence  Pl  =  W  (sin  a  +  /x  cos  a) 

=  JF[sina  +  tanXcosa]  =  Tp8m(a  +  X)  ......  (4). 

cosX 

These  values,  P  and  Plt  are  the  limiting  values  of  the 
force,  if  the  body  is  to  remain  in  equilibrium  ;  if  the  force 
lie  between  P  and  P1}  the  body  remains  in  equilibrium, 
but  is  not  on  the  point  of  motion  in  either  direction. 

Hence,  for  equilibrium,  the  force  must  lie  between  the 

sin  (a  ±  X) 

values  W  -  *  —  r  —  -. 
cosX 

It  will  be  noted  that  the  value  of  Pl  may  be  obtained 
from  that  of  P  by  changing  the  sign  of  /A. 

188.     If  the  power  P  act  at  an  angle  6  with  the  in 
clined  plane  (as  in  Art.  151,  Case  III.),  when  the  body  is 
on  the  point  of  motion  down  the  plane  and  the  friction 
acts  therefore  up  the  plane,  the  equations  of  equilibrium  are 

nR=  TFsina    ...............  (1), 

Jft=  JFcosa    ...............  (2), 

Hence,  multiplying  (2)  by  /A,  and  subtracting,  we  have 
P-  rrsina-/xcosa  sin  (a  -  X) 

cos  0  -  /A  sin  0  cos  (0  +  X)  * 
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By  substituting  this  value  of  P  in  (2),  the  value  of  R  may 
be  found. 

When  the  body  is  on  the  point  of  motion  up  the  plane 
we  have,  by  changing  the  sign  of  ft, 

sin(a  +  X) 
fl~       cos(0-X)' 

Cor.  The  force  that  will  just  be  on  the  point  of  moving 
the  body  up  the  plane  is  least  when 

sin  (a  +  X)   .    . 

W ^ — r£  is  least, 

cos  (0  —  X) 

i.e.,  when  cos  (0  —  X)  is  unity, 

i.e.,  when  0=  X. 

Hence  the  force  required  to  move  the  body  up  the  plane 
will  be  least  when  it  is  applied  in  a  direction  making  with 
the  inclined  plane  an  angle  equal  to  the  angle  of  friction. 

EXAMPLES.    XXIX. 

1.  A  body,  of  weight  40  Ibs.,  rests  on  a  rough  horizontal  plane 
whose  coefficient  of  friction  is  '25 ;  find  the  least  force  which  acting 
horizontally  would  move  the  body. 

Find  also  the  least  force  which,  acting  at  an  angle  cos"1  £  with  the 
horizontal,  would  move  the  body. 

Determine  the  direction  and  magnitude  of  the  resultant  pressure 
of  the  plane  in  each  case. 

2.  A  heavy  block  with  a  plane  base  is  resting  on  a  rough  hori 
zontal  plane.     It  is  acted  on  by  a  force  at  an  inclination  of  45°  to  the 
plane,  and  the  force  is  gradually  increased  till  the  block  is  just  going 
to  slide.     If  the  coefficient  of  friction  be  *5,  compare  the  force  with 
the  weight  of  the  block. 

3.  A  mass  of  30  Ibs.  is  resting  on  a  rough  horizontal  plane  and 
can  be  just  moved  by  a  force  of  10  Ibs.  wt.  acting  horizontally;  find 
the  coefficient  of  friction  and  the  direction  and  magnitude  of  the 
resultant  reaction  of  the  plane. 

4.  Shew  that  the  least  force  which  will  move  a  weight  W  along  a 
rough  horizontal  plane  is  W  sin  <f>,  where  0  is  the  angle  of  friction. 
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5.  The  inclination  of  a  rough  plane  to  the  horizon  is  cos"1  f|  ; 
shew  that,  if  the  coefficient  of  friction  be  £,  the  least  force,  acting 
parallel  to  the  plane,  that  will  support  1  cwt.  placed  on  the  plane  is 
8T8j  Ibs.  wt.  ;  shew  also  that  the  force  that  would  be  on  the  point  of 
moving  the  body  up  the  plane  is 


6.  The  base  of  an  inclined  plane  is  4  feet  in  length  and  the  height 
is  3  feet;  a  force  of  8  Ibs.,  acting  parallel  to  the  plane,  will  just  prevent 
a  weight  of  20  Ibs.  from  sliding  down  ;  find  the  coefficient  of  friction. 

7.  A  body,  of  weight  4  Ibs.,  rests  in  limiting  equilibrium  on  a 
rough  plane  whose  slope  is  30°  ;  the  plane  being  raised  to  a  slope  of 
60°,  find  the  force  along  the  plane  required  to  support  the  body. 

8.  A  weight  of  30  Ibs.  just  rests  on  a  rough  inclined  plane,  the 
height  of  the  plane  being  f  ths  of  its  length.     Shew  that  it  will  require 
a  force  of  36  Ibs.  wt.  acting  parallel  to  the  plane  just  to  be  on  the 
point  of  moving  the  weight  up  the  plane. 

9.  A  weight  of  60  Ibs.  is  on  the  point  of  motion  down  a  rough 
inclined  plane  when  supported  by  a  force  of  24  Ibs.  wt.  acting  parallel 
to  the  plane,  and  is  on  the  point  of  motion  up  the  plane  when  under 
the  influence  of  a  force  of  36  Ibs.  wt.  parallel  to  the  plane  ;  find  the 
coefficient  of  friction. 

10.  Two  inclined  planes  have  a  common  vertex,  and  a  string, 
passing  over  a  small  smooth  pulley  at  the  vertex,  supports  two  equal 
weights.    If  one  of  the  planes  be  rough  and  the  other  smooth,  find  the 
relation  between  the  two  angles  of  inclination  of  the  two  planes 
when  the  weight  on  the  smooth  plane  is  on  the  point  of  moving 
down. 

11.  Two  unequal  weights  on  a  rough  inclined  plane  are  connected 
by  a  string  which  passes  round  a  fixed  pulley  in  the  plane;  find  the 
greatest  inclination  of  the  plane  consistent  with  the  equilibrium  of 
the  weights. 

12.  Two  equal  weights  are  attached  to  the  ends  of  a  string  which 
is  laid  over  the  top  of  two  equally  rough  planes,  having  the  same 
altitude  and  placed  back  to  back,  the  angles  of  inclination  of  the 
planes  to  the  horizon  being  30°  and  60°  respectively;  shew  that  the 
weights  will  be  on  the  point  of  motion  if  the  coefficient  of  friction  be 
2-^/3. 

13.  A  particle  is  placed  on  the  outside  surface  of  a  rough  sphere 
whose  coefficient  of  friction  is  /t.    Shew  that  it  will  be  on  the  point  of 
motion  when  the  radius  from  it  to  the  centre  makes  an  angle  tan-1  /j. 
with  the  vertical. 

14.  How  high  can  a  particle  rest  inside  a  hollow  sphere,  of  radius 
a,  if  the  coefficient  of  friction  be  -75  ? 

N/d 

15.  At  what  angle  of  inclination  should  the  traces  be  attached  to 
a  sledge  that  it  may  be  drawn  up  a  given  hill  with  the  least  exertion? 
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189.  Equilibrium  of  a  rough  screw.  To  find 
the  relation  between  the  power  and  the  weight  in  the  case  of 
a  screw,  when  friction  is  taken  into  account. 

Using  the  same  notation  as  in  Art.  172,  let  the  screw 
be  on  the  point  of  motion  downwards,  so  that  the  friction 
acts  upwards  along  the  thread.  [As  in  Art.  170,  its 
section  is  rectangular.] 


In  this  case  the  vertical  pressures  of  the  block  are 

It  (cos  a  +  /x  sin  a),  S  (cos  a  +  /u,  sin  a), ... 
and  the  horizontal  components  of  these  pressures  are 

R  (sin  a  —  /A  cos  a),  S  (sin  a  —  /u,  cos  a), ... 
Hence  the  equations  (1)  and  (2)  of  Art.  172  become 

W=(£  +  S+T+  ...)(eosa+/*sina)  (1), 

and  P.b  =  a(R  +  S  +  T+...)(sma-pcosa) (2). 

Hence,  by  division, 

P  .  b        sin  a  —  a  cos  a        sin  a  cos  X  —  cos  a  sin  A 

— — —  =  a — - —  -  a — : : — - 

cos  a  +  fjL  sin  a         cos  a  cos  A  +  sin  a  sin  A 

sin  (a  —  A.) 
cos  (a  -  A)  " 

P       a 
••    -Jjr  =  6tan(a-X). 

Similarly,  if  the  screw  be  on  the  point  of  motion  up 
wards,  we  have,  by  changing  the  sign  of  //,, 

Pl      a  sin  a  +  a  cos  a      a 

—J.  zn L— _ =     tan  (a  +  A). 

W      o  cos  a— /x  sin  a      b 

If  the  power  have  any  value  between  P  and  P^ ,  the  screw 
will  be  in  equilibrium,  but  the  friction  will  not  be  limiting 
friction. 
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It  will  be  noted  that  if  the  angle  a  of  the  screw  be  equal 
to  the  angle  of  friction,  A,  then  the  value  of  the  power  P  is 
zero.  In  this  case  the  screw  will  just  remain  in  equilibrium 
supported  only  by  the  friction  along  the  thread  of  the  screw, 

Ex.  If  the  circumference  of  a  screw  be  two  inches,  the  distance 
between  its  threads  half  an  inch,  and  the  coefficient  of  friction  £, 
find  the  limits  between  which  the  power  must  lie,  so  that  the  screw  may 
be  in  equilibrium  when  it  is  supporting  a  body  of  weight  1  cwt.,  the 
length  of  the  power  arm  being  12  inches. 

Here  2?ra  =  2,  and  2?ra  tan  o=£. 

/.  a=~  ,  and  tana  =  £. 

Also  tan\  =  -,  and  6  =  12. 

o 

Hence  the  force  which  would  just  support  the  screw 
«112x|tan(a-X) 


Again,  the  force  which  would  just  be  on  the  point  of  moving  the 
screw  upwards 


Ibs.  wt.  =  1-4067  Ibs.  wt. 

Hence  the  screw  will  be  in  equilibrium  if  the  power  lie  between 
14  and  1-4067  Ibs.  wt. 

If  the  screw  were  smooth,  the  force  required  would 


Ex.  1.  The  coefficient  of  friction  of  wrought  iron  on  wood  being 
•15,  shew  that  the  least  angle  of  inclination  of  the  thread  of  a  screw, 
so  that  it  may  slide  into  a  prepared  hole  in  the  wood  under  the 
influence  of  its  own  weight,  is  tan-1  ^  . 

Ex.  2.  If  the  circumference  of  a  screw  be  f  inch,  the  coefficient 
of  friction  -15,  the  length  of  the  power  arm  12  inches,  and  if  there  be 
3  threads  to  the  inch,  find  the  forces  which  will  respectively  just 
support,  and  just  move,  the  screw  when  it  supports  a  weight  W.  Find 
also  the  value  of  the  power  when  the  same  screw  is  smooth. 
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ISO.  Ex.  A  uniform  ladder  is  in  equilibrium,  with  one  end 
resting  on  the  ground,  and  the  other  end  against  a  vertical  wall;  if 
the  ground  and  wall  be  both  rough,  the  coefficients  of  friction  being  p. 
and  fjf  respectively,  and  if  the  ladder  be  on  the  point  of  slipping  at  both 
ends,  Jind  the  inclination  of  the  ladder  to  the  horizon. 

Let  AB  be  the  ladder,  and  G  its  centre  of  gravity  ;  let  R  and  S  be 
the  normal  reactions  at  A  and  B  respectively  ;  the  end  A  of  the  ladder 


A   pR'l 


Q 


W 

is  on  the  point  of  slipping  from  the  wall,  and  hence  the  friction  fiR  is 
towards  Jhe  wall;  the  end  B  is  on  the  point  of  motion  vertically 
downwards,  and  therefore  the  friction  /jfS  acts  upwards. 

Let  0  be  the  inclination  of  the  ladder  to  the  ground,  and  2a  its 
length. 

Kesolving  horizontally  and  vertically,  we  have 

/ji.R  =  S (1) 

and  R  +  (ji.'S=W (2). 

Also,  taking  moments  about  A,  we  have 

W .  a  cos  6  =  fjfS  .  2a  cos  6  +  S  .  la  sin  0, 

/.  JFcos  6  =  2S  (/*'  cos  0  +  sin  0) (3). 

From  (1)  and  (2),  we  have 


and 


(4). 


By  (3)  and  (4),  we  have,  by  division, 

cos  9  _  2  (/*'  cos  B  +  sin  6) 
~ 


.'.  cos  $  (1  -  fj.fjf)  =  2/x  sin  0. 


Hence 
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Otherwise  thus; 

Let  X  and  X'  be  the  angles  of  friction  at  A  and  B  ;  draw  AC  making 
an  angle  X  with  the  normal  at  A,  and  EG  making  an  angle  X'  with 
the  normal  at  B,  as  in  the  figure. 

By  Art.  182,  AC  and  BC  are  the  directions  of  the •  resultant  re 
actions  at  A  and  B. 

The  ladder  is  kept  in  equilibrium  by  these  resultant  reactions  and 
its  weight ;  hence  their  directions  must  meet  in  a  point  and  therefore 
the  vertical  line  through  G  must  pass  through  (7. 

From  the  triangles  AGG  and  GCB  we  have 
AG      sinGCA  sin  X 


and 


GC     sin  CAG     cos  (X  +  0) ' 
BG     sin  GCB         cosX' 


GC      BmCBG      sin(X'+0)" 
But  AG  =  BG;  hence 

sinX  cos  X' 

cos(X  +  0)  "~  sin  (X'  +  0) ' 

/.  sin  X  (sin  X'  cos  0  +  cos  X'  sin  6)  =  cos  X'  (cos  X  cos  0  -  sin  X  siu  6) 
Hence,  by  dividing  by  cos  X  cos  X'  cos  0,  we  have 
1  -  tan  X  tan  X'  _  1  -  w/ 
2tanX  2/A     ' 

EXAMPLES.    XXX. 

1.  A  uniform  ladder,  13  feet  long,  rests  with  one  end  against  a 
smooth  vertical  wall  and  the  other  on  a  rough  horizontal  plane  at  a 
point  5  feet  from  the  wall;  find  the  friction  between  the  ladder  and 
the  ground,  if  the  weight  of  the  ladder  be  56  Ibs. 

2.  A  uniform  ladder  rests  with  one  end  on  a  horizontal  floor  and 
the  other  against  a  vertical  wall,  the  coefficients  of  friction  being 
respectively  ^  and  ^ ;   find  the  inclination  of  the  ladder  when  it  is 
about  to  slip. 

3.  If  in  the  last  example  the  coefficient  of  friction  in  each  case  be 
I ,  shew  that  the  ladder  will  slip  when  its  inclination  to  the  vertical  is 
tan-1!. 

4.  A  uniform  ladder  rests  in  limiting  equilibrium  with  one  end 
on  a  rough  floor,  whose  coefficient  of  friction  is  /*,  and  with  the  other 
against  a  smooth  vertical  wall ;  shew  that  its  inclination  to  the  vertical 
is  tan~J  (2u). 
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5.  A  uniform  ladder  is  placed  against  a  wall ;   if  the  ground  and 
wall  be  equally  rough,  the  coefficient  of  friction  being  tan  6,  shew  that 
the  limiting  inclination  of  the  ladder  to  the  vertical  is  26. 

When  the  ladder  is  in  this  position  can  it  be  ascended  without  its 
slipping? 

6.  A  uniform  ladder  rests  in  limiting  equilibrium  with  one  end 
on  a  rough  horizontal  plane,  and  the  other  against  a  smooth  vertical 
wall ;  a  man  standing  on  the  ladder  ascends  it ;  shew  that  he  cannot 
go  more  than  half  way  up. 

7.  A  uniform  ladder  rests  with  one  end  against  a  smooth  vertical 
wall  and  the  other  on  the  ground,  the  coefficient  of  friction  being  £ ; 
if  the  inclination  of  the  ladder  to  the  ground  be  45°,  shew  that  a  man, 
whose  weight  is  equal  to  that  of  the  ladder,  can  just  ascend  to  the 
top  of  the  ladder  without  its  slipping. 

8.  A  uniform  ladder,  of  length  70  feet,  rests  against  a  vertical 
wall  with  which  it  makes  an  angle  of  45°,  the  coefficients  of  friction 
between  the  ladder  and  the  wall  and  ground  respectively  being  £  and 
£ .     If  a  man,  whose  weight  is  one-half  that  of  the  ladder,  ascend  the 
ladder,  how  high  will  he  be  when  the  ladder  slips  ? 

9.  Two  equal  ladders,  of  weight  w,  are  placed  so  as  to  lean  against 
each  other  with  their  ends  resting  on  a  rough  horizontal  floor ;  given 
the  coefficient  of  friction,  /t,  and  the  angle  2a,  that  they  make  with 
each  other,  find  what  weight  on  the  top  would  cause  them  to  slip. 

10.  A  uniform  ladder  rests,  at  an  angle  of  45°  with  the  horizon, 
with  its  upper  extremity  against  a  rough  vertical  wall  and  its  lower 
extremity  on  the  ground.     If  /*  and  /*'  be  the  coefficients  of  limiting 
friction  between  the  ladder  and  the  ground  and  wall  respectively,  shew 
that  the  least  horizontal  force  which  will  move  the  lower  extremity 

towards  the  wall  is  ±W.  1-+^"/^/.. 

191.  Ex.  A  uniform  cylinder  is  placed  with  its  plane  base  on  a 
routjh  inclined  plane  and  the  inclination  of  the  plane  to  the  horizon  is 
gradually  increased ;  shew  that  the  cylinder  will  topple  over  before  it 
slides  if  the  ratio  of  the  diameter  of  the  base  of  the  cylinder  to  its  height 
be  less  than  the  coefficient  of  friction. 

Let  0  be  the  inclination  of  the  plane  to  the  horizon  when  the 
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cylinder  is  on  the  point  of  tumbling  over.     The  vertical  line  through 
the  centre  of  gravity  G  of  the  cylinder  must  just  fall  within  the  base. 

Hence,  if  AB  be  the  base,  the  line  GA  must  be  vertical. 

Let  G  be  the  middle  point  of  the  base,  r  its  radius,  and  let  h  be 
the  height  of  the  cylinder, 

" 


Also  the  inclination  0  of  the  plane  to  the  horizon,  when   the 
cylinder  is  about  to  slide,  is  given  by 


»  .................................  (2). 

Hence  the  cylinder  will  topple  before  it  slides  if  <p  be  less  than  6, 

i.e.,  if  ^  be  <  /x. 
n 

EXAMPLES.    XXXL 

1.  A  cylinder  rests  with  its  circular  base  on  a  rough  inclined 
plane,  the  coefficient  of  friction  being  \  .     Find  the  inclination  of  the 
plane  and  the  relation  between  the  height  and  diameter  of  the  base  of 
the  cylinder,  so  that  it  may  be  on  the  point  of  sliding  and  also  of 
toppling  over. 

2.  A  solid  cylinder  rests  on  a  rough  horizontal  plane  with  one  of 
its  flat  ends  on  the  plane,  and  is  acted  on  by  a  horizontal  force  through 
the  centre  of  its  upper  end  ;  if  this  force  be  just  sufficient  to  move 
the  solid,  shew  that  it  will  slide,  and  not  topple  over,  if  the  coefficient 
of  friction  be  less  than  the  ratio  of  the  radius  of  the  base  of  the 
cylinder  to  its  height. 

3.  An  equilateral  triangle  rests  in  a  vertical  plane  with  its  base 
resting  on  a  rough  horizontal  plane  ;  a  gradually  increasing  horizontal 
force  acts  on  its  vertex  in  the  plane  of  the  triangle  ;  prove  that  the 
triangle  will  slide  before  it  turns  about  the  end  of  its  base,  if  the 
coefficient  of  friction  be  less  than 


4.  A  conical  sugarloaf,  whose  height  is  equal  to  twice  the  diameter 
of  its  base,  stands  on  a  table  rough  enough  to  prevent  sliding  ;  one 
end  is  gently  raised  till  the  sugarloaf  is  on  the  point  of  falling  over  ; 
find  the  inclination  of  the  plane  to  the  horizon  in  this  position. 

5.  A  cone,  of  given  vertical  angle  2a,  rests  on  a  rough  plane  which 
is  inclined  to  the  horizon.     As  the  inclination  of  the  plane  is  in 
creased,  shew  that  the  cone  will  slide,  before  it  topples  over,  if  the 
coefficient  of  friction  be  less  than  4  tan  a. 

6.  A  right  cone  is  placed  with  its  base  on  a  rough  inclined  plane  ; 

if  —jz  be  the  coefficient  of  friction,  find  the  angle  of  the  cone  when 

v«* 
it  is  on  the  point  of  both  slipping  and  turning  over. 
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7.  A  cone  rests  on  a  rough  table,  and  a  cord  fastened  to  the  vertex 
of  the  cone  passes  over  a  smooth  pulley  at  the  same  height  as  the  top 
of  the  cone,  and  supports  a  weight.     Shew  that,  if  the  weight  be  con 
tinually  increased,  the  cone  will  turn  over,  or  slide,  according  as  the 
coefficient  of  friction  is  >  or  <  tan  a,  where  a  is  the  semi-vertical 
angle  of  the  cone. 

8.  A  cubical  block  rests  on  a  rough  inclined  plane  with  its  edges 
parallel  to  the  edges  of  the  plank.    If,  as  the  plank  is  gradually  raised, 
the  block  turn  on  it  before  slipping,  what  is  the  least  value  that  the 
coefficient  of  friction  can  have  ? 

9.  The  triangular  lamina  AEG,  right-angled  at  B,  stands  with  BC 
upon  a  rough  horizontal  plane.    If  the  plane  be  gradually  tilted  round 
an  axis  in  its  own  plane  perpendicular  to  BC,  so  that  the  angle  B  is 
lower  than  the  angle  G,  shew  that  the  lamina  will  begin  to  slide,  or 
topple  over,  according  as  the  coefficient  of  friction  is  less,  or  greater, 
than  tan  A. 

10.  A  square  uniform  metallic  plate  ABGD  rests  with  its  side  BC 
on  a  perfectly  rough  plane  inclined  to  the  horizon  at  an  angle  a.     A 
string  AP  attached  to  A,  the  highest  point  of  the  plate,  and  passing 
over  a  smooth  pulley  at  P,  the  vertex  of  the  plane,  supports  a  weight 
w,  and  AP  is  horizontal.    If  W  be  the  weight  of  the  plate,  shew  that, 
as  w  increases,  it  will  begin  to  turn  when 


192.  Ex.  A  uniform  rod  rests  in  limiting  equilibrium  within  a 
rough  hollow  sphere  ;  if  the  rod  subtend  an  angle  2<x  at  the  centre  of 
the  sphere,  and  if  \  be  the  angle  of  friction,  shew  that  the  angle  of 

inclination  of  the  rod  to  the  horizon  is  tan'1  (        Sm 


Let  AB  be  the  rod,  G  its  centre  of  gravity,  and  O  the  centre  of  the 
sphere,  so  that 


L.  8. 


15 
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Through  A  and  B  draw  lines  AC  and  BC  making  an  angle  X  with 
the  lines  joining  A  and  B  to  the  centre.  By  Art.  182,  these  are  the 
directions  of  the  resultant  reactions,  E  and  S,  at  A  and  B  respectively. 

Since  these  reactions  and  the  weight  keep  the  rod  in  equilibrium, 
the  vertical  line  through  G  must  pass  through  C. 

Hence  we  have 

sinACG_AG_BG  _  sin  GGB 

&inGAG~~GC~llC  =  sin  GBC  ..................  '  '" 

Let  AD  be  the  horizontal  line  drawn  through  A  to  meet  CG  in  D, 
so  that  the  angle  GAD  is  6. 

Then 


also 
and 

=  1800-(90°-0)- 

and  zG£C  =  X  +  90°-a  =  90°-(a- 

Hence  equation  (1)  becomes 

sin  (a  +  \  -  0)  _  sin  (a  -  X  +  6) 

cos  (a  +  X)     '  '     cos  (a  -  X) 
.-.   tan  (a  +  X)-tan0=tan(a- 

+  X).-tan(a-X)  ..................  (2) 

sin2X 

cos  (a  +  X)  cos  -(a  -  X)  ' 
sin2X 


tan0 


cos2a  +  cos  2X  * 


Otherwise  thus;  The  solution  may  be  also  obtained  by  using  the 
conditions  of  Art.  83. 

Kesolving  the  forces  along  the  rod,  we  have 

R  cos  (90°  -  a  -  X)  -  8  cos  (90°  -  a  +  X)  =  W  sin  0, 

i.e.  Ra\n  (a  +  \)-8  sin  (a  -  X)  =  TT  sin  6 (3). 

Resolving  perpendicular  to  the  rod,  we  have 

-Kcos(a  +  X)  +  Scos(a-X)  =  Jrcos0 (4). 

By  taking  moments  about  A ,  we  have 

8  .  ABsin  (90°-  a  +  \\  =  W  .  AG  cos  0, 

i.e.  2S  cos  (a  -  X)  =  W  cos  0 (5). 
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From  equations  (4)  and  (5),  we  have 

R  cos  (a  +  \)-S  cos  (a-X)  =  £  TFcos  0. 
Substituting  these  values  of  R  and  S  in  (3),  we  have 

tan  (a  +  X)  -  tan  (a  -  X)  =  2  tan  9, 
which  is  equation  -{2). 

Numerical  example.  If  the  rod  subtend  a  right  angle  at  the  centre 
of  the  sphere,  shew  that  its  inclination  to  the  horizon  is  twice  the 
angle  of  friction. 

193.  Ex.  Tico  bodies,  of  weights  W-^  and  TF2,  are  placed  on  an 
inclined  plane  and  are  connected  by  a  light  string  which  coincides  with 
a  line  of  greatest  slope  of  the  plane ;  if  the.  coefficients  of  friction 
between  the  bodies  and  the  plane  be  respectively  ^  and  /m.2,  find  the 
inclination  of  the  plane  to  the  horizon  when  both  bodies  are  on  the  point 
of  motion,  it  being  assumed  that  the  smoother  body  is  below  the  other. 

Let  6  be  the  required  inclination  of  the  plane  and  JRl  and  JR2  the 


normal  reactions  of  the  bodies  ;   also  let  T  be  the  tension  of  the 
string. 

The  frictions  f^Rl  and  /*2K2  both  act  up  the  plane. 
For  the  equilibrium  of  Wl  ,  we  have 


and 


.-.  T=  TFj  (sin  0  -  /^  cos  0) 
For  the  equilibrium  of  W%,  we  have 


(1). 


and 


JF.JCOS0       =RZ. 
.'.  T=juaEa-  Wa  sin  0  =  ^2(^42  cos  0-  sin  0) 
Hence,  from  (1)  and  (2), 

Wi  (sin  0  -  yttj  cos  0)  =  W2  (^  cos  0  -  sin  0). 
.'.  (Wi  f  PFa)  sin  0  =  (  tf>!  +  W^)  cos  0. 


(2). 


15—2 
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Ex.  1.  Two  equal  bodies  are  placed  on  a  rough  inclined  plane; 
being  connected  by  a  light  string ;  if  the  coefficients  of  friction  be 
respectively  £  and  J,  shew  that  they  will  both  be  on  the  point  of 
motion  when  the  inclination  of  the  plane  is  tan"1  T52 . 

Ex.  2.  Shew  that  the  greatest  angle  at  which  a  plane  may  be 
inclined  to  the  horizon  so  that  three  equal  bodies,  whose  coefficients 
of  friction  are  ^,  f ,  and  f  respectively,  when  rigidly  connected  together, 
may  rest  on  it  without  slipping,  is  tan"1^. 

194.  Ex.  A  particle  is  placed  on  a  rough  plane,  whose  inclina 
tion  to  the  horizon  is  a,  and  is  acted  upon  by  a  force  P  acting  parallel 
to  the  plane  and  in  a  direction  making  an  angle  /3  with  the  line  of 
greatest  slope  in  the  plane  ;  if  the  coefficient  of  friction  be  fj.  and  the 
equilibrium  be  limiting ,  jind  the  direction  in  whicunthe  body  will  begin 
to  move. 

Let  W  be  the  weight  of  the  particle,  and  R  the  normal  reaction. 


The  forces  perpendicular  to  the  inclined  plane  must  vanish. 

/.  E  =  Wooaa  ..............................  (1). 

The  other  component  of  the  weight  will  be  JFsina,  acting  down 
the  line  of  greatest  slope. 

Let  the  friction,  fiR,  act  in  the  direction  AB,  making  an  angle  0 
with  the  line  of  greatest  slope,  so  that  the  particle  would  begin  to 
move  in  the  direction  BA  produced. 

Since  the  forces  acting  along  the  surface  of  the  plane  are  in  equi 
librium,  we  have,  by  Lami's  Theorem, 

jjJt__     *T  Bin  a          P_ 
sin/3     sin(0  +  /3)      sin0    ' 

From  (1)  and  (2),  eliminating  E  and  W,  we  have 
_  R  _  sin  a  sin  /3 
'=      = 


Hence  Bin(,  +  /S)  =  ........................  (3), 

giving  the  angle  0. 
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Numerical  Example.  Suppose  the  inclination  of  the  plane  to  be 
30°,  the  coefficient  of  friction  to  be  J,  and  the  angle  between  the  force 
P  and  the  line  of  greatest  slope  to  be  30°. 

In  this  case  we  have 
8in  ,  +  30o 


Hence  6  is  30°,  and  the  body  begins  to  slide  down  the  plane  in  a 
direction  making  an  angle  of  30°  with  the  line  of  greatest  slope. 

W 

The  force  P  could  be  easily  shewn  to  be    -n-x  . 


^EXAMPLES.    XXXII. 

1.  A  ladder,  whose  centre  of  gravity  divides  it  into  two  portions 
of  length  a  and  b,  rests  with  one  end  on  a  rough  horizontal  floor,  and 
the  other  end  against  a  rough  vertical  wall.  If  the  coefficients  of 
friction  at  the  floor  and  wall  be  respectively  /j.  and  /&',  shew  that  the 
inclination  of  the  ladder  to  the  floor,  when  the  equilibrium  is  limiting, 

,  a  -  bfj,fj? 
is  tan"1  —  —  £~ 


2.  A  weightless  rod  is  supported  horizontally  between  two  rough 
inclined  planes  at  right  angles  to  each  other,  the  angle  of  friction  X 
being  less  than  the  inclination  of  either  plane.     Shew  that  the  length 
of  that  portion  of  the  rod  on  which  a  weight  may  be  placed  without 
producing  motion  is  sin  2o  .  sin  2X  of  the  whole  length  of  the  rod, 
where  a  is  the  inclination  of  either  plane  to  the  horizon. 

3.  A  heavy  uniform  rod  is  placed  over  one  and  under  the  other  of 
two  horizontal  pegs,  so  that  the  rod  lies  in  a  vertical  plane  ;  shew  that 
the  length  of  the  shortest  rod  which  will  rest  in  such  a  position  is 

a(l  +  tanacotX), 

where  a  is  the  distance  between  the  pegs,  a  is  the  angle  of  inclination 
to  the  horizon  of  the  line  joining  them,  and  X  is  the  angle  of  friction. 

4.  A  uniform  heavy  rod,  1  foot  long,  one  end  of  which  is  rough 
and  the  other  smooth,  rests  within  a  circular  hoop  in  a  vertical  plane, 
the  radius  of  the  hoop  being  10  inches.    If  the  rod  is  in  limiting  equi 
librium  when  its  rough  end  is  at  the  lowest  point  of  the  hoop,  shew 
that  the  coefficient  of  friction  is  £$. 

5.  A  heavy  uniform  rod  rests  with  its  extremities  on  a  rough  cir 
cular  hoop,  fixed  in  a  vertical  plane  ;  the  rod  subtends  an  angle  of  120° 
at  the  centre  of  the  hoop,  and  in  the  limiting  position  of  equilibrium 
is  inclined  to  the  horizon  at  an  angle  6.     If  ^3^=  tan  a,  p.  being  the 
coefficient  of  friction,  shew  that 

tan  6  :  tan  2a  :  :  2  :     3. 
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6.  A  and  B  are  two  small  equal  heavy  rings  which  slide  on  a  rough 

horizontal  rod,  the  coefficient  of  friction  being  3~f .  Another  equal 
heavy  ring  C  slides  on  a  weightless  smooth  string  connecting  .4  and.B; 
shew  that,  in  the  position  of  limiting  equilibrium,  ABC  is  an  equi 
lateral  triangle. 

7.  One  end  of  a  heavy  uniform  rod  AB  can  slide  along  a  rough 
horizontal  rod  AC,  to  which  it  is  attached  by  a  ring;  B  and  G  are 
joined  by  a  string.     If  ABC  be  a  right  angle  when  the  rod  is  on  the 
point  of  sliding,  fj.  the  coefficient  of  friction,  and  a  the  angle  between 
AB  and  the  vertical,  shew  that 

tana 


8.  A  uniform  rod  slides  with  its  ends  on  two  fixed  equally  rough 
rods,  one  being  vertical  and  the  other  inclined  at  an  angle  a  to  the 
horizon.     Shew  that  the  inclination  0  to  the  horizon  of  the  movable 
rod,  when  it  is  on  the  point  of  sliding,  is  given  by 

1  -  2/4 tan  a-  fj? 
2  (/4-f  tau  a) 

9.  A  uniform  ladder,  whose  length  is  a  and  whose  weight  is  W, 
makes  an  angle  0  with  the  horizontal,  and  rests  with  one  end  against 
a  vertical  wall  and  the  other  upon  a  horizontal  floor,  the  wall  and 
floor  being  equally  rough,  and  the  coefficient  of  friction  being  tanX. 
Shew  that  a  man,  whose  weight  is  P,  can  never  get  nearer  to  the  top  of 


u    !  JT      ^  . 

the  ladder  than  - ~p— — ^-^ a  sm  2X. 

10.  The  poles  supporting  a  lawn-tennis  net  are  kept  in  a  vertical 
position  by  guy  ropes,  one  to  each  pole,  which  pass  round  pegs  2  feet 
distant  from  the  poles.     If  the  coefficient  of  limiting  friction  between 
the  ropes  and  pegs  be  •§•>  shew  that  the  inclination  of  the  latter  to  the 
vertical  must  not  be  less  than  tan"1  T2T,  the  height  of  the  poles  being 
4  feet. 

11.  A  chest  in  the  form  of  a  rectangular  parallelepiped,  whose 
weight  without  the  lid  is  200  Ibs.,  and.  width  from  back  to  front  1  foot, 
has  a  lid  weighing  50  Ibs.  and  stands  with  its  back  6  inches  from  a 
smooth  wall  and  parallel  to  it.  If  the  lid  be  open  and  lean  against  the 
wall,  find  the  least  coefficient  of  friction  between  the  chest  and  the 
ground  that  there  may  be  no  motion. 

12.  A  heavy  circular  disc,  whose  plane  is  vertical,  is  kept  at  rest 
on  a  rough  inclined  plane  by  a  string  parallel  to  the  plane  and  touch 
ing  the  circle.     Shew  that  the  disc  will  slip  on  the  plane  if   the 
coefficient  of  friction  be  less  than  £  tan  i,  where  i  is  the  slope  of  the 
plane. 

13.  A  particle  resting  on  a  rough  table,  whose  coefficient  of 
friction  is  /x,  is  fastened  by  a  string,  of  length  a,  to  a  fixed  point  A  on 
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the  table.  Another  string  is  fastened  to  the  particle  and,  after  passing 
over  the  smooth  edge  of  the  table,  supports  an  equal  particle  hanging 
freely.  Shew  that  the  particle  on  the  table  will  rest  at  any  point  P 
of  the  circle,  whose  centre  is  A  and  whose  radius  is  a,  which  is  such 
that  the  string  AP  is  kept  taut  and  the  distance  of  the  second  string 
from  A  is  not  greater  than  /xa. 

14.  A  heavy  rod,  of  length  2a,  lies  over  a  rough  peg  with  one 
extremity  leaning  against  a  rough  vertical  wall;  if  c  be  the  distance  of 
the  peg  from  the  wall  and  X  be  the  angle  of  frictionHboth  at  the  peg 
and  the  wall,  shew  that,  when  the  point  of  contact  of  the  rod  with  the 
wall  is  above  the  peg,  then  the  rod  is  on  the  point  of  sliding  down 
wards  when 


where  6  is  the  inclination  of  the  rod  to  the  wall.  If  the  point  of 
contact  of  the  rod  and  wall  be  below  the  peg,  prove  that  the  rod  is  on 
the  point  of  slipping  downwards  when 

sin20  sin  (6  +  2X)  =  -  cos2  X, 
and  on  the  point  of  slipping  upwards  when 

sin20  sin  (0  -  2X)  =  -  cos2  X. 

15.  A  circular  disc,  of  radius  a  and  weight  W,  is  placed  within  a 
smooth  sphere,  of  radius  6,  and  a  particle,  of  weight  w,  is  placed  011 
the  disc.     If  the  coefficient  of  friction  between  the  particle  and  the 
disc  be  p.,  find  the  greatest  distance  from  the  centre  of  the  disc  at 
which  the  particle  can  rest. 

16.  A  smooth  sphere,  of  given  weight  W,  rests  between  a  vertical 
wall  and  a  prism,  one  of  whose  faces  rests  on  a  horizontal  plane;  if  the 
coefficient  of  friction  between  the  horizontal  plane  and  the  prism  be  n, 
shew  that  the  least  weight  of  the  prism  consistent  with  equilibrium  is 

W  (  --  1J,  where  a  is  the  inclination  to  the  horizon  of  the  face 
in  contact  with  the  sphere. 

17.  Two  equal  rods,  of  length  2a,  are  fastened  together  so  as  to 
form  two  sides  of  a  square,  and  one  of  them  rests  on  a  rough  peg. 
Shew  that  the  limiting  distances  of  the  points  of  contact  from  the 

middle  point  of  the  rod  are  -(l±/x),  where  /A  is  the  coefficient  of 
z 

friction. 

18.  Two  uniform  rods,  AC  and  B  C,  are  rigidly  joined  at  G  so 
that  they  form  one  uniform  bent  rod,  whose  two  portions  are  at  right 
angles.     This  bent  rod  is  supported  on  the  edge  of  a  rough  table 
which  touches  AC  at  its  middle  point.     If  BC  be  three  times  AC, 
shew  that  the  tangent  of  the  inclination  of  AC  to  the  horizon  is  J. 
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Find  also  the  least  value  of  the  coefficient  of  friction  that  the  rod 
may  rest  with  the  point  A  on  the  edge  of  the  table. 

19.  A  heavy  string  rests  on  two  given  inclined  planes,  of  the  same 
material,  passing  over  a  small  pulley  at  their  common  vertex.     If  the 
string  be  on  the  point  of  motion,  shew  that  the  line  joining  its  two 
ends  is  inclined  to  the  horizon  at  the  angle  of  friction. 

20.  On  a  rough  inclined  plane  (/*  =  £)  a  weight  Wis  just  supported 
by  a  force  —  acting  up  the  plane  and  parallel   to  it.     Find  the 

magnitude  and  direction  of  the  least  additional  force,  acting  along 

W 
*the  plane,  which  will  prevent  motion  when  the  force  —  acts  along 

the  plane,  but  at  60°  with  the  line  of  greatest  slope. 

21.  A  weight  W  is  laid  upon  a  rough  plane  (/*=—),  inclined 

V       v**/ 

at  45°  to  the  horizon,  and  is  connected  by  a  string  passing  through  a 
smooth  ring,  A,  at  the  top  of  the  plane,  with  a  weight  P  hanging 
vertically.  If  W=  3P,  shew  that,  if  6  be  the  greatest  possible  inclina 
tion  of  the  string  A  W  to  the  line  of  greatest  slope  in  the  plane,  then 


3    * 

Find  also  the  direction  in  which  W  would  commence  to  move. 

22.  A  weight  W  rests  on  a  rough  inclined  plane  inclined  at  an 
angle  a  to  the  horizon,  and  the  coefficient  of  friction  is  2  tan  a.    Shew 
that  the  least  horizontal  force  along  the  plane  which  will  move  the 
body  is  ^3  JFsin  a,  and  that  the  body  will  begin  to  move  in  a  direction 
inclined  at  60°  to  the  line  of  greatest  slope  on  the  plane. 

23.  If  two  equal  weights,  unequally  rough,  be  connected  by  a 
lijht  rigid  rod  and  be  placed  on  an  inclined  plane  whose  inclination, 
a,  to  the  horizon  is  the  angle  whose  tangent  is  the  geometric  mean 
between  the  coefficients  of  friction,  shew  that  the  greatest  possible 
inclination  to  the  line  of  greatest  slope  which  the  rod  can  make  when 

at  rest  is  cos"1      -^L—  ^3-     ,  where  ^  and  ^  are  the  coefficients  of 


friction. 

24.  A  heavy  particle  is  placed  on  a  rough  plane  inclined  at  an 
angle  a  to  the  horizon,  and  is  connected  by  a  stretched  weightless 
string  AP  to  a  fixed  point  A  in  the  plane.    If  AB  be  the  line  of  greatest 
slope  and  0  the  angle  PAB  when  the  particle  is  on  the  point  of 
slipping,  shew  that  sin0  =  fccota. 

Interpret  the  result  when  JJL  cot  a  is  greater  than  unity. 

25.  A  hemispherical  shell  rests  on  a  rough  plane,  whose  angle  of 
friction  is  X  ;  shew  that  the  inclination  of  the  plane  base  of  the  rim 
to  the  horizon  cannot  be  greater  than  sin-1  (2  sinX). 
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26.  A  solid  homogeneous  hemisphere  rests  on  a  rough  horizontal 
plane  'and  against  a  smooth  vertical  wall.    Shew  that,  if  the  coefficient 
of  friction  be  greater  than  f  ,  the  hemisphere  can  rest  in  any  position 
and,  if  it  be  less,  the  least  angle  that  the  base  of  the  hemisphere  can 

make  with  the  vertical  is  cos"1  —  . 
o 

27.  A  heavy  homogeneous  hemisphere  rests  with  its  convex  sur 
face  in  contact  with  a  rough  inclined  plane  ;  shew  that  the  greatest 
possible  inclination  of  the  plane  to  the  horizon  is  sin"1  $. 

28.  If  a  hemisphere  rest  in  equilibrium  with  its  curved  surface 
in  contact  with  a  rough  plane  inclined  to  the  horizon  at  an  angle 
sin"1  ^-,  find  the  inclination  of  the  plane  base  of  the  hemisphere  to 
the  vertical. 

29.  A  uniform  hemisphere,  of  radius  a  and  weight  W,  rests  with 
its  spherical  surface  on  a  horizontal  plane,  and  a  rough  particle,  of 
weight  W,  rests  on  the  plane  surface;  shew  that  the  distance  of  the 

particle  from  the  centre  of  the  plane  face  is  not  greater  than        ^-  , 
where  /*  is  the  coefficient  of  friction. 

30.  A  sphere,  whose  radius  is  a  and  whose  centre  of  gravity  is  at 
a  distance  c  from  the  centre,  rests  in  limiting  equilibrium  on  a  rough 
plane  inclined  at  an  angle  a  to  the  horizon;  shew  that  it  may  be 
turned  through  an  angle 


and  still  be  in  limiting  equilibrium. 


CHAPTER  XIII. 


WORK. 

195.     Work.    Def.     A  force  is  said  to  do  work  when 
its  point  of  application  moves  in  the  direction  of  the  force. 

The  force  exerted  by  a  horse,  in  dragging  a  waggon,  does  work. 
The  force  exerted  by  a  man,  in  raising  a  weight,  does  work. 

The  pressure  of  the  steam,  in  moving  the  piston  of  an  engine, 
does  work. 

The  measure  of  the  work  done  by  a  force  is  the  product 
of  the  force  and  the  distance  through  which  it  moves  its 
point  of  application  in  the  direction  of  the  force. 

Suppose  that  a  force  acting  at  a  point  A   of  a  body 


moves  the  point  A  to  D,  then  the  work  done  by  P  is 
measured  by  the  product  of  P  and  AD. 

If  the  point  D  be  on  the  side  of  A  toward  which  the 
force  acts,  this  work  is  positive ;  if  D  lie  on  the  opposite 
side,  the  work  is  negative. 

Next,  suppose  that  the  point  of  application  of  the  force 
is  moved  to  a  point  C,  which  does  not  lie  on  the  line  AB. 
Draw  CD  perpendicular  to  AB,  or  AB  produced.  Then 
AD  is  the  distance  through  which  the  point  of  application 
is  moved  in  the  direction  of  the  force.  Hence  in  the  first 
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ngure  the  work  done  is  P  x  AD  ;  in  the  second  figure  the 


C 


A       D     "P  B  O  A        P        B 

work  done  is  -  P  x  AD.  When  the  work  done  by  the 
force  is  negative,  this  is  sometimes  expressed  by  saying 
that  the  force  has  work  done  against  it. 

196.  In  the  case  when  AC  is  at  right  angles  to  AB, 
the  points  A  and  D  coincide,  and  the  work  done  by  the 
force  P  vanishes. 

As  an  example,  if  a  body  be  moved  about  on  a  hori 
zontal  table  the  work  done  by  its  weight  is  zero.  So,  again, 
if  a  body  be  moved  on  an  inclined  plane,  no  work  is  done 
by  the  normal  reaction  of  the  plane. 

197.  The  unit  of  work,   used  in  Statics,  is  called  a 
Foot-Pound,  and  is  the  work  done  by  a  force,  equal  to  the 
weight  of  a  pound,  when  it  moves  its  point  of  application 
through  one  foot  in  its  own  direction.     A  better,  though 
more   clumsy,  term    than    "  Foot- Pound "  would  be   Foot- 
Pound  weight. 

Thus,  the  work  done  by  the  weight  of  a  body  of  10 
pounds,  whilst  the  body  falls  through  a  distance  of  4  feet, 
is  10  x  4  foot-pounds. 

The  work  done  by  the  weight  of  the  body,  if  it  were 
raised  through  a  vertical  distance  of  4  feet,  would  be 
—  10  x  4  foot-pounds. 

198.  It  will  be  noticed  that  the  definition  of  work, 
given   in   Art.    195,   necessarily  implies   motion.     A   man 
may  use  great  exertion  in  attempting  to  move  a  body,  arid 
yet  do  no  work  on  the  body. 

For  example,  suppose  a  man  pulls  at  the  shafts  of  a 
heavily-loaded  van,  which  he  cannot  move.  He  may  pull 
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to  the  utmost  of  his  power,  but,  since  the  force  which  he 
exerts  does  not  move  its  point  of  application,  he  does  no 
work  (in  the  technical  sense  of  the  word). 

199.  To  find  the  work  done  in  dragging  a  body  up  a 
smooth  inclined  plane. 

Taking  the  figure  of  Art.  151,  Case  I.,  the  work  done 
by  the  force  P  in  dragging  the  body  from  A  to  C  is 

PxAG. 

But  P=TFsina. 

Therefore  the  work  done  is  IF  sin  a  x  AC, 

i.e.,    JFx  AC  sin  a,     i.e.,    W  x  BG. 

Hence  the  work  done  is  the  same  as  that  which  would 
be  done  in  lifting  the  weight  of  the  body  through  the  same 
height  without  the  intervention  of  the  inclined  plane. 

200.  The  previous  article  is  one  of  the  simplest  ex 
amples  of  what  we  shall  find  to  be  a  universal  principle, 
viz.,    Whatever  be  the  machine  we  use,  provided   that    there 
be  no  friction  and  that  the  weight  of  the  machine  be  neglected, 
the  work  done  by  the  power  is  always  equivalent  to  the  work 
done  against  the  weight. 

Assuming  that  the  machine  we  are  using  gives  me 
chanical  advantage,  so  that  the  power  is  less  than  the 
weight,  the  distance  moved  through  by  the  power  is  there 
fore  greater  than  the  distance  moved  through  by  the  weight 
in  the  same  proportion.  This  is  sometimes  expressed  in 
popular  language  in  the  form  ;  What  is  gained  in  power  is 
lost  in  speed. 

201.  To  find  the  work  done  in  dragging  a  body  up  a 
rough  inclined  plane. 

From  Art.   187,   Case  II.,  we  know  that  the  force  P} 
which  would  just  move  the  body  up  the  plane  is 
W  (sin  a  +  /A  cos  a). 
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Hence  the  work  done  in  dragging  it  from  A  to  C 
=  P1xAC 

=  W  (sin  a  +  fi  cos  a)  .  AC 
=  W.ACsina  +  nW.ACcosa 
=  W  .BC  +  pW.AB 
=  work    done    in    dragging    the    body   through   the   same 

vertical  height  without  the  intervention  of  the  plane 
4-  the  work  done  in  dragging  it  along  a  horizontal  distance 

equal  to  the  base  of  the  inclined  plane  and  of  the  same 

roughness  as  the  plane. 

202.  From  the  preceding  article  we  see  that,  if  our 
inclined  plane  be  rough,  the  work  done  by  the  power  is 
more  than  the  work  done  against  the  weight.  This  is  again 
true  for  any  machine  ;  the  principle  may  be  expressed  thus, 

In  any  machine,  the  work  done  by  the  power  is  equal  to 
the  work  done  against  the  weighty  together  with  the  work  done 
against  the  frictional  resistances  of  the  machine,  and  the 
work  done  against  the  weights  of  the  component  parts  of  the 
machine. 

The  ratio  of  the  work  done  on  the  weight  to  the  work 
done  by  the  power  is,  for  any  machine,  called  the  modu 
lus  or  efficiency  of  the  machine.  We  can  never  get  rid 
entirely  of  frictional  resistances,  or  make  our  machine 
without  weight,  so  that  some  work  must  always  be  lost 
through  these  two  causes.  Hence  the  modulus  of  the 
machine  can  never  be  so  great  as  unity.  The  more  nearly 
the  modulus  approaches  to  unity,  the  better  is  the  machine. 

There  is  no  machine  by  whose  use  we  can  create  work, 
and  in  practice,  however  smooth  and  perfect  the  machine 
may  be,  we  always  lose  work.  The  only  use  of  any  machine 
is  to  multiply  the  force  we  apply,  whilst  at  the  same  time 
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the  distance  through  which  the  force  works  is  more  than 
proportionately  lessened. 

2O3.  The  student  can  verify  the  truth  of  the  principle,  enun 
ciated  in  Art.  200,  for  all  machines  ;  we  shall  consider  only  a  few 
cases. 

First  system  of  pulleys  (Art.  144). 

Neglecting  the  weights  of  the  pulleys  we  have,  if  there  be  four 
pulleys, 

f=*w- 

If  the  weight  W  be  raised  through  a  distance  x,  the  pulley  A% 
would,  if  the  distance  A^A^  remained  unchanged,  rise  a  distance  x  ; 
but,  at  the  same  time,  the  length  of  the  string  joining  Al  to  the  beam 
is  shortened  by  x,  and  a  portion  x  of  the  string  therefore  slips  round 
Al;  hence,  altogether,  the  pulley  A%  rises  through  a  distance  2x. 

Similarly,  the  pulley  A%  rises  a  distance  4x,  and  the  pulley  A4  a 
distance  8x. 

Since  A4  rises  a  distance  8x,  the  strings  joining  it  to  the  beam  and 
to  the  point  at  which  P  is  applied  both  shorten  by  Bar. 

Hence,  since  the  slack  string  runs  round  the  pulley  A±  ,  the  point 
of  application  of  P  rises  through  I6x. 

Hence 

work  done  by  the  power       _  P  .  16.T  _  2^  _  W  .  x  _ 

work  done  against  the~weight  "~   W  .x  ~      W  .x     ~  W~.x~   ' 
Hence  the  principle  is  verified. 

Taking  the  weights  of  the  pulleys  into  account,  and  taking  the 
case  of  four  pulleys,  we  have,  by  Art.  144,  Case  II., 

p-w  ,  wi.  W2  ,  w*  ,  «>4 
-24  +  24+  2»+2*  +  T* 

As  before,  if  Al  ascend  a  distance  x,  the  other  pulleys  ascend  distances 
2a:,  4or,  and  8x,  respectively.  Hence  the  work  done  on  the  weight  and 
the  weights  of  the  pulleys 


wd~\ 
—  * 
2J 


=  16a;  x  P  =  work  done  by  the  power. 

A  similar  method  of  proof  would  apply,  whatever  be  the  number 
of  pulleys. 
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204.     Third  system  of  pulleys  (Art.  146). 

Suppose  the  weight  W  to  ascend  through  a  space  x.  The  string 
joining  B  to  the  bar  shortens  by  x,  and  hence  the  pulley  A?  descends 
a  distance  x.  Since  the  pulley  A3  descends  x  and  the  bar  rises  x,  the 
string  joining  A«  to  the  bar  shortens  by  2x,  and  this  portion  slides 
over  As  ;  hence  the  pulley  Az  descends  a  distance  equal  to  2x  together 
with  the  distance  through  which  A3  descends,  i.e.,  A%  descends  a 
distance  2x  +  x,  or  3#.  Hence  the  string  A$F  shortens  by  4x,  which 
slips  over  the  pulley  A2  ,  so  that  the  pulley  Al  descends  a  distance  4# 
together  with  the  distance  through  which  A2  descends,  i.e.,  4x  +  3x,  or 
7x.  Hence  the  string  A^G  shortens  by  Sx,  and  A^  itself  descends  7x, 
so  that  the  point  of  application  of  P  descends  15x. 

Neglecting  the  weight  of  the  pulleys,  the  work  done  by  P  therefore 
=  l5x  .P=x(2*-l)P=x  .  W  by  equation  (1),  Art.  146, 
=  work  done  on  the  weight  W. 

Taking  the  weights  of  the  pulleys  into  account,  the  work  done  by 
the  power  and  the  weights  of  the  pulleys  [which  in  this  case  assist  the 
power] 


=  x  .  W  by  equation  (3),  Art.  146, 
=  work  done  on  the  weight  W. 

2O5.     Smooth  inclined  plane  (Art.  151,  Case  III.). 

Let  the  body  move  a  distance  x  along  the  plane  ;  the  distance 
through  which  the  point  of  application  of  P  moves,  measured  along 
its  direction  of  application,  is  clearly  x  cos  0  ;  also  the  vertical  distance 
through  which  the  weight  moves  is  x  sin  a. 

Hence  the  work  done  by  the  power  is  P  .  x  cos  0,  and  that  done 
against  the  weight  is  W.  x  sin  a.  These  are  equal  by  the  relation 
proved  in  Art.  151. 

200.     Wheel  and  axle  (Art.  153). 

Let  the  machine  turn  through  an  angle  6.  A  portion  of  string 
whose  length  is  6  .  6  becomes  unwound  from  the  wheel,  and  hence  P 
descends  through  this  distance.  At  the  same  time  a  portion  equal  to 
a.e  becomes  wound  upon  the  axle,  so  that  W  rises  through  this 
distance.  The  work  done  by  P  is  therefore  Pxbd  and  that  done 
against  IF  is  Wxa0. 

These  are  equal  by  the  relation  of  Art.  154. 

2O7.     The  Smooth  Screw  (Art.  172). 

For  each  revolution  made  by  the  power  arm  the  screw  rises 
through  a  distance  equal  to  the  distance  between  two  consecutive 
threads. 
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Hence,  during  each  revolution,  the  work  done  by  the  power  ia 
P  x  circumference  of  the  circle  described  by  the  end  of  the  power-arm, 
and  that  done  against  the  weight  is 

TFx  distance  between  two  consecutive  threads. 

These  are  equal  by  the  relation  proved  in  Art.  172. 

2O8.  Theorem.  To  shew  that  the  work  done  in 
raising  a  number  of  particles  from  one  position  to  another  is 
Wh,  where  W  is  the  total  weight  of  the  particles,  and  h  is  the 
distance  through  which  the  centre  of  gravity  of  the  particles 
has  been  raised. 

Let  wlt  w.^  w^...wn  be  the  weights  of  the  particles;  in 
the  initial  position  let  x1,  x2,  xs,...xn  be  their  heights  above 
a  horizontal  plane,  and  x  that  of  their  centre  of  gravity,  so 
that,  as  in  Art.  Ill,  we  have 


_  =      11  t...Hn 

p 
ti 
of  gravity,  so  that 


)  2        .  .  .  n 

In  the  final  position  let  #/,  £C2',  .  .  .  xn'  be  the  heights  of 
the  different  particles,  and  x'  the  height  of  the  new  centre 


_,  ^  j  +  ...  wnxn' 

...W 


... 

But,  since  wl  +  wa-f-  ...  =  W,  equations  (1)  and  (2)  give 

w^  +  w2x2  +  .  .  .  =  W  .  x, 
and  w^  +  w&J  +  ...  =  W  .  x'. 

By  subtraction  we  have 


But  the  left-hand  member  of  this  equation  gives  the 
total  work  done  in  raising  the  different  particles  of  the 
system  from  their  initial  position  to  their  final  position  ; 
also  the  right-hand  side, 
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=  W  x  height  through  which  the  centre  of  gravity  has  been 

raised 
=  W  .  h. 

Hence  the  proposition  is  proved. 

'209.  Power.  Def.  The  power  of  an  agent  is  the 
amount  of  work  that  would  be  done  by  the  agent  if  working 
uniformly  for  the  unit  of  time. 

The  unit  of  power  used  by  engineers  is  called  a  Horse  - 
Power.  An  agent  is  said  to  be  working  with  one  horse 
power  when  it  performs  33,000  foot-pounds  in  a  minute,  i.e., 
when  it  would  raise  33,000  Ibs.  through  a  foot  in  a  minute, 
or  when  it  would  raise  330  Ibs.  through  100  feet  in  a 
minute,  or  33  Ibs.  through  1000  feet  in  a  minute. 

This  estimate  of  the  power  of  a  horse  was  made  by 
Watt,  but  is  rather  above  the  capacity  of  ordinary  horses. 
The  word  Horse-power  is  usually  abbreviated  into  H.P. 

21O.  Ex.  A  loell,  of  which  the  section  is  a  square  whose  side  is 
4  feet,  and  whose  depth  is  300  feet,  is  fall  of  water  ;  find  the  work  domj, 
in  foot-pounds,  in  pumping  the  water  to  the  level  of  the  top  of  the  well. 

Find  also  the  H.  P.  of  the  engine  which  would  just  accomplish  this 
ivork  in  one  hour. 

[N.B.     A  cubic  foot  of  water  weighs  1000  ounces.] 

Initially  the  height  of  the  centre  of  gravity  of  the  water  above  the 
bottom  of  the  well  was  150  feet  and  finally  it  is  300  feet,  so  that  the 
height  through  which  the  centre  of  gravity  has  been  raised  is  150  feet. 

The  volume  of  the  water  =  4  x  4  x  300  cubic  feet. 
Therefore  its  weight  =  4  x  4  x  300  x  ^  $*-  Ibs.  =  300,000  Ibs. 

Hence  the  work  done  =  300,000  x  150  ft.  -Ibs.  =  45,000,000  ft.  -Ibs. 

Let  x  be  the  required  H.  p.  Then  the  work  done  by  the  engine  in 
one  hour  —x  x  60  x  33,000. 

Hence  we  have      a;  x  60  x  33,000  =  45,000,000  ; 


L.  S. 
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EXAMPLES.    XXXIII. 

1.  How  much  work  is  done  in  drawing  a  load  of  6  cwt.  up  a  rough 
inclined  plane,  whose  height  is  3  feet  and  base  20  feet,  the  coefficient 
of  friction  being  ^  ? 

2.  A  weight  of  10  tons  is  dragged  in  half  an  hour  through  a 
length  of  330  feet  up  an  inclined  plane,  of  inclination  30°,  the  co 
efficient  of  friction  being  -^ ;  find  the  work  expended  and  the  H.  p.  of 

V8 
the  engine  which  could  do  the  work. 

3.  How  many  cubic  feet  of  water  will  an  engine  of  100  H.  P.  raise 
in  one  hour  from  a  depth  of  150  feet  ? 

4.  A  tank,  2-4  feet  long,  12  feet  broad,  and  16  feet  deep,  is  filled 
by  water  from  a  well  the  surface  of  which  is  always  80  feet  below  the 
top  of  the  tank  ;  find  the  work  done  in  filling  the  tank,  and  the  H.  p. 
of  an  engine,  whose  modulus  is  -5,  that  will  fill  the  tank  hi  4  hours. 

5.  A  chain,  whose  mass  is  8  Ibs.  per  foot,  is  wound  up  from  a 
shaft  by  the  expenditure  of  four  millions  units  of  work ;  find  the 
length  of  the  chain. 

6.  In  how  many  hours  would  an  engine  of  18  H.  P.  empty  a  vertical 
shaf t  full  of  water  if  the  diameter  of  the  shaft  be  9  feet,  and  the  depth 
420  feet? 

7.  Find  the  H.  p.  of  an  engine  that  would  empty  a  cylindrical 
shaft  full  of  water  in  32  hours,  if  the  diameter  of  the  shaft  be  8  feet 
and  its  depth  600  feet. 

8.  A  tower  is  to  be  built  of  brickwork,  the  base  being  a  rectangle 
whose  external  measurements  are  22  ft.  by  9  ft.,  the  height  of  the 
tower  66  feet,  and  the  walls  two  feet  thick  ;  find  the  number  of  hours 
in  which  an  engine  of  3  H.  p.  would  raise  the  bricks  from  the  ground, 
the  weight  of  a  cubic  foot  of  brickwork  being  112  Ibs. 

9.  At  the  bottom  of  a  coal  mine,  275  feet  deep,  there  is  an  iron 
cage  containing  coal  weighing  14  cwt.,  the  cage  itself  weighing  4  cwt. 
109  Ibs.,  and  the  wire  rope  that  raises  it  6  Ibs.  per  yard.    Find  the 
work  done  when  the  load  has  been  lifted  to  the  surface,  and  the  H.  p. 
of  the  engine  that  can  do  this  work  in  40  seconds. 

10.  The  diameter  of  the  circular  piston  of  a  steam  engine  is 
60  inches  and  it  makes  11  strokes  per  minute,  the  length  of  each 
stroke  being  8  feet,  the  mean  pressure  per  square  inch  on  the  piston 
being  15  Ibs.,  and  the  modulus  of  the  engine  '65.     Find  the  number 
of  cubic  feet  of  water  that  it  will  raise  per  hour  from  a  well  whose 
depth  is  300  feet,  on  the  supposition  that  no  work  is  wasted. 
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11.  In  a  wheel  and  axle,  if  the  radius  of  the  wheel  be  six  times 
that  of  the  axle,  and  if  by  means  of  a  power  equal  to  5  Ibs.  wt.  a 
body  be  lifted  through  50  feet,  find  the  amount  of  work  expended. 

12.  A  capstan,  of  diameter  20  inches,  is  worked  by  means  of  a 
lever,  which  measures  5  feet  from  the  axis  of  the  capstan.     Find  the 
work  done  in  drawing  up  by  a  rope  a  body,  of  weight  one  ton,  over 
35  feet  of  the  surface  of  a  smooth  plane  inclined  to  the  horizon  at  an 
angle  cos-1  £ .    Find  also  the  force  applied  to  the  end  of  the  lever,  and 
the  distance  through  which  the  point  of  application  moves. 

13.  A  block,  of  weight  one  ton,  is  in  the  form  of  a  rectangular 
parallelepiped,  8  feet  high,  standing  on  a  square  base  whose  side  is 
6  feet.     It  is  placed  on  a  rough  weightless  board  with  the  sides  of  its 
base  parallel  to  the  length  and  breadth  of  the  board,  and  the  centre 
of  the  base  is  distant  6  feet  from  one  extremity  of  the  board.     The 
board  is  now  tilted  round  this  extremity  until  the  block  topples  with 
out  sliding  ;  find  the  work  done. 

14.  If  the  axis  of  a  screw  be  vertical  and  the  distance  between 
the  threads  2  inches,  and  a  door,  of  weight  100  Ibs.,  be  attached  to 
the  screw  as  to  a  hinge,  find  the  work  done  in  turning  the  door 
through  a  right  angle. 


16—2 


CHAPTER   XIV. 

MISCELLANEOUS. 

211.    Bodies    connected    by    smooth    hinges. 

When  two  bodies  are  hinged  together,  it  usually  happens 
that,  either  a  rounded  end  of  one  body  fits  loosely  into  a 
prepared  hollow  in  the  other  body,  or  that  a  round  pin,  or 
other  separate  fastening,  passes  through  a  hole  in  each 
body. 

In  either  case,  if  the  bodies  be  smooth,  the  action  on 
each  body  at  the  hinge  consists  of  a  single  force.  Also 
he  action  of  the  hinge  on  the  one  body  is  equal  and 
opposite  to  the  action  of  the  hinge  on  the  other  body; 
for  forces,  equal  and  opposite  to  these  actions,  keep  the 
pin,  or  fastening,  in  equilibrium,  since  its  weight  is 
negligible. 

In  solving  questions  concerning  hinges,  the  direction 
and  magnitude  of  the  action  at  the  hinge  are  usually  both 
unknown. 

Hence  it  is  generally  most  convenient  to  assume  the 
action  of  the  hinge  on  one  body  to  consist  of  two  unknown 
components  at  right  angles  to  one  another;  the  action  of 
the  hinge  on  the  other  body  will  then  consist  of  com 
ponents  equal  and  opposite  to  these. 
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The  forces  acting  on  each  body,  together  with  the 
actions  of  the  hinge  on  it,  are  in  equilibrium,  and  the 
general  conditions  of  equilibrium  of  Art.  83  will  now  apply. 

In  order  to  avoid  mistakes  as  to  the  components  of 
the  reaction  acting  on  each  body,  it  is  convenient,  as  in 
the  second  figure  of  the  following  example,  not  to  pro 
duce  the  beams  to  meet  but  to  leave  a  space  between 
them. 

212.  Ex.  Three  equal  uniform  rods,  each  of  weight  W,  are 
smoothly  jointed  so  as  to  form  an  equilateral  triangle.  If  the  system 
be  supported  at  the  middle  point  of  one  of  the  rods,  shew  that  the 

W 
action  at  the  lowest  angle  is       .--,  and  that  at  each  of  the  others  is 


vs 


Let  AEG  be  the  triangle  formed  by  the  rods,  and  D  the  middle 
point  of  the  side  AB  at  which  the  system  is  supported. 


W 


W 


Let  the  action  of  the  hinge  at  A  on  the  rod  AB  consist  of  two 
components,  respectively  equal  to  Y  and  X,  acting  in  vertical  and 
horizontal  directions;  hence  the  action  of  the  hinge  on  AC  consists 
of  components  equal  and  opposite  to  these. 

Since  the  whole  system  is  symmetrical  about  the  vertical  line 
through  D,  the  action  at  B  will  consist  of  components,  also  equal  to 
Y  and  X,  as  in  the  figure. 

Let  the  action  of  the  hinge  C  on  GB  consist  of  Yl  vertically  up 
wards,  and  Xl  horizontally  to  the  right,  so  that  the  action  of  the  same 
hinge  on  CA  consists  of  two  components  opposite  to  these,  as  in  tho 
figure.  * 
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For  AB,  resolving  vertically,  we  have 

S=W+2Y  ..............................  (1), 

where  S  is  the  vertical  reaction  of  the  peg  at  D. 

For  CB,  resolving  horizontally  and  vertically,  and  taking  moments 
about  C,  we  have 

*+*1  =  0  .................................  (2), 

W=Y+Y1  .................................  (3), 

TF.acos600  +  X.2asin60°=F.2acosGG0  ............  (4). 

For  CA,  by  resolving  vertically,  we  have 

W=Y-Yl  .................................  (5). 

From  equations  (3)  and  (5)  we  have 

7!  =  0,  and  Y=  W. 
Hence  equation  (4)  is 


W 

Therefore  from  (2)        Xl  =  -  -—75 


Also  (1)  gives  S  =  3W. 

Hence  the  action  of  the  hinge  at  B  consists  of  a  force  >/X*+T5 

(i.e.  W  A/i2  )  '  acting  at  an  anSle  tan~1  Y  (*'*'  tan~12\/3)>  to  the 
horizon  ;   also  the  action  of  the  hinge  at  C  consists  of  a  horizontal 

W 

force  equal  to  —  —  . 
v/12 

A  priori  reasoning  would  have  shewn  us  that  the  action  of  the 
hinge  at  C  must  be  horizontal  ;  for  the  whole  system  is  symmetrical 
about  the  line  CD,  and,  unless  the  component  Yl  vanished,  the  re 
action  at  C  would  not  satisfy  the  condition  of  symmetry. 

EXAMPLES.    XXXIV. 

1.  Two  equal  uniform  beams,  AB  and  EC,  are  freely  jointed  at  B 
and  A  is  fixed  to  a  hinge  at  a  point  in  a  wall  about  which  AB  can 
turn  freely  in  a  vertical  plane.     At  what  point  in  BC  must  a  vertical 
force  be  applied  to  keep  the  two  beams  in  one  horizontal  line,  and 
what  is  the  magnitude  of  the  force  ? 

2.  Two  uniform  beams,  AC  and  CB,  are  smoothly  hinged  together 
at  C,  and  have  their  ends  attached  at  two  points,  A  and  B,  in  the 
same  horizontal  line.    If  they  be  made  of  the  same  material  and  be  of 
total  weight  60  Ibs.,  and  if  each  be  inclined  at  an  angle  of  60°  to  the 
horizon,  shew  that  the  action  of  the  hinge  at  the  point  C  is  a  hori 
zontal  force  of  5^/3  Ibs.  weigrft. 
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3.  A  pair  of  compasses,  each  of  whose  legs  is  a  uniform  bar  of 
weight  W,  is  supported,  hinge  downwards,  by  two  smooth  pegs  placed 
at  the  middle  points  of  the  legs  in  the  same  horizontal  line,  the  legs 
being  kept  apart  at  an  angle  2<x  with  one  another  by  a  weightless  rod 
joining  their  extremities;  shew  that  the  thrust  in  this  rod  and  that 
the  action  at  the  hinge  are  each  £  W  cot  a. 

4.  Two  equal  uniform  rods,  AB  and  AC,  each  of  weight  W,  are 
smoothly  jointed  at  A  and  placed  in  a  vertical  plane  with  the  ends  B 
and  G  resting  on  a  smooth  table.     Equilibrium  is  preserved  by  a 
string  which  attaches  G  to  the  middle  point  of  AB.     Shew  that  the 
tension  of  the  string  and  the  reaction  of  the  rods  at  A  are  both 
equal  to 


/—  —  _ 
-r  cosec  a  */l  +  8  cos2  a, 


and  that  both  are  inclined  at  an  angle  tan"1  (^  tan  a)  to  the  horizon, 
where  a  is  the  inclination  of  either  rod  to  the  horizon. 

5.  Two  equal  beams,  AC  and  BG,  freely  jointed  together  at  (7, 
stand  with  their  ends,  A  and  B,  in  contact  with  a  rough  horizontal 
plane,  and  with  the  plane  ACB  vertical.     If  the  coefficient  of  friction 
be  \,  shew  that  the  angle  A  GB  cannot  be  greater  than  a  right  angle, 
and  find  the  thrust  at  (7  tn  any  position  of  equilibrium. 

6.  Three  uniform  heavy  rods,  AB,  BG,  and  CA,  of  lengths  5,  4, 
and  3  feet  respectively,  are  hinged  together  at  their  extremities  to  form 
a  triangle.     Shew  that  the  whole  will  balance,  with  AB  horizontal, 
about  a  fulcrum  which  is  distant  1£  of  an  inch  from  the  middle  point 
towards  A. 

Prove  also  that  the  vertical  components  of  the  actions  at  the 

hingea  A  and  B,  when  the  rod  is  balanced,  are  ^^  W  and  ^  '   W 

uUu  oUO 

respectively,  where  W  is  the  total  weight  of  the  rods. 

7.  Two  equal  rods,  AB  and  BG,  are  jointed  at  B,  and  have  their 
middle  points  connected  by  an  inelastic  string  of  such  a  length  that, 
when  it  is  straightened,  the  angle  ABG  is  a  right  angle;  if  the  system 
be  suspended  by  a  string  attached  to  the  point  A,  shew  that  the 
inclination  of  AB  to  the  vertical  will  be  tan"1^,  and  find  the  tension 
of  the  string  and  the  action  at  the  hinge. 

8.  Two  equal  bars,  AB  and  BG,  each  1  foot  long  and  each  of 
weight  W,  are  jointed  together  at  B  and  suspended  by  strings  OA,  OB, 
and  OC,  each  1  foot  long,  from  a  fixed  peg  O;  fiml  the  tensions  of  the 
three  strings  and  the  magnitude  of  the  action  at  the  hinge,  the  strings 
and  bars  being  all  in  one  plane. 

9.  Three  uniform  beams  AB,  BG,  and  CD,  of  the  same  thickness, 
and  of  lengths  7,  21,  and  I  respectively,  are  connected  by  smooth  hinges 
at  B  and  C,  and  rest  on  a  perfectly  smooth  sphere,  whose  radius  is  21, 
so  that  the  middle  point  of  BG  and  the  extremities,  A  and  D,  are  in 
contact  with  the  sphere  ;  shew  that  the  pressure  at  the  middle  point 
of  EC  is  TVo  of  the  weight  of  the  beams. 
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10.  Three  uniform  rods  AB,  BC,  and  CD,  whose  weights  are 
proportional  to  their  lengths  a,  fc,  and  c,  are  jointed  at  B  and  C  and 
are  in  a  horizontal  position  resting  on  two  pegs  P  and  Q;  find  the 
actions  at  the  joints  B  and  C,  and  shew  that  the  distance  between  the 
pegs  must  be 


11.  AB  and  AC  are  similar  uniform  rods,  of  length  a,  smoothly 
jointed  at  A.     BD  is  a  weightless  bar,  of  length  6,  smoothly  jointed 
at  B,  and  fastened  at  D  to  a  smooth  ring  sliding  on  AC.    The  system 
is  hung  on  a  small  smooth  pin  at  A.     Shew  that  the  rod  AC  makes 
with  the  vertical  an  angle 

tan-i 

a  + 

12.  A  square  figure  ABCD  is  formed  by  four  equal  uniform  rods 
jointed  together,  and  the  system  is  suspended  from  the  joint  A,  and 
kept  in  the  form  of  a  square  by  a  string  connecting  A  and  C  ;  shew 
that  the  tension  of  the  string  is  half  the  weight  of  the  four  rods,  and 
find  the  direction  and  magnitude  of  the  action  at  either  of  the  joints 
B  or  D. 

13.  Four  equal  rods  are  jointed  together  to  form  a  rhombus, 
and  the  opposite  joints  are  joined  by  strings  forming  the  diagonals, 
and  the  whole  system  is  placed  on  a  smooth  horizontal  table.     Shew 
that  their  tensions  are  in  the  same  ratio  as  their  lengths. 

213.  Funicular  Polygon.  If  a  light  string  have 
its  ends  attached  to  two  fixed  points,  and  if  at  different 
points  of  the  string  there  be  attached  weights,  the  figure 
formed  by  the  string  is  called  a  funicular  polygon. 

Let  0  and  01  be  the  two  fixed  points  at  which  the 
ends  of  the  string  are  tied,  and  let  Aly  A^,  ...  An,  be 
the  points  of  the  string  at  which  are  attached  bodies, 
whose  weights  are  wlt  w.Z)  ...  wn  respectively. 

Let  the  lengths  of  the  portions 

OAl}  4^,  A.2A3,  ...  An0lt  be  alt  «2,  as,  ...  aM  respectively, 
and  let  their  inclinations  to  the  horizon  be 

aii        tt2>     •••    "tt  +  l- 

Let  h  and  k  be  respectively  the  horizontal  and  vertical 
distances  between  the  points  0  and  Olt  so  that 
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and 


sn  ax  + 


03+  ...  +  an+l  cosan+-L  =  h  ...(1), 
•••  +  an+i 


Let  T7!,  T2,  ...  Tn+1  be  respectively  the  tensions  of  the 
portions  of  the  string. 

Resolving  vertically  and  horizontally  for  the  equilibrium 
of  the  different  weights  in  succession,  we  have 

T2  sin  a2  —  T^  sin  al  =  wlt  and  Ta  cos  a2  —  ^  cos  ax  =  0 ; 
^3  sin  a3  —  Tz  sin  03  =  t<72,  and  T3  cos  a3  —  5\  cos  a2  -  0  ; 
T4  sin  a4  —  Tg  sin  a3  =  w~,  and  2^  cos  a4  —  3^  cos  a3  =  0  ; 

Tn+1  sin  an+1-  7^  sin  an  =  wn,  and  7Tn+1  cos  a^^j  -  Tn  cos  an  =  0. 

These    2ra   equations,  together  with  the  equations   (1) 
and    (2),  are  sufficient  to  determine  the  (n+l)  unknown 
tensions,  and  the  (n  +  l)  unknown  inclinations 
au     03,   ...   an+1. 

From  the  right-hand  column  of  equations,  we  have 

T!  COS  ax  =  I\  COS  a2  =  Tz  COS  a3  =  ...  =  Fn+1  COS  an^  , 

=  ^(say)  (3), 

so    that    the   horizontal   component  of    the  tension  of    the 
string  is  constant  throughout  and  is  denoted  by  K. 
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From  (3),  substituting  for  2\,  T^  . 
hand  column  of  equations,  we  have 

tan  aa    —  tan  04  =  ~  , 


w,. 


tan  a3    —  tan  a.,  =  —  , 
A 

tan  «4     —  tan  a8  =  — 3 , 
h. 


Tn+1  in  the  left- 


If  the  weights  be  all  equal,  the  right-hand  members  of 
this  latter  column  of  equations  are  all  equal  and  it  follows 
that  tan  a1}  tana2, . .  .tanan+1,  are  in  arithmetical  progression. 

Hence  when  a  set  of  equal  weights  are  attached  to 
different  points  of  a  string,  as  above,  the  tangents  of  in 
clination  to  the  horizon  of  successive  portions  of  the  string 
form  an  arithmetical  progression  whose  constant  difference 
is  the  weight  of  any  attached  particle  divided  by  the 
constant  horizontal  tension  of  the  strings. 

2 14.  Graphical  construction.  ]  f,  in  the  Funicular 
Polygon,  the  inclinations  of  the  different  portions  of  string 
be  given,  we  can  easily,  by  geometric  construction,  obtain 
the  ratios  of  wlt  w^  ...  wn. 

For  let  C  be  any  point  and  CD 
the  horizontal  line  through  C.  Draw 
CPlt  CPi,...CPn+l  parallel  to  the 
strings  OAlt  A^A^  ...  AnOlt  so  that 
the  angles  PiCD,  P2CD,  ...  are  re 
spectively  Oj,  OU,  .... 

Draw  any  vertical  line  cutting 
these  lines  in  />,  Plt  I\.... 


D 
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Then,  by  the  previous  article, 

w,  DP,     DPl     P.^ 

F"  tana2-tanai  =  ^  -  ^=  ^  , 

to,  DPa     DP,     P,Pn 

I  -  tana3-tana2-,  ^  -  -^  -  ^ , 

and  so  on. 

Hence  the  quantities  JT,  u\,  w%,  ...  w;M  are  respectively 
proportional  to  the  lines  CD,  P^z,  P^P*,  ...  PnPH+i,  and 
hence  their  ratios  are  determined. 

215.  Tensions  of  Elastic  Strings.  All  through 
this  book  we  have  assumed  our  strings  to  be  inextensible, 
i.e.,  that  they  would  bear  any  tension  without  altering  their 
length. 

In  practice,  all  strings  are  extensible,  although,  the 
extensibility  is  in  many  cases  extremely  small,  and  prac 
tically  negligible. 

When  the  extensibility  of  the  string  cannot  be  neg 
lected,  there  is  a  simple  experimental  law  connecting  the 
tension  of  the  string  with  the  amount  of  extension  of  the 
string.  It  may  be  expressed  in  the  form 

The  tension  of  an  elastic  string  varies  as  the  extension  of 
the  string  beyond  its  natural  length. 

Suppose  a  string  to  be  naturally  of  length  one  foot ; 
its  tension,  when  the  length  is  13  inches,  will  be  to  its 
tension,  when  of  length  15  inches,  as 

13-12  :  15-12,  i.e.,  as  1  :  3. 

The  student  will  observe  carefully  that  the  tension 
of  the  string  is  not  proportional  to  its  stretched  length, 
but  to  its  extension. 
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The  above  law  was  discovered  by  Hooke,  and  enun 
ciated  by  him  in  the  form  Ut  tensio,  sic  vis. 

From  Hooke's  law  we  easily  obtain  a  formula  giving 
us  the  tension  in  any  case. 

Let  a  be  the  unstretched  length  of  a  string,  and  T 
be  its  tension  when  it  is  stretched  to  be  of  length  x.  The 
extension  is  now  x  —  a,  arid  the  law  states  that 

T  cc  x  -  a. 
This  is  generally  expressed  in  the  form 


the  constant  of  variation  being  -  . 

The  quantity  A.  is  a  quantity  depending  only  on  the 
thickness  of  the  string  and  on  the  material  of  which  it  -is 
made,  and  is  called  the  Modulus  of  Elasticity  of  the  String. 

The  quantity  A  is  equal  to  the  force  which  would  stretch 
the  string,  if  placed  on  a  smooth  horizontal  table,  to 
twice  its  natural  length  ;  for,  when  x  —  2a,  we  have  the 
tension 

X2rt~a     x 

—  A  ----------  =  A. 

a 

Hence  the  value  of  A  may  be  easily  determined  by 
finding  the  force  which  stretches  the  stiing  to  twice  its 
natural  length. 

No  elastic  string  will  however  bear  an  unlimited 
stretching;  when  the  string,  through  being  stretched,  is 
on  the  point  of  breaking,  its  tension  then  is  called  the 
breaking  tension. 
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Ex.  ABC  is  an  elastic  string,  hanging  vertically  from  a  fixed 
point  A;  at  B  and  C  are  attached  particles,  of  weights  2W  and  W 
respectively.  If  the  modulus  of  elasticity  of  the  string  be  '6W,find  the 
ratio  of  the  stretched  lengths  of  the  portions  of  the  string  to  their  un~ 
stretched  lengths. 

Let  c  and  cl  be  the  unstretched  lengths  of  AB  and  B0t  and  x  and 
y  their  stretched  lengths. 

Let  T  and  T±  be  their  tensions,  so  that 

A 


and 


From  the  equilibrium  of  B  and  C,  we  have 
Hence  T=3JF. 


T 
B 
T! 

Tj 
C 


.'.  x=2c,  and  y  =  ^c1, 

so  that  the  stretched  lengths  are  respectively  twice  and  four-thirds  of 
the  natural  lengths. 

EXAMPLES.    XXXV. 

1.  ABC  is  an  elastic  string,  whose  modulus  of  elasticity  is  4JP, 
which  is  tied  to  a  fixed  point  at  A.     At  B  and  C  are  attached  weights 
each  equal  to  W,  the  unstretched  lengths  of  AB  and  BC  being  each 
equal  to  c.     Shew  that,  if  the  string  and  bodies  take  up  a  vertical 
position  of  equilibrium,  the  stretched  lengths  of  AB  and  BC  are  fc 
and  £c  respectively. 

2.  An  elastic  string  has  its  ends  attached  to  two  points  in  the 
same  horizontal  plane,  and  initially  it  is  just  tight  and  unstretched ; 
a  particle,  of  weight  W,  is  tied  to  the  middle  point  of  the  string ;  if  the 

W 

modulus  of  elasticity  be  -^,  shew  that,  in  the  position  of  equili 
brium,  the  two  portions  of  the  string  will  be  inclined  at  an  angle  of 
60°  to  one  another. 

3.  In  the  previous  question,  if  2a  be  the  distance  between  the 
two  points,  2c  the  unstretched  length  of  the  string,  and  X  the  modulus 
of  elasticity,  shew  that  the  inclination,  0,  of  the  strings  to  the  vertical 
is  given  by 

—  tan  6  +  sin  6  —  -  . 
42X  c 
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4.  A  body  rests  on  a  rough  inclined  plane  whose  inclination  a  to 
the  horizon  is  greater  than  \,  the  angle  of  friction ;  it  is  held  at  rest 
by  an  elastic  string  attached  to  it  and  to  a  point  on  the  plane.    If  the 
modulus  of  elasticity  be  equal  to  the  weight  of  the  body,  prove  that  in 
the  position  of  equilibrium  the  ratio  of  the  length  of  the  string  to  its 
original  length  is 

1  +  sin  (a  -  X)  .  sec  X. 

5.  Four  equal  jointed  rods,  each  of  length  a,  are  hung  from  an 
angular  point,  which  is  connected  by  an   elastic   string  with   the 
opposite  point.     If  the  rods  hang  in  the  form  of  a  square,  and  if 
the  modulus  of  elasticity  of  the  string  be  equal  to  the  weight  of  a 


rod,  shew  that  the  unstretched  length  of  the  string  is  -^- . 

216.  Examples  of  graphical  solution.  Ques 
tions  are  often  propounded  to  be  solved  by  graphical 
methods. 

Many  problems  which  would  be  exceedingly  difficult 
or,  at  any  rate,  very  laborious,  to  solve  by  analytical 
methods  are  comparatively  easy  to  solve  graphically. 

These  questions  are  of  common  occurrence  in  en 
gineering  and  other  practical  work.  There  is  generally 
little  else  involved  besides  the  use  of  the  Triangle  of 
Forces  and  Polygon  of  Forces. 

The  instruments  chiefly  used  are  : — Compasses,  Rulers, 
Scales  and  Diagonal  Scales,  and  Protractors  for  measuring 
angles. 

The  results  obtained  are  of  course  not  mathematically 
accurate;  but,  if  the  student  be  careful,  and  skilful  in 
the  use  of  his  instruments,  the  answer  ought  to  be  trust 
worthy,  in  general,  to  the  first  place  of  decimals. 

In  the  following  worked  out  examples  the  figures 
are  reduced  from  the  original  drawings  ;  the  student  is 
recommended  to  re-draw  them  for  himself  on  the  scale 
mentioned  in  each  example. 
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217.  Ex.  1.  ACDB  is  a  string  whose  ends  are 
attached  to  two  points,  A  and  B,  which  are  in  a  horizontal 
line  and  are  seven  feet  apart.  The  lengths  of  AC,  CD,  and 
DB  are  3J,  3,  and  4  feet  respectively,  and  at  C  is  attached  a 
one-pound  weight.  An  unknown  weight  is  attached  to  D 
of  such  a  magnitude  that,  in  the  position  of  equilibrium, 
CDB  is  a  right  angle.  Find  the  magnitude  of  this  weight 
and  the  tensions  of  the  strings. 

Let  TI,  Tz,  and  T3  be  the  required  tensions  and  let 
x  Ibs.  be  the  weight  at  D. 


Take  a  vertical  line  OL,  one  inch  in  length,  to  repre 
sent  the  weight,  one  pound,  at  C      Through  0  draw  OM 
parallel  to  AC,  and  through  L  draw  LM  parallel  to  CD 

By  the  triangle  of  forces  OM  represents  T^  and  LM 
represents  T3. 

Produce  OL  vertically  downwards  and  through  M  draw 
MN  parallel  to  BD. 
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Then,  since  LM  represents  T9i  it  follows  that  T&  is 
represented  by  MNt  and  x  by  LN. 

By  actual  measurement,  we  have 

OM=  3-05  ins.,     LM  =  2-49  ins.,     MN  =  5-1  ins., 
and  NL  =  5 '63  ins. 

Hence  the  weight  at  D  is  5  63  Ibs.  and  the  tensions 
are  respectively  3-05,  2-49,  and  5-1  Ibs.  wt. 

Ex.  2.  A  and  E  are  two  points  in  a  horizontal  line  at 
a  distance  of  16  feet,  apart ;  AO  and  OB  are  two  strings 
of  lengths  6  and  12  feet  carrying,  at  0,  a  body  of  weight 
20  Ibs.  ;  a  third  string,  attached  to  the  body  at  0,  passes 
over  a  small  smooth  pulley  at  the  middle  point,  C,  of  AB 
and  is  attached  to  a  body  of  weight  5  Ibs.  ;  Jind  the  tensions 
of  the  strings  A  0  and  OB. 


Let  T^  and  Ta  be  the  required  tensions.  On  OC  mark 
off  OL,  equal  to  one  inch,  to  represent  the  tension,  5  Ibs.  wt., 
of  the  string  OC.  Draw  LM  vertical  and  equal  to  4  inches. 


MISCELLANEOUS. 


257 


Through  M  draw  MNt  parallel  to  OBt  to  meet  AO  produced 
in  JT. 

Then,  by  the  Polygon  of  Forces,  the  lines  ON  and  NM 
will  represent  the  tensions  Tl  and  Tz. 

On  measurement,  ON  and  NM  are  found  to  be  re 
spectively  3-9  and  2 '4 5  inches. 

Hence         ^  =  5x3-9    =  19-5  Ibs.  wt., 
and  r2  =  5  x  2-45  =  12-25  Ibs.  wt, 

Ex.  3.  A  framework,  ABCD,  stiffened  by  a  brace  AC, 
is  supported  in  a  vertical  plane  by  supports  at  A  and  B, 
so  that  AB  is  horizontal ;  the  lengths  of  AB,  BC,  CD  and 
DA  are  4,  3,  2,  and  3  feet  respectively ;  also  AB  and  CD  are 


parallel,  and  AD  and  EC  are  equally  inclined  to  AB.  If 
weights  of  5  and  10  cwt.  respectively  be  placed  at  C  and  D, 
jind  the  reactions  of  the  supports  at  A  and  B,  and  the  forces 
exerted  by  the  different  portions  of  the  framework. 

L.  s.  17 
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Let  the  forces  in  the  sides  be  as  marked  in  the  figure 
and  let  P  and  Q  be  the  reactions  at  A  and  JJ. 

Draw  a  vertical  line  a/3,  5  inches  in  length,  to  represent 
the  weight  10  cwt.  at  D ;  also  draw  aS  parallel  to  AD  and 
/3S  parallel  to  CD.  Then  a/38  is  the  Triangle  of  Forces 
for  the  joint  D,  and  the  forces  at  D  must  be  in  the  direc 
tions  marked. 

Note  that  the  force  at  C  in  the  bar  DC  must  be  along 
DC,  and  that  at  A  along  DA. 

[This  is  an  important  general  principle ;  for  any  bar,  which  under 
goes  stress,  is  either  resisting  a  tendency  to  compress  it,  or  a  tendency 
to  stretch  it. 

In  the  first  case,  the  action  at  each  end  is  from  its  centre  towards 
its  ends  ;  in  the  second  case  it  is  towards  its  centre. 

In  either  case  the  actions  at  the  two  ends  of  the  rod  are  equal  and 
opposite.] 

Draw  /3y  vertical  and  equal  to  2|  ins.  to  represent 
the  weight  at  C.  Draw  ye  parallel  to  BC  and  8e  parallel 
to  AC.  Then  S/3yeS  is  the  Polygon  of  Forces  for  the 
joint  (7,  so  that  the  actions  at  C  are  as  marked. 

Draw  e£  horizontal  to  meet  ay  in  £. 

Then  ey£  is  the  Triangle  of  Forces  for  JB,  so  that  the 
reaction  Q  is  represented  by  y£,  and  T±  by  £e. 

Finally,  for  the  joint  A,  we  have  the  polygon  8e£a8, 
so  that  P  is  represented  by  £0. 

On  measuring,  we  have,  in  inches, 

e£=MO,    ye -3-31,    8/3=  177,    8a  =  5-30,    8e  =  -91, 
yC- 3-125,  and  £a  =  4-375. 

Hence,  since  one  inch  represents  2  cwt.,  we  have, 
in  cwts., 

2\=2-20,    ^  =  6-62,    ^3  =  3-54,    2\=  10-6,  T5=  1-82, 
(2  =  6-25,  and  P  =  875. 

It  will  be  noted  that  the  bars  AB  and  AC  are  in  a 
state  of  tension,  whilst  the  rest  of  the  framework  is  in  a 
state  of  compression. 


MISCELLANEOUS.  259 

Ex.  4.  A  ladder  is  placed  in  a  given  position  with  one 
end  resting  on  the  ground  and  the  other  against  a  vertical 
wall.  If  the  ground  and  wall  be  both  rough,  the  angles  of 
friction  being  X  and  A/  respectively,  find  by  a  graphic 
construction  how  high  a  man  can  ascend  the  ladder  without 
its  slipping. 

Let  AB  (Fig.  Art.  190)  be  the  ladder. 

Draw  AC  and  EG  making  the  angles  of  friction  with 
the  normals  at  A  and  B  to  the  wall  and  ground  respec 
tively. 

Draw  GG  vertically  to  meet  AB  in  G.  If  the  centre  of 
gravity  of  the  man  and  ladder  together  be  between  A  and 
G  the  ladder  will  rest ;  if  not,  it  will  slide. 

For  if  this  centre  of  gravity  be  between  G  and  B  the 
vertical  through  it  will  meet  BC,  the  limiting  direction  of 
friction  at  B,  in  a  point  P  such  that  the  L  PAR  is  greater 
than  the  angle  of  friction  at  At  and  so  equilibrium  will  be 
impossible. 

If  this  centre  of  gravity  be  between  G  and  A  equi 
librium  will  be  possible;  for  even  if  the  friction  were 
Limiting  at  A  the  vertical  through  this  centre  of  gravity 
would  meet  AC  in  a  point  P  such  that  the  angle  PBS 
would  be  <  A.',  so  that  equilibrium  would  be  possible. 
Similarly  we  may  shew  that  if  the  friction  be  limiting  at 
B,  there  is  still  equilibrium. 

If  then  Gl  be  the  centre  of  gravity  of  the  ladder,  G2  the 
highest  possible  position  of  the  man,  and  Wl  and  W2  be 
their  respective  weights,  then  G%  is  determined  by  the 
relation 

W^GG^Wt.GG*. 

17—2 
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218.      To  find  the  resultant  of  any  number  of  copla,no,r 
forces. 

Let  the  forces  be  P,  Q,  7?,  and  S  whose  lines  of  action 
are  as  in  the  left-hand  figure. 


Draw  the  figure  ABODE  having  its  sides  AB,  BC,  CD, 
and  DE  respectively  parallel  and  proportional  to  P,  Q,  K 
and  S.  Join  A E,  so  that  by  the  Polygon  of  Forces  A  E  re 
presents  the  required  resultant  in  magnitude  and  direction. 

Take  any  point  0  and  join  it  to  A,  B,  (7,  D,  and  E ;  let  the 
lengths  of  these  joining  lines  be  a,  6,  c,  d,  and  e  respectively. 

Take  any  point  a  on  the  line  of  action  of  P;  draw  a/3 
parallel  to  BO  to  meet  Q  in  /5,  /?y  parallel  to  CO  to  meet 
R  in  y,  and  yo  parallel  to  DO  to  meet  S  in  8. 

Through  8  and  a  draw  lines  parallel  respectively  to  OE 
and  OA  to  meet  in  c. 

Through  e  draw  cL  parallel  and  equal  to  AE.  Then 
€//  shall  represent  the  required  resultant  in  magnitude  and 
line  of  action,  on  the  same  scale  that  AB  represents  P. 

For  P,  being  represented  by  A  fl,  is  equivalent  to  forces 
represented  by  A  0  and  BO,  and  therefore  may  be  replaced 
by  forces  equal  to  a  and  b  in  the  directions  ea  and  (3a.  So 
Q  may  be  replaced  by  b  and  c  in  directions  a/?  and  y/?,  R 


HISCELLANKO  TO. 


261 


by  c  and  d  in  directions  /?y  and  8y,  and  S  by  forces  d  and  e 
in  directions  yS  and  eS. 

The  forces  P,  ()»  jft,  and  S  have  therefore  been  replaced 
by  forces  acting  along  the  sides  of  the  figure  a/3ySe,  of 
which  the  forces  along  a/?,  fiy  and  yS  balance. 

We  have  therefore  left  forces  at  e  which  are  parallel 
and  equal  to  AO  and  OE  whose  resultant  is  AE. 

Since  eZ  is  drawn  parallel  to  AE  it  therefore  represents 
the  required  resultant  in  magnitude  and  line  of  action. 

Such  a  figure  as  the  right-hand  one  is  called  a  Force 
Polygon  and  the  left-hand  figure  is  called  a  Funicular 
Polygon. 

219.  The  construction  of   the  previous   article  may 
similarly  be  shewn  to  hold  whatever  be  the  number  of 
forces,  provided  always  that  these  forces  do  not  reduce  to  a 
couple.     The  forces  will  reduce  to  a  couple  when  the  points 
A  and  E  coincide  and  the  points  8  and  a  do  not  coincide. 

220.  If  the  forces  be  parallel  the  construction  is  the 
same  as  in  the  previous  article.     The  annexed  figure  is 
drawn  for  the  case  in  which  the  forces  are  parallel  and  two 
of  the  five  forces  are  in  the  opposite  direction  to  that  of 
the  other  three. 


Since  Pt  ft,  and  S  are  in  the  same  direction  we  have 
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AB,   CD  and   DE  in  one  direction,  whilst  EG  and   EF 
which  represent  Q  and  T  are  in  the  opposite  direction. 

The  proof  of  the  construction  is  the  same  as  in  the  last 
article.  The  line  ££,  equal  and  parallel  to  AF,  represents 
the  required  resultant  both  in  magnitude  and  line  of 
action. 

221.  A  closed  polygon  of  light  rods  freely  jointed  at 
their  extremities  is  acted  upon  by  a  given  system  of  forces 
acting  at  the  joints  ;  find  the  actions  along  the  rods. 


Let  A^A.^  A*A3,  ...  A5A^  be  a  system  of  five  rods  freely 
jointed  at  their  ends  and  at  the  joints  let  given  forces 
Plt  P2,  P3,  PI,  and  P6  act  as  in  the  figure. 

Let  the  consequent  actions  along  the  rods  be  tl}  t2,  tB,  £4, 
and  tB,  as  marked. 

Draw  the  pentagon  afio1eE2a8a4  having  its  sides  parallel 
and  proportional  to  the  forces  Plf  P2,  ...  P6.  Since  the 
forces  are  in  equilibrium  this  polygon  is  a  closed  figure. 

Through  a^  draw  aft  parallel  to  A-^AZ  and  through  a6 
draw  a50  parallel  to  A6A^ 

Now  the  triangle  a^Oa^  has  its  sides  parallel  to  the 
forces  Plt  ti}  and  t6  which  act  on  the  joint  Alt  Its  sides 
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are  therefore  proportional  to  these  forces  ;  hence,  on  the 
same  scale  that  a^  represents  Plt  the  sides  a50  and  aft 
represent  ts  and  ^. 

Join  0«2>  Oas,  and  Oa4. 

The  sides  a^  and  Oa^  represent  two  of  the  forces,  P3 
and  tj_,  which  act  on  A%.  Hence  a20,  which  completes  the 
triangle  o1(?aa)  represents  the  third  force  tz  in  magnitude 
and  direction. 

Similarly  Oaz  and  Oa±  represent  t3  and  t4  respectively. 

The  lines  0al5  Oa.2J  Oa^  Oa4  and  Oa6  therefore  represent, 
both  in  magnitude  and  direction,  the  forces  along  the  sides 
of  the  framework.  The  figure  c^a^otta5  is  called  the  force 
polygon. 

A  similar  construction  would  apply  whatever  be  the 
number  of  sides  in  the  framework. 

EXAMPLES.    XXXVL 

The  following  are  to  be  solved  by  graphic  methods. 

1.  A  boat  is  towed  along  a  river  by  means  of  two  ropes,  attached 
to  the  same  point,  which  are  pulled  by  two  men  who  keep  at  opposite 
points  of  the  bank  50  feet  apart ;  one  rope  is  30  feet  long  and  is  pulled 
with  a  force  equal  to  the  weight  of  35  Ibs.,  and  the  other  rope-  is 
45  feet  long ;   the  boat  is  in  this  way  made  to  move  uniformly  in  a 
straight  line ;  find  the  resistance  offered  to  the  boat  by  the  stream  and 
the  tension  of  the  second  rope. 

2.  The  jib  of  a  crane  is  10  feet  long,  and  the  tie-rod  is  horizontal 
and  attached  to  a  point  6  feet  vertically  above  the  foot  of  the  jib ;  find 
the  tension  of  the  tie-rod,  and  the  thrust  on  the  jib,  when  the  crane 
supports  a  mass  of  1  ton. 

3.  A  uniform  triangular  lamina  ABC,  of  30  Ibs.  weight,  can  turn 
in  a  vertical  plane  about  a  hinge  at  B ;  it  is  supported  with  the  side 
AB  horizontal  by  a  peg  placed  at  the  middle  point  of  BG.    If  the  sides 
AB,  BG,  and  GA  be  respectively  6,  5,  and  4  feet  in  length,  find  the 
pressure  on  the  prop  and  the  strain  on  the  hinge. 

4.  A  ladder.  30  feet  long,  rests  with  one  end  against  a  smooth 
wall  and  the  other  against  the  rough  ground,  the  distance  of  its  foot 
from  the  wall  being  10  feet ;  find  the  resultant  force  exerted  by  the 
ground  on  the  foot  of  the  ladder  if  the  weight  of  the  ladder  be  150  Ibs. 
(1)  when  there  is  no  extra  weight  on  the  ladder,  (2)  when  1  cwt.  is 
placed  f  of  the  way  up. 
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5.  It  is  found  by  experiment  that  a  force  equal  to  the  weight  of 
10  Ibs.  acting  along  the  plane  is  required  to  make  a  mass  of  10  Ibs. 
begin  to  move  up  a  plane  inclined  at  45°  to  the  horizon ;  find  the  co 
efficient  of  friction  between  the  mass  and  the  plane. 

6.  Three  forces  equal  respectively  to  the  weights  of  5 -05  Ibs., 
i -24  Ibs.,  and  3-85  Ibs.  act  at  three  given  points  of  a  flat  disc  resting 
on   a  smooth  table.     Place  the   forces,  by  geometric  construction, 
so  as  to  keep  the  disc  in  equilibrium,  and  measure  the  number  of 
degrees  in  each  of  the  angles  which  they  make  with  one  another. 

7.  A  uniform  rectangular  block,  of  which  ABGD  is  the  sym 
metrical  section  through  its  centre  of  gravity,  rests  with  CD  in  con 
tact  with  a  rough  horizontal  plane  (/*=£)  J  the  weight  of  the  block  is 
40  Ibs.  and  a  force  equal  to  10  Ibs.  wt.  acts  at  D  in  the  direction  CD ; 
if  the  lengths  of  EG  and  CD  be  respectively  3  and  5  feet,  find  the  value 
of  the  least  force  which,  applied  at  the  middle  point  of  GB  parallel  to 
the  diagonal  DB,  would  move  the  block. 

8.  A  body,  of  weight  100  Ibs.,  rests  on  a  rough  plane  whose 
slope  is  1  in  3,  the  coefficient  of  friction  being  $  ;  find  the  magnitude 
of  the  force  which,  acting  at  an  angle  of  40°  with  the  plane,  is  on  the 
point  of  dragging  the  body  up  the  plane.     Find  also  the  force  which, 
acting  at  an  angle  of  40°  with  the  plane,  is  on  the  point  of  dragging 
the  body  down  the  plane. 

9.  A  and  B  are  two  fixed  points,  the  horizontal  and  vertical 
distances  between  them  being  4  feet  and  1  foot  respectively;  AC  and 
BC  are  strings  of  length  5  and  3  feet  respectively,  and  at  C  is  tied  a 
body  of  weight  1  cwt. ;  find  the  tensions  of  the  strings. 

10.  ABGD  is  a  light  string  attached  to  two  points,  A  and  D,  in  the 
same  horizontal  line,  and  at  the  points  B  and  C  are  attached  weights. 
In  the  position  of  equilibrium  the  distances  of  the  points  B  and  C 
below  the  line  AD  are  respectively  4  and  6  feet.     If  the  lengths 
of  AB  and  CD  be  respectively  6  and  8  feet  and  the  distance  AD  be 
14  feet,  find  the  weight  at  G,  the  magnitude  of  the  weight  at  B  being 
4  Ibs. 

11.  AC  and  CB  are  two  equal  beams  inclined  to  one  another  at 
an  angle  of  40°,  the  ends  A  and  B  resting  on  the  ground,  which  is 
rough  enough  to  prevent  any  slipping,  and  the  plane  ACB  being 
inclined  at  an  angle  of  70°  to  the  ground.     At  C  is  attached  a  body 
of  weight  10  cwt.,  and  the  system  is  supported  by  a  rope,  attached  to 
C,  which  is  in  the  vertical  plane  passing  through  C  and  the  middle 
point  of  AB.    If  the  rope  be  attached  to  the  ground  and  be  inclined 
at  an  angle  of  50°  to  the  ground,  find  the  tension  of  the  rope  and  the 
action  along  the  beams. 

12.  A  beam,  AB,  of  weight  140  Ibs.,  rests  with  one  end  A  on  a 
rough  horizontal  plane,  the  other  end,  J5,  being  supported  by  a  cord, 
passing  over  a  smooth  pulley  at  C,  whose  horizontal   and  vertical 
distances  from  A  are  respectively  15  and  20  feet.    If  the  length  of  the 
beam  be  15  feet,  and  it  be  on  the  point  of  slipping  when  the  end  B  is 
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at  a  height  of  9  feet  above  the  horizontal  plane,  find  the  magnitudes 
of  the  coefficient  of  friction,  the  tension  of  the  cord,  and  the  total 
pressure  at  A. 

13.  A  framework  ABG  is  supported  in  a  vertical  position  and 
with  AB  horizontal  by  supports  at  A  and  B  ;  if  the  lengths  AB,  BG, 
and  CA  be  10,  7,  and  9  feet  respectively,  and  a  weight  of  10  cwt.  be 
placed  at  C,  find  the  reactions  at  A  and  B  and  the  forces  exerted  by 
the  different  portions  of  the  framework. 

14.  A  triangular  framework  ABC,  formed  of  three  bars  jointed  at 
its  angular  points,  is  in  equilibrium  under  the  action  of  three  forces 
P,  Q,  and  R  acting  outwards  at  its  angular  points,  the  line  of  action 
of  each  being  the  line  joining  its  point  of  application  to  the  middle  of 
the  opposite  bar.     If  the  sides  BC,  CA,  and  AB  be  9  ft.,  8  ft.  and  7  ft. 
in  length  respectively,  and  if  the  force  P  be  equal  to  50  Ibs.  wt.,  find 
the  values  of  Q  and  H,  and  the  forces  acting  along  the  bars  of  the 
framework. 

15.  A  triangular  framework  formed  of  three  bars  jointed  at  the 
angular  points  is  in  equilibrium  under  the  action  of  three  given  forces 
acting  at  its  angular  points.    Draw  a  diagram  to  represent  to  scale 
the  given  forces  and  the  stresses  in  the  bars. 

16.  A  and  B  are  two  fixed  pegs,  B  being  the  higher,  and  a  heavy 
rod  rests  on  B  and  passes  under  A ;  shew  that,  the  angle  of  friction 
between  the  rod  and  the  pegs  being  the  same  for  both,  the  rod  will 
rest  in  any  position  in  which  its   centre  of  gravity  is  beyond  B, 
provided  that  the  inclination  of  AB  to  the  horizon  is  less  than  the 
angle  of  friction;  also,  for  any  greater  inclination,  determine  graphic 
ally  the  limiting  distance  of  the  centre  of  gravity  beyond  B  consistent 
with  equilibrium. 

17.  Forces  equal  to  1,  2,  4,  and  4  Ibs.  weight  respectively  act 
along  the  sides  AB,  BG,  CD,  and  DA  of  a  square.     Prove  that  their 
resultant  is  3*6  Ibs.  weight  in  a  direction  inclined  at  tan"1  $  to  CB  and 
intersecting  BC  produced  at  G,  where  CG  is  equal  to  -|  BG. 

18.  ABCD  is  a  frame-work  of  four  weightless  rods,  loosely  jointed 
together,  AB  and  AD  being  each  of  length  4  feet  and  BG  and  CD  of 
length  2  feet.     The  hinge  C  is  connected  with  A  by  means  of  a  fine 
string  of  length  5  feet.     Weights  of  100  Ibs.  each  are  attached  to  B 
and  D  and  the  whole  is  suspended  from  A.     Shew  that  the  tension  in 

AC  is  52  Ibs.  weight. 

<J 

19.  In  the  preceding  question,  instead  of  the  string  AC  a  weight 
less  rod  BD  of  length  3  feet  is  used  to  stiffen  the  frame ;  a  weight  of 
100  Ibs.  is  attached  to  C  and  nothing  at  B  and  D.     Shew  that  the 
thrust  in  the  rod  BD  is  about  77  Ibs.  weight. 
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20.  IQ  question  18  there  are  no  weights  attached  to  B  and  D  and 
the  whole  framework  is  placed  on  a  smooth  horizontal  table;   the 
hinges  B  and  D  are  pressed  toward  one  another  by  two  forces  each 
equal  to  the  weight  of  25  Ibs.  in  the  straight  line  BD.    Shew  that  the 
tension  of  the  string  is  about  31-6  Ibs.  weight. 

21.  ABCD  is  a  rhombus  formed  by  four  weightless  rods  loosely 
jointed  together,  and  the  figure  is  stiffened  by  a  weightless  rod,  of 
one  half  the  length  of  each  of  the  four  rods,  joined  to  the  middle 
points  of  AB  and  AD.    If  this  frame  be  suspended  from  A  and  a 
weight  of  100  Ibs.  be  attached  to  it  at  C,  shew  that  the  thrust  of  the 
cross  rod  is  about  115 '5  Ibs.  weight. 

22.  A  uniform   beam  AB,  weighing   100 Ibs.,  is  supported  by 
strings  AG  and  BD,  the'latter  being  vertical,  and  the  angles  CAB  and 
ABD  are  each  105°.     The  rod  is  maintained  in  this  position  by  a 
horizontal  force  P  applied  at  B.     Shew  that  the  value  of  P  is  about 
25  Ibs.  weight. 

23.  AB  and  AG  are  two  equal  rods  of  no  appreciable  weight 
smoothly  jointed  together  at  A,  which  rest  in  a  vertical  plane  with 
their  ends  upon  a  smooth  horizontal  plane  BC.    D  is  a  point  in  AB 
such  that  AD  =  $  AB  and  E  and  F  are  the  points  of  trisection  of  AC, 
E  being  the  nearer  to  A.     A  fine  string  connects  D  and  F  and  is  of 
such  a  length  that  the  angle  A  is  60°.     Shew  that,  if  a  weight  W  be 

W 
attached  to  E,  the  tension  of  the  string  is  — . 

24.  ABGDEF  is  a  regular  hexagon.     Shew  that  the  forces  which 
must  act  along  AG,  AF,  and  DE  to  produce  equilibrium  with  a  force 
of  40  Ibs.  weight  acting  along  EG  are  respectively  10,  17 '32,  arid 
34 -64  Ibs.  weight. 


CHAPTER  XV. 


SOME  ADDITIONAL  PROPOSITIONS. 

222.  To  sheio  that  the  centre  of  gravity  of  any  plane 
quadrilateral  is  the  same  as  that  of  four  equal  particles, 
placed  one  at  each  angular  point,  and  a  fifth  particle  of 
equal  but  negative  mass  placed  at  the  intersection  of  its 
diagonals. 

Let  A  BCD  be  the  quadrilateral  and  let  the  distances  of 
its  angular  points  from  any  line 
OX  in  the  plane  be  respectively 
<z,  b,  c,  and  d.  Let  E  be  the 
intersection  of  its  diagonals  and 
e  the  distance  of  E  from  OX. 

By  Art.  104  the  centre  of 
gravity  of  the  triangle  ACD  is 
the  same  as  that  of  three  equal 

particles  placed  at  its  angular  points,  and  so  the  distance 
of  this  centre  of  gravity  from  OX  is  J  (a  +  c  +  d). 

(Art.  111.) 

Similarly  the  distance  from  OX  of  the  centre  of  gravity 
of  the  triangle  ACE  is  \  (a  +  b  +  c). 

Also,  since  triangles  on  the  same  base  are  to  one  another 
as  their  heights,  we  have 

AACD     h 


where  h  and  k  are  the  perpendiculars  from  D  and  E  on  AC. 
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By  Art.   Ill   the  distance  of  the  required   centre   of 
gravity  from  OX  therefore 

_  AACD  x^(a  +  c  +  d)  +  &ACB  x  ^  (a  +  b  +  c) 


_  1  h  (a  +  c  +  d)  +  k  (a  +  b  +  c) 
~*~  h  +  k 


hd  +  kb 


kd  +  bh 


k     BE      e-b 


bo  that  kd  +  bh  =  e  (h  +  k). 

.     3  a  +  6  +  c  +  c?-e 

Hence  the  required  distance  =  -  ?.  -  . 

o 

But,  by  Art.  Ill,  this  is  the  distance  of  the  centre  of 
gravity  of  four  equal  particles  at  A,  B,  0,  and  D  and  of  a 
particle  of  equal  but  negative  mass  at  E.  For  we  should 
have  w2  =  wz  =  w^  —  w^  and  w6  —  —  w^. 

In  a  similar  manner  it  could  be  shewn  that  the  centre 
of  gravity  of  the  particles  and  that  of  the  quadrilateral  are 
at  equal  distances  from  OY. 

Hence  they  coincide. 

223.     Centre  of  gravity  of  a  Zone  of  a  Sphere. 

To  prove  that  the  centre  of  gravity  of  tlie  surface  of 
any  zone  of  a  sphere  is  midway  between  its  plane  ends. 

[A  zone  is  the  portion  of  a  sphere  intercepted  between 
any  two  parallel  planes.] 

Let  ABCD  be  the  section  of  the  zone  which  is  made  by 
a  plane  through  the  centre  of  the  sphere  perpendicular  to 
its  plane  ends. 
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In  the  plane  of  the  paper  let  ROR'  be  the  diameter 
parallel  to  the  plane  ends.  Draw  the  tangents  RU  and 
R'U'  at  its  ends,  and  let  AB  and  CD  meet  them  in  the 
points  a,  b,  c  and  d. 

a  pq  d  u 


b  P'q'  ^  U' 

Consider  the  figure  obtained  by  revolving  the  above 
figure  about  EOE'.  The  arc  AD  will  trace  out  the  zone 
and  the  line  ad  will  trace  out  a  portion  of  the  circum 
scribing  cylinder. 

We  shall  shew  that  the  areas  of  the  portions  of  the 
zone  and  cylinder  intercepted  between  the  planes  ab  and  cd 
are  the  same. 

Take  any  point  P  on  the  arc  between  A  and  D  and 
another  point  Q  indefinitely  close  to  P.  Draw  the  lines 
pPMP'p'  and  qQNQ'q*  perpendicular  to  OE  as  in  the 
figure. 

Let  PQ  meet  E'E  in  T  and  draw  QS  perpendicular 
to  PM. 

Since  Q  is  the  very  next  point  to  P  on  the  arc,  the 
line  PQ  is,  by  the  definition  of  a  tangent,  the  tangent  at  P 
and  hence  OPT  is  a  right  angle.  Also  in  the  limit,  when 
P  and  Q  are  very  close  to  one  another,  the  area  traced  out 
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by  PQ,  which  really  lies  between  ZirPQ  .  MP  and  2-n-PQ  .  NQ, 
is  equal  to  either  of  them. 
We  then  have 

element  of  the  zone         area  traced  out  by  PQ 

element  of  the  cylinder      area  traced  out  by  pq 

2v.MP.PQ     MP     P 


_  _  ^ 

=  27r  .  M^pq~  ~~Mp  '  SQ  ~  ~My  *  co&SQP 
_MP  1        _  HP  1        _MP      OP 

~  Jfp  '  cosOTP  =  J/p  '  sin  MOP  ~  ~Mp  '  MP 

=  ^-1 
Mp 

The  portions  of  the  zone  and  cylinder  cut  off  by  these 
two  indefinitely  close  planes  are  therefore  the  same  and 
hence  their  centres  of  gravity  are  the  same. 

If  we  now  take  an  infinitely  large  number  of  thin 
sections  of  the  zone  and  cylinder  starting  with  AB  and 
ending  with  CD  the  corresponding  sections  have  the  same 
mass  and  the  same  centre  of  gravity. 

The  centre  of  gravity  of  the  zone  and  cylinder  are 
therefore  the  same,  and  the  centre  of  gravity  of  the  latter 
is  clearly  the  middle  point  of  LL  '. 

Hence  the  centre  of  gravity  of  any  zone  of  a  sphere  is 
midway  between  its  plane  ends. 

224.     Centre  of  gravity  of  a,  hollow  hemisphere. 

Let  AB  pass  through  the  centre  of  the  sphere  and 
therefore  coincide  with  RR'.  Also  let  D  and  C  move  up 
to  coincide  with  E,  so  that  the  bounding  plane  DC  becomes 
a  point  at  E. 

The  zone  thus  becomes  the  hemisphere  RDECR'  and  its 
centre  of  gravity  is  therefore  at  the  middle  point  of  Ofi, 
i.e.,  it  bisects  the  radius  of  the  sphere  perpendicular  to  the 
piano  base  of  the  hemisphere. 
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225.  To  find  the  position  of  the  centre  of  gravity  of  a 
solid  hemisphere. 

Let  LAH  be  the  section  of  the  hemisphere  made  by  the 
plane  of  the  paper,  and  let  OA  be  the 
radius  of  the  hemisphere  which  is  per 
pendicular  to  its  plane  base. 

Take  any  point  P  on  the  hemisphere 
and  consider  an  exceedingly  small  ele 
ment  of  the  surface  at  P.  The  centre 
of  gravity  of  the  very  thin  pyramid, 
whose  base  is  this  small  element  and 
whose  vertex  is  0,  is  at  a  point  P'  on 
OP,  such  that  OP  =  f  OP.  (Art.  107.) 

The  weight  of  this  very  thin  pyramid 
may  therefore  be  considered  concentrated  at  JF". 

Let  the  external  surface  of  the  hemisphere  be  entirely 
divided  up  into  very  small  portions  and  the  corresponding 
pyramids  drawn.  Their  centres  of  gravity  all  lie  on  the 
hemisphere  L'P'aM'  whose  centre  is  0  and  whose  radius  is 


Hence  the  centre  of  gravity  of  the  solid  hemisphere  is 
the  same  as  that  of  the  hemispherical  shell  L'P'aM  ',  i.e.  it 
is  at  Gy  where 

OG  =  \  Oa=  I  OA. 

226.  In  a  similar  manner  we  may  obtain  the  position 
of  the  centre  of  gravity  of  a  spherical  sector  which  is  the 
figure  formed  by  the  revolution  of  a  circular  sector,  such  as 
the  figure  OAQEBO,  in  the  figure  of  Art.  223,  about  the 
bisecting  radius  OE. 

The  distance  of  its  centre  of  gravity  from  0  is  easily 
seen  to  be  f  (OL  +  OE). 
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227.  There   are   some   points   which   are    not    quite 
satisfactory  in  the  foregoing  proofs.     For  a  strict  demon 
stration  the  use  of  the  Differential  Calculus  is  required. 

228.  Western's  Differential  Pulley. 

In  this  machine  there  are  two  blocks;  the  upper  con 
tains  two  pulleys  of  nearly  the  same  size 
which   turn  together  as  one  pulley;    the 
lower  consists  of  one  pulley  to  which  the 
weight  W  is  attached. 

The  figure  represents  a  section  of  the 
machine. 

An  endless  chain  passes  round  the 
larger  of  the  upper  pulleys,  then  round  the 
lower  pulley  and  the  smaller  of  the  upper 
pulleys ;  the  remainder  of  the  chain  hangs 
slack  and  is  joined  on  to  the  first  portion 
of  the  chain.  The  power  P  is  applied  as 
in  the  figure.  The  chain  is  prevented  from 
slipping  by  small  projections  on  the  surfaces 
of  the  upper  pulleys. 

If  T  be  the  tension  of  the  portions  of  the  chain  which 
support  the  weight  Wt  we  have,  since  these  portions  are 
approximately  nearly  vertical,  and  neglecting  the  weight  of 
the  chain  and  the  lower  pulley, 

2T==W (1). 

If  R  and  r  be  the  radii  of  the  larger  and  smaller 
pulleys  of  the  upper  block  we  have,  by  taking  moments 
about  the  centre  A  of  the  upper  block, 


Hence 
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The  mechanical  advantage  of  this  system  therefore 


~P~  R-r' 

Since  R  and  r  are  nearly  equal  this  mechanical  ad 
vantage  is  therefore  very  great. 

229.  The  differential  pulley-block  avoids  one   great 
disadvantage  of  the  differential  wheel  and  axle.     In  the 
latter  machine  a  very  great  amount  of  rope  is  required  in 
order  to  raise^the  weight  through  an  appreciable  distance. 

230.  The  Wedge  is  a  piece  of  iron,  or  metal,  which 
has  two  plane  faces  meeting  in   a 

sharp  edge.  It  is  used  to  split 
wood  or  other  tough  substances,  its 
edge  being  forced  in  by  repeated 
blows  applied  by  a  hammer  to  its 
upper  surface. 

The  problem  of  the  action  of  a 
wedge  is  essentially  a  dynamical 
one. 

We  shall  only  consider  the  statical  problem  when  the 
wedge  is  just  kept  in  equilibrium  by  a  steady  force  applied 
to  its  upper  surface. 

Let  ABC  be  a  section  of  the  wedge  and  let  its  faces  be 
equally  inclined  to  the  base  EG.  Let  the  angle  CAB  be  a. 

Let  P  be  the  force  applied  to  the  upper  face,  R  and  R' 
the  normal  reactions  of  the  wood  at  the  points  where  the 
wedge  touches  the  wood,  and  pR  and  pR  the  frictions,  it 
being  assumed  that  the  wedge  is  on  the  point  of  being 
pushed  in. 

We  shall  suppose  the  force  P  applied  at  the  middle 
point  of  BC  and  that  its  direction  is  perpendicular  to  BC 
and  hence  bisects  the  angle  BAG. 

L.  s.  18 
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Resolving  along  and  perpendicular  to  BC,  we  have 

u,R  sin  -  -  R  cos  ^  =  fj.Rf  sin  -  -  A"  cos  ^ (1), 

2i  2i  A  A 

& 

and  P  =  ,*(£  +  #)  cos  £  +  (£+£')  sin  I (2). 

From  equation  (1)  we  have  R  =  R',  and  then  (2)  gives 
P  =  2R  (fjL  cos  |  +  sin  ^ J  . 


2R  •!  cos  A. 

Hence    —,3-  =  —————  =  — — — — 


/A  cos  -  +  sin  -      sin  -  cos  A.  +  cos  ^  sin  A 
a         ,    J  2  Li 

cos  A 


sm  I  ^  + 

if  X  be  the  coelHcient  of  friction. 

The  splitting  power  of  the  wedge  is  measured  by  R. 
For  a  given  force  P  this  splitting  power  is  therefore 
greatest  when  a  is  least. 

Theoretically  this  will  be  when  a  is  zero,  i.e.  when  the 
wedge  is  of  infinitesimal  strength.  Practically  the  wedge 
has  the  greatest  splitting  power  when  it  is  made  with  as 
small  an  angle  as  is  consistent  with  its  strength. 

231.  If  there  be  no  friction  between  the  wedge  and 
wood  (though  this  is  practically  an  impossible  supposition), 
we  should  have  A.  =  0,  and  therefore 

?^L_J_=  a 

sini 

232.  If  the  force  of  compression  exerted  by  the  wood 
on  the  wedge  be  great  enough  the  force  P  may  not  be  large 
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enough  to  make  the  wedge  on  the  point  of  motion  down ; 
in  fact  the  wedge  may  be  on  the  point  of  being  forced  out. 

If  Pl  be  the  value  of  P  in  this  case,  its  value  is  found 
by  changing  the  sign  of  /x  in  Art.  230,  so  that  we  should 
have 


=  2/2 


COS  A 


If  ^  be  >  X,  the  value  of  Pl  is  positive. 

If   —   be    <  X,   Pl   is   negative    and    the    wedge    could 

therefore  only  be  on  the  point  of   slipping  out  if   a  pull 
were  applied  to  its  upper  surface. 

If  TT  =  X,  the   wedge  will  just  stick   fast  without  the 

L 

application  of  any  force. 

Ex.  Prove  that  the  multiplication  of  force  produced  by  a  Forow- 
prcss,  in  which  the  distance  between  successive  thu-ads  is  c  find  the 
power  is  applied  at  the  extremities  of  a  cross-bar  of  length  26,  is  the 
same  as  that  produced  by  a  thin  isosceles  wedge  of  angle  a  such  that 


233.    Virtual  Work. 

When  we  have  a  system  of  forces  acting  on  a  body  in 
equilibrium  and  we  suppose  that  the  body  undergoes  a 
slight  displacement,  which  is  consistent  with  the  geometrical 
conditions  under  which  the  system  exists,  and  if  a  point  Q  of 
the  body,  with  this  imagined  displacement,  goes  to  Q',  then 
QQ'  is  called  the  Virtual  Velocity,  or  Displacement,  of  the 
point  Q. 

18—2 
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The  word  Virtual  is  used  to  imply  that  the  displacement 
is  an  imagined,  and  not  an  actual,  displacement. 

234.  If  a  force  R  act  at  a  point  Q  of  the  body  and 
QQ'  be  the  virtual  displacement  of  Q  and  if  Q'N  be  the 
perpendicular   from    Q'  on   the    direction  of  jR,   then  the 
product   R.  QN  is   called  the   Virtual   Work   or   Virtual 
Moment  of  the  force  R.      As  in  Art.   195  this  work  is 
positive,   or   negative,    according   as    QN  is   in    the   same 
direction  as  R,  or  in  the  opposite  direction. 

235.  The    virtual   work   of   a  force    is   equal    to    the 
sum  of  the  virtual  works  of  its  components. 

Let  the  components  of  R  in  two  directions  at  right 
angles  be   X  and    Y,   R   being 
inclined  at  an  angle   </>  to  the 
direction  of  X,  so  that  M 

X  =  R  cos  <f>  and   Y  =  R  sin  <£. 

Let  the  point  of  application  Q 

Q  of  R  be  removed,  by  a  virtual 

displacement,    to    Q'  and    draw  Q'N  perpendicular   to   R 
and  let 


The  sum  of  the  virtual  works  of  X  and  T 


=  R  cos  <£  .  QQ'  cos  (<£  +  a)  +  R  sin  <£  .  QQ'  sin  (<£  +  a) 
=  R  .  QQ'  [cos  <£  cos  (<£  +  a)  +  sin  <£  sin  (</>  +  a)] 
=  R  .  QQ  cos  a 


=  the  virtual  work  of  R. 

236.     The  principle  of  virtual  work  states  that  If  a 
system  of  forces  acting  on  a  body  be  in  equilibrium  and  the 
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body  underyo  a  slight  displacement  consistent  with  tJie 
geometrical  conditions  of  tlie  system,  the  algebraic  sum  of 
the  virtual  works  is  zero ;  and  conversely  if  this  algebraic 
sum  be  zero  the  forces  are  in  equilibrium.  In  other  words, 
if  each  force  R  have  a  virtual  displacement  r  in  the 
direction  of  its  line  of  action,  then  ^  (R .  r)  =  0 ;  also  con 
versely  if  2  (R .  r)  be  zero,  the  forces  are  in  equilibrium. 

In  the  next  article  we  give  a  proof  of  this  theorem  for 
coplanar  forces. 

237.  Proof  of  the  principle  of  virtual  work  for  any 
system  of  forces  in  one  plane. 

Take  any  two  straight  lines  at  right  angles  to  one 
another  in  the  plane  of  the 
forces  and  let  the  body  under 
go  a  slight  displacement.  This 
can  clearly  be  done  by  turning 
the  body  through  a  suitable 
small  angle  a  radians  about  0 
and  then  moving  it  through 
suitable  distances  a  and  6  parallel  to  the  axis. 

[The  student  may  illustrate  this  by  moving  a  book  from 
any  position  on  a  table  into  any  other  position,  the  book 
throughout  the  motion  being  kept  in  contact  with  the 
table.] 

Let  Q  be  the  point  of  application  of  any  force  R,  whose 
coordinates  referred  to  0  are  x  and  y  and  whose  polar 
coordinates  are  r  and  0,  so  that  x  =  r  cos  0  and  y  =  r  sin  (9, 
where  OQ  =  r  and  XOQ  =  0. 

When  the  small  displacement  has  been  made  the  co 
ordinates  of  the  new  position  Q'  of  Q  are 

r  cos  (6  +  a)  +  a   and   r  sin  (0  +  a)  +  6, 
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i.e.  rcos  0cos  a  —  r  sin  0sin  a  +a 

and  r  sin  0  cos  a  +  r  cos  6  sin  a  +  6, 

i.e.  r  cos  0  —  a .  r  sin  0  +  a 

and  r  sin  0  +  a .  r  cos  0  +  6, 

since  a  is  very  small. 

The  changes  in  the  coordinates  of  Q  are  therefore 

a  —  a. .  r  sin  0   and   6  +  a .  r  cos  0, 
i.e.  a  —  ay   and   6  -f  ax. 

If  then  X  and  F  be  the  components  of  R  the  virtual 
work  of  jft,  which  is  equal  to  the  sum  of  the  virtual 
works  of  X.  and  Y,  is 

X(a-ay)+Y(b  +  ax), 
i.e.  a.X  +  b.  Y  +  a(Yx-Xy). 

Similarly  we  have  the  virtual  work  of  any  other 
force  of  the  system,  a,  5,  and  a  being  the  same  for  each 
force. 

The  sum  of  the  virtual  works  will  therefore  be  zero  if 
«2 (X)  +  b^(Y)  +  a2(Yx- Xy)  be  zero. 

If  the  forces  be  in  equilibrium  then  2  (X)  and  2  (  Y}  are 
the  sums  of  the  components  of  the  forces  along  the  axes 
OX  and  OY  and  hence,  by  Art.  83,  they  are  separately 
equal  to  zero. 

Also  Yx  —  Xy  =  sum  of  the  moments  of  X  and  Y  about 
the  origin  0  —  moment  of  R  about  0.  (Art.  62.) 

Hence  ^  ( Yx  -  Xy)  =  sum  of  the  moments  of  all  the 
forces  about  0,  and  this  sum  is  zero,  by  Art.  83. 

It  follows  that  if  the  forces  be  in  equilibrium  the  sum 
of  their  virtual  works  is  zero. 

238.  Conversely,  if  the  sum  of  the  virtual  works  be 
zero  for  any  displacement  the  forces  are  in  equilibrium. 
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With  the  same  notation  as  in  the  last  article  the  sum  of 
the  virtual  works  is 

a2(X)  +  b2(Y)  +  a2(Yx-Xy)  ......  ...  (1), 

and  this  is  given  to  be  zero  for  all  displacements. 

Choose  a  displacement  such  that  the  body  is  displaced 
only  through  a  distance  a  parallel  to  the  axis  of  x.  For 
this  displacement  6  and  a  vanish  and  (1)  then  gives 


so  that  3  (X)  =  0,  i.e.  the  sum  of  the  components  parallel  to 
OX  is  zero. 

Similarly,  choosing  a  displacement  parallel  to  the  axis 
of  ?/,  we  have  the  sum  of  the  components  parallel  to  OY 
zero  also. 

Finally,  let  the  displacement  be  one  of  simple  rotation 
round  the  origin  0.  In  this  case  a  and  b  vanish  arid  (1) 
gives 


so  that  the  sum  of  the  moments  of  the  forces  about  0 
vanish. 

The  three  conditions  of  equilibrium  given  in  Art.  83 
therefore  hold  and  the  system  of  forces  is  therefore  in 
equilibrium. 

239.    As  an  example  of  the   application   of  the  Principle  of 

Virtual  Work  we  shall  solve  the  following 
problem. 

Six  equal  rods  AB,  BC,  CD,  DE,  EF 
and  FA  are  each  of  weight  W  and  are 
freely  jointed  at  their  extremities  so  as  to 
form  a  hexagon;  the  rod  AB  is  fixed  in  a 
horizontal  position  and  the  middle  points 
of  AB  and  DE  are  joined  by  a  string; 
prove  that  its  tension  is  3W.  .  ^  .  ^ 

Let  G,  ,  G2,  G3,  G4,  G6,  and  G6  be  the 
middle  points  of  the  rods. 
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Since,  by  symmetry,  BG  and  CD  are  equally  inclined  to  the 
vertical  the  depths  of  the  points  C,  G9  and  D  below  AB  are  respec 
tively  2,  3,  and  4  times  as  great  as  that  of  G2  . 

Let  the  system  undergo  a  displacement  in  the  vertical  plane  of 
such  a  character  that  D  and  E  are  always  in  the  vertical  lines  through 
B  and  A  and  DE  is  always  horizontal. 

If  (?2  descend  a  vertical  distance  x,  then  G3  will  descend  3x,  G4 
will  descend  4x,  whilst  G6  and  G6  will  descend  3a;  and  x  respectively. 

The  sum  of  the  virtual  works  done  by  the  weights 

=  W.x+W.3x+W.4x+W.Sx+W.x 
=  12  IT.*. 

If  T  be  the  tension  of  the  string  the  virtual  work  done  by  it 
will  be 


For  the  displacement  of  G4  is  in  a  direction  opposite  to  that  in 
which  T  acts  and  hence  the  virtual  work  done  by  it  is  negative. 


The  principle  of  virtual  work  then  gives 


i.e. 


T=SW. 


240.  Roberval's  Balance.  This  balance  consists 
of  four  rods  AB,  BC,  CD,  and  DA  freely  jointed  at  the 
corners  A,  B,  C  and  Z>,  so  as  to  form  a  parallelogram,  whilst 
the  middle  points,  E  and  F,  of  AB  and  CD  are  attached  to 
a  fixed  vertical  rod  EF.  The  rods  AB  and  CD  can  freely 
turn  about  E  and  F. 

To  the  rods  AD  and  BC  are  attached  scale-pans  KL  and 
MN.  In  one  of  these  is  placed  the  substance  W  which  is 
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to   be   weighed   and   in   the   other    the    counterbalancing 
weight  P. 

A  very  common  form  of  letter-weigher  is  a  Roberval's 
balance. 

The  peculiarity  of  this  balance  is  that  it  is  immaterial 
on  what  part  of  the  scale-pans  the  weights  P  and  W  are 
placed. 

We  shall  apply  the  Principle  of  Virtual  Work  to  prove 
this  statement. 

Since  EBGF  and  EADF  are  parallelograms  it  follows 
that  whatever  be  the  angle  through  which  the  balance  is 
turned  the  rods  EC  and  AD  are  always  parallel  to  EF  and 
therefore  are  always  vertical. 

If  the  rod  AB  be  turned  through  a  small  angle  the 
point  B  rises  as  much  as  the  point  A  falls.  The  rod  EC 
therefore  rises  as  much  as  AD  falls,  and  the  scale-pan  MN 
rises  as  much  as  KL  falls.  In  such  a  displacement  the 
virtual  work  of  the  weights  of  the  rod  EC  and  the  scale- 
pan  MN  is  therefore  equal  and  opposite  to  the  virtual  work 
of  the  weights  of  AD  and  KL.  These  virtual  works 
therefore  cancel  one  another  in  the  equation  of  virtual 
work. 

Also  if  the  displacement  of  MN  be  p  upwards,  that  of 
KL  is  p  downwards. 

The  equation  of  virtual  work  therefore  gives 

P.p+W(-p)=fy 
i.e.  P-^W. 

Hence,  if  the  machine  balance  in  any  position  whatever, 
the  weights  P  and  W  are  equal  and  this  condition  is 
independent  of  the  position  of  the  weights  in  the  scale-pans. 
The  weights  therefore  may  have  any  position  on  the 
scale-pans. 


282  STATICS. 

It  follows  that  the  scale-pans  need  not  have  the  same 
shape  nor  be  similarly  attached  to  the  machine  provided 
only  that  their  weights  are  the  same. 

For  example  in  the  above  figure  the  scale-pan  MN 
instead  of  pointing  away  from  EF  may  point  towards  it, 
and  no  change  would  be  requisite  in  the  position  of  KL. 

EXAMPLES.    XXXVII. 

1.  Four  equal  heavy  uniform  rods  are  freely  jointed  so  as  to 
form  a  rhombus  which  is  freely  suspended  by  one  angular  point  and 
the  middle  points  of  the  two  upper  rods  are  connected  by  a  light  rod 
so  that  the  rhombus   cannot   collapse.     Prove   that  the  tension  of 
this  light  rod  is  4  IF  tan  a,  where  W  is  the  weight  of  each  rod  aud  2a 
is  the  angle  of  the  rhombus  at  the  point  of  suspension. 

2.  A  string,  of  length  a,  forms  the  shorter  diagonal  of  a  rhombus 
formed  of  four  uniform  rods,  each  of  length  6  and  weight  W,  which 
are  hinged  together. 

If  one  of  the  rods  be  supported  in  a  horizontal  position  prove  that 
the  tension  of  the  string  is 


3.  A  regular  hexagon  ABCDEF  consists  of  6  equal  rods 
which  are  each  of  weight  W  and  are  freely  jointed  together.  The 
hexagon  rests  in  a  vertical  plane  and  AB  is  in  contact  with  a 
horizontal  table;  if  C  and  F  be  connected  by  a  light  string,  prove 
that  its  tension  is 


4.  A  tripod  consists  of  three  equal  uniform  bars,  each  of  length 
a  and  weight  w,  which  are  freely  jointed  at  one  extremity,  their 
middle  points  being  joined  by  strings  of  length  b.  The  tripod  is 
placed  with  its  free  ends  in  contact  with  a  smooth  horizontal  plane 
and  a  weight  W  is  attached  to  the  common  joint  ;  prove  that  the 
tension  of  each  string  is 


5.  A  square  framework,  iormed  of  uniform  heavy  rods  of  equal 
weight  W,  jointed  together,  is  hung  up  by  one  corner.  A  weight 
W  is  suspended  from  each  of  the  three  lower  corners  and  the  shape 
of  the  square  is  preserved  by  a  light  rod  along  the  horizontal 
diagonal.  Prove  that  its  tension  is  ±W. 
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6.  Four  equal  rods,  each  of  length  a,  are  jointed  to  form  a 
rhombus  ABGD  and  the  angles  B  and  D  are  joined  by  a  string  of 
length  I.     The  system  is  placed  in  a  vertical  plane  with  A  resting  on 
a  horizontal  plane  and  AC  is  vertical.     Prove  that  the  tension  of  the 

string  is  2W  —:==- ,  where  W  is  the  weight  of  each  rod. 
Ay4a2  -  i2 

7.  A  heavy  elastic  string,  whose  natural  length  is  2ira,  is  placed 
round  a  cone  whose  axis  is  vertical  and  whose  semivertical  angle  is  a. 
If  W  be  the  weight  and  X  the  modulus  of  elasticity  of  the  string, 
prove  that  it  will  be  in  equilibrium  when  in  the  form  of  a  circle 


whose  radius  is  a  (  1  +  ~ —  cot  a  ) . 

V          2lT\  / 
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EASY  MISCELLANEOUS  EXAMPLES. 

1.  Find  the  resultant  of  two  forces,  equal  to  the  weights  of  13 
and  14  Ibs.  respectively,  acting  at  an  obtuse  angle  whose  sina  is  f|. 

2.  Kesolve  a  force  of  100  Ibs.  weight  into  two  equal  forces  acting 
at  an  angle  of  60°. 

3.  ABCD  is  a  square;  forces  of  1  Ib.  wt.,  6  Ibs.  wt.  and  9  Ibs.  wt. 
act  in  the  directions  AB,  AC,  and  AD  respectively;  find  the  magni 
tude  of  their  resultant  correct  to  two  places  of  decimals. 

4.  The  resultant  of  two  forces,  acting  at  an  angle  of  120°,  is 
perpendicular  to  the  smaller  component.     The  greater  component  is 
equal  to  100  Ibs.  weight ;  find  the  other  component  and  the  resultant. 

5.  If  E  and  F  be  the  middle  points  of  the  diagonals  AC  and  BD 
of  the  quadrilateral  ABCD,  and  if  EF  be  bisected  in  G,  prove  that  the 
four  forces  represented  in  magnitude  and  direction  by  AG,  BG,  CG 
and  D(?,  will  be  in  equilibrium. 

6.  A  stiff  pole  12  feet  long  sticks  horizontally  out  from  a  vertical 
wall.     It  would  break  if  a  weight  of  28  Ibs.  were  hung  at  the  end. 
How  far  out  along  the  pole  may  a  boy  who  weighs  8  stone  venture 
with  safety  ? 

7.  A  rod  weighing  4  ounces  and  of  length  one  yard  is  placed  on  a 
table  so  that  one-third  of  its  length  projects  over  the  edge.     Find  the 
greatest  weight  which  can  be  attached  by  a  string  to  the  end  of  the 
rod  without  causing  it  to  topple  over. 

8.  A  uniform  beam,  of  weight  30  Ibn.,  rests  with  its  lower  end  on 
the  ground,  the  upper  end  being  attached  to  a  weight  by  means  of  a 
horizontal  string  passing  over  a   small  pulley.     If    the    beam    be 
inclined  at  60°  to  the  vertical  prove  that  the  pressure  on  the  lower 
end  is  nearly  40  Ibs.  wt.,  and  that  the  weight  attached  to  the  string  is 
nearly  26  Ibs.  wt. 

9.  Find  the  centre  of  parallel  forces  which  are  equal  respectively 
to  1,  2,  3,  4,  o,  and  6  Ibs.  weight,  the  points  of  application  of  the 
forces  being  at  distances  1,  2,  3,  4,  5,  and  6  inches  respectively 
measured  from  a  given  point  A  along  a  given  line  AB. 

10.  The  angle  B  of  a  triangle  ABC  is  a  right-angle,  AB  being 
8  inches  and  BC  11  inches  in  length;  at  A,  B,  and  C  are  placed 
particles  whose  weights  are  4,  5,  and  6  respectively ;  find  the  distance 
of  their  centre  of  gravity  from  A. 

11.  On  the  side  AB  of  an  equilateral  triangle  and  on  the  side 
remote  from  C  is  described  a  rectangle  whose  height  is  one  half  of 
AB  ;  prove  that  the  centre  of  gravity  of  the  whole  figure  thus  formed 
is  the  middle  point  of  AB. 

12.  From  a  regular  hexagon  one  of  the  equilateral  triangles  with 
its  vertex  at  the  centre,  and  a  side  for  base,  is  cut  away.    Find  the 
centre  of  graviiy  of  the  remainder. 
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13.  A  pile  of  six  pennies  rests  on  a  horizontal  table.     Find  the 
greatest  possible  horizontal  distance  between  the  centres  of  the  highest 
and  lowest  pennies. 

14.  The  pressure  on  the  fulcrum  when  two  weights  are  suspended 
in  equilibrium  at  the  end  of  a  straight  lever,  12  inches  long,  is  20  Ibs. 
wt.  and  the  ratio  of  the  distances  of  the  fulcrum  from  the  ends  is 

3  :  2.     Find  the  weights. 

15.  A  straight  lever  of  length  5  feet  and  weight  10  Ibs.  has  its 
fulcrum  at  one  end  and  weights  of  3  and  G  Ibs.  are  fastened  to  it  at 
distances  of  1  foot  and  3  feet  from  the  fulcrum ;  it  is  kept  horizontal 
by  a  force  at  its  other  end ;  find  the  pressure  on  the  fulcrum. 

16.  Find  the  relation  between  the  power  P  and  the  weight  W  in  a 
system  of  5  movable  pulleys  in  which  each  pulley  hangs  by  a  separate 
string,  the  weight  of  each  pulley  being  P. 

17.  In  the  system  of  5  weightless  pulleys  in  which  each  string  is 
attached  to  a  weightless  bar  from  which  the  weights  hang,  if  the 
strings  be  successively  one  inch  apart,  find  to  what  point  of  the  bar  the 
weight  must  be  attached,  so  that  the  b«r  may  be  always  horizontal. 

18.  A  body,  of  mass  5  Ibs.,  rests  on  a  smooth  plane  which  is 
inclined  at  30°  to  the  horizon  and  is  acted  on  by  a  force  equal  to  the 
weight  of  2  Ibs.  acting  parallel  to  the  plane  and  upwards,  and  by  a 
force  equal  to  P  Ibs.  weight  acting  at  an  angle  of  30°  to  the  plane. 
Find  the  value  of  P  if  the  body  be  in  equilibrium. 

19.  If  one  scale  of  an  accurate  balance  be  removed  and  no  mass 
be  placed  in  the  other  scale,  prove  that  the  inclination  of  the  beam  to 

the  horizon  is  tan"1  7T=7- — — ,  where  2a  is  the  length  of  the  beam,  h 
W  K  +  bh 

and  It  are  respectively  the  distances  of  the  point  of  suspension  from 
the  beam  and  the  centre  of  gravity  of  the  balance,  and  S  and  W  are 
respectively  the  weight  of  the  scale-pan  and  the  remainder  of  the 
balance. 

20.  If  the  distance  of  the  centre  of  gravity  of  the  beam  of  a 
common  steelyard  from  its  fulcrum  be  2  inches,  the  movable  weight 

4  ozs.,  and  the  weight  of  the  beam  2  Ibs.,  find  the  distance  of  the  zero 
of  graduations  from   the   centre   of  gravity.     Also,  if   the   distance 
between  the  fulcrum  and  the  end  at  which  the  scale-pan  is  attached 
be  4  inches,  find  the  distance  between  successive  graduations. 

21.  If  the  circumference  of  a  screw  be  20  inches  and  the  distance 
between  successive  threads  -75  inch,  find  its  mechanical  advantage. 

22.  The  height  of  a  rough  plane  is  to  its  base  as  3  to  4  and  it  is 
found  that  a  body  is  just  supported  on  it  by  a  horizontal  force  equal 
to  half  the  weight  of  the  body;  find  the  coefficient  of  friction  between 
the  body  and  the  plane. 
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23.  A  ladder,  30  i'eet  long,  rests  with  one  end  against  R  smooth 
vertical  wall  and  with  the  other  on  the  ground,  which  is  rough,  the 
coefficient  of  friction  being  i;  find  how  high  a  man  whose  weight  is 
4  times  that  of  the  ladder  can  ascend  before  it  begins  to  slip,  the  foot 
of  the  ladder  being  6  feet  from  the  wall. 

24.  A  cylindrical  shaft  has  to  be  sunk  to  a  depth  of  100  fathoms 
through  chalk  whose  density  is  2-3  times  that  of  water ;  the  diameter 
of  the  shaft  being  10  feet,  what  must  be  the  H.P.  of  the  engine  that 
can  lift  out  the  material  in  12  working  days  of  8  hours  each  ? 


**HARDER  MISCELLANEOUS  EXAMPLES. 

1.  If  0  be  the  centre  of  the  circle  circumscribing  the  triangle 
ABC,  and  if  forces  act  along  OA,  OB,  and  0(7,  respectively  propor 
tional  to  BG,  CA,  and  AB,  shew  that  their  resultant  passes  through 
the  centre  of  the  inscribed  circle. 

2.  Three  forces  act  along  the  sides  of  a  triangle  ABC,  taken 
in  order,   and  their  resultant  passes  through   the   orthocentre   and 
the  centre  of  gravity  of  the  triangle;   shew  that  the  forces  are  in 
the  ratio  of 

sin  2A  sin  (B  -  C)  :  sin  2B  sin  (G  -  A)  :  sin  20  sin  (A  -  B). 

Show  also  that  their  resultant  acts  along  the  line  joining  the  centres 
of  the  inscribed  and  circumscribing  circles,  if  the  forces  be  in  the 
ratio 

cos  B  -  cos  G  :  cos  G  -  cos  A  :  cos  A  -  cos  B. 

3.  Three  forces  PA,  PB,  and  PC,  diverge  from  the  point  P  and 
three  others  AQ,  BQ,  and  CQ  converge  to  a  point  Q.      Shew  that 
the  resultant  of  the  six  is  represented  in  magnitude  and  direction 
by  3PQ   and  that  it  passes  through  the  centre  of  gravity  of  the 
triangle  ABC. 

4.  T  is  the  orthocentre,  and  0  the  circumcentre  of  a  triangle 
ABC ;  shew  that  the  three  forces  AT,  BT,  and  CT  have  as  resultant 
the  force  represented  by  twice  OT. 

5.  Find  the  centre  of  gravity  of  three  particles  placed  at  the 
centres  of  the  escribed  circles   of  a  triangle,  if  they  be  inversely 
proportional  to  the  radii  of  these  circles. 

6.  ABCD  is  a  rectangle ;  find  a  point  P  in  AD  such  that,  when 
the  triangle  PDC  is  taken  away,   the  remaining   trapezoid  ABCP 
may,   when  suspended  from   P,   hang  with   its   sides  AP  and  BG 
horizontal. 

7.  A  triangular  lamina  ABC,  obtuse-angled  at  G,  stands  with 
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the  side  AC  in  contact  with  a  table.      Shew  that  the  least  weight, 
which  suspended  from  B  will  overturn  the  triangle,  is 


where  TF  is  the  weight  of  the  triangle. 
Interpret  the  above  if       c2  >  a"  +  362. 

8.  A  pack  of  cards  is  laid  on  a  table,  and  each  card  projects 
in  the  direction  of  the  length  of  the  pack  beyond  the  one  below  it; 
if  each  project  as  far  as  possible,  shew  that  the  distances  between 
the  extremities  of    successive  cards  will  form  a  harmonical    pro 
gression. 

9.  If  aA,  bB,  cG  ...  represent  n  forces,  whose  points  of  appli 
cation  are  a,  6,  c,  ...  and  whose  extremities  are  A,  B,  (7,  ...,  shew  that 
their  resultant  is  given  in  magnitude  and  direction  by  n  .  gG,  where 
//  is  the  centre  of  inertia  of  n  equal  particles  a,  6,  c,  ...,  and  G  the 
centre  of  inertia  of  n  equal  particles  A,  B,  C,  .... 

What  follows  if  g  coincide  with  G  ? 

10.  From  a  body,  of  weight  TF,  a  portion,  of  weight  w,  is  cut 
out  and  moved  through  a  distance  x  ;  shew  that  the  line  joining  the 
two  positions  of  the  centre  of  gravity  of  the  whole  body  is  parallel  to 
the  line  joining  the  two  positions  of  the  centre  of  gravity  of  the  part 
moved. 

11.  Two  uniform  rods,  AB  and  AC,  of  the  same  material  are 
rigidly  connected  at  At  the   angle  BAG  being  60°,  and  the  length 
ef  AB  being  double  that  of  AC.    If  G  be  the  centre  of  inertia  of  the 

/1Q 
rods,  shew  that  BG  =  AO  .  /Tn*  and,  if  the  system  be  suspended 

freely  from  the  end  B  of  the  rod  AB,  shew  that  the  action  at  A 
consists  of  a  vertical  force  equal  to  one-third  of  the  weight,  17,  of 
the  system,  and  a  couple  whose  moment  is 


12.  If  the  hinges  of  a  gate  be  4  feet  apart  and  the  gate  be  10  feet 
wide  and  weigh  500  Ibs.,  shew  that,  on  the  assumption  that  all  the 
weight  is  borne  by  the  lower  hinge,  the  stress  on  the  upper  hinge 
must  be  625  Ibs.  wt. 

13.  A  step-ladder  in  the  form  of  the  letter  A,  with  each  of  its  legs 
inclined  at  an  angle  a  to  the  vertical,  is  placed  on  a  horizontal  floor, 
and  is  held  up  by  a  cord  connecting  the  middle  points  of  its  legs, 
there  being  no  friction  anywhere;   shew  that,  when  a  weight  W  is 

placed  on  one  of  the  steps  at  a  height  from  the  floor  equal  to  -  of  the 

n 

height  of  the  ladder,  the  increase  in  the  tension  of  the  cord  is  -  W  tan  a. 
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14.  A  cylinder,  of  radius  r,  whose  axis  is  fixed  horizontally, 
touches  a  vertical  wall  along  a  generating  line.  A  flat  beam  of  uni 
form  material,  of  length  21  and  weight  W,  rests  with  its  extremities 
in  contact  with  the  wall  and  the  cylinder,  making  an  angle  of  45° 

with  the  vertical.     Shew  that,  in  the  absence  of  friction,  -  =  -- 

1" 


that  the  pressure  on  the  wall  is  %W,  and  that  the  reaction  of  the 
cylinder  is 


15.  A  uniform  rod,  of  length  32«,  rests  partly  within  and  partly 
without  a  smooth  cylindrical  cup  of  radius  a.      Shew  that  in  the 
position  of  equilibrium  the  rod  makes  an   angle  of  60°  with  the 
horizon,  and  prove  also  that  the  cylinder  will  topple  over  unless  its 
weight  be  at  least  six  times  that  of  the  rod. 

16.  A  tipping  basin,  whose  interior  surface  is  spherical,  is  free 
to  turn  round  an  axis  at  a  distance  c  below  the  centre  of  the  sphere 
and  at  a  distance  a  above  the  centre  of  gravity  of  the  basin,  and  a 
heavy  ball  is  laid  at  the  bottom  of  the  basin  ;  shew  that  it  will  tip 

over  if  the  weight  of  the  ball  exceed  the  fraction  -  of  the  weight  of 
the  basin. 

17.  A  thin  hemispherical  shell,  closed  by  a  plane  base,  is  filled 
with  water  and,  when  suspended  from  a  point  on  the  rim  of  the  base, 
it  hangs  with  the  base  inclined  at  an  angle  a  to  the  vertical.     Shew 
that  the  ratio  of  the  weight  of  the  water  to  that  of  the  shell  is 
tan  a  -  -J-  :  £  -  tan  a. 

18.  A  hollow  cylinder,  composed  of  thin  metal  open  at  both 
ends,  of  radius  a,  is  placed  on  a  smooth  horizontal  plane.    Inside  it 
are  placed  two  smooth  spheres,  of  radius  r,  one  above  the  other,  2r 
being  >a  and  <2a.     If  W  be  the  weight  of  the  cylinder  and  W  the 
weight  of  one  of  the  spheres,  shew  that  the  cylinder  will  just  stand 
upright,  without  tumbling  over,  if 


19.  An  isosceles  triangular  lamina,  with  its  plane  vertical,  rests, 
vertex  downwards,  between  two  smooth  pegs  in  the  same  horizontal 
line  ;  shew  that  there  will  be  equilibrium  if  the  base  make  an  angle 
sin"1  (cos2  a)  with  the  vertical,  2a  being  the  vertical  angle  of  the 
lamina  and  the  length  of  the  base  being  three  times  the  distance 
between  the  pegs. 

20.  A  prism,  whose  cross  section  is  an  equilateral  triangle,  rests 
with  two  edges  horizontal  on  smooth  planes  inclined  at  angles  a 
and  /3  to  the  horizon.    If  0  be  the  angle  that  the  plane  through  these 
edges  makes  with  the  vertical,  shew  that 

2  ^/S  sin  a  sin  p  +  sin  (a  +  /3) 

--~ 
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21.  A  thin  board  in  the  form  of  an  equilateral  triangle,  of  weight 
1  lb.,  has  one-quarter  of  its  base  resting  on  the  end  of  a  horizontal 
table,  and  is  kept  from  falling  over  by  a  string  attached  to  its  vertex 
and  to  a  point  on  the  table  in  the  same  vertical  plane  as  the  triangle. 
If  the  length  of  the  string  be  double  the  height  of  the  vertex  of  the 
triangle  above  the  base,  find  its  tension. 

22.  A  solid  cone,  of  height  h  and  semi-vertical  angle  o,  is  placed 
with  its  base  against  a  smooth  vertical  wall  and  is  supported  by  a 
string  attached  to  its  vertex  and  to  a  point  in  the  wall;  shew  that 
the  greatest  possible  length  of  the  string  is  h  /Jl  +  i-g-  tan2  a. 

23.  The  altitude  of  a  cone  is  h  and  the  radius  of  its  base  is  r ;  a 
string  is  fastened  to  the  vertex  and  to  a  point  on  the  circumference 
of  the  circular  base,  and  is  then  put  over  a  smooth  peg  ;  shew  that,  if 
the  cone  rest  with  its  axis  horizontal,  the  length  of  the  string  must 
be  jW+±r\ 

24.  Three  equal  smooth  spheres  on  a  smooth  horizontal  plane 
are  in  contact  with  one  another,  and  are  kept  together  by  an  endless 
string  in  the  plane  of  their  centres,  just  fitting  them ;  if  a  fourth 
equal  sphere  be  placed  on  them,  shew  that  the  tension  of  the  string 
is  to  the  weight  of  either  sphere  as  1  :  3^/6. 

25.  A  smooth  rod,  of  length  2a,  has  one  end  resting  on  a  plane 
of  inclination  a  to  the  horizon,  and  is  supported  by  a  horizontal  rail 
which  is  parallel  to  the  plane  and  at  a  distance  c  from  it.     Shew 
that  the  inclination  9  of  the  rod  to  the  inclined  plane  is  given  by 
the  equation  c  sin  a  =  a  sin2  0  cos  (0-a). 

26.  A  square  board  is  hung  flat  against  a  wall,  by  means  of  a 
string  fastened  to  the  two  extremities  of  the  upper  edge  and  hung 
round  a  perfectly  smooth  rail ;  when  the  length  of  the  string  is  less 
than  the  diagonal  of  the  board,  shew  that  there  are  three  positions  of 
equilibrium. 

27.  A  hemispherical  bowl,  of  radius  r,  rests  on  a  smooth  hori- 
xontal  table  and  partly  inside  it  rests  a  rod,  of  length  21  and  of 
weight  equal  to  that  of  the  bowl.     Shew  that  the  position  of  equili 
brium  is  given  by  the  equation 

Zsin  (a  +  /3)=rsina  =  -2rcos  (a +  2/3), 

where  a  is  the  inclination  of  the  base  of  the  hemisphere  to  the  hori 
zon,  and  2£J  is  the  angle  subtended  at  the  centre  by  the  part  of  the 
rod  within  the  bowl. 

28.  A  uniform  rod,  of  weight  W,  is  suspended  horizontally  from 
two  nails  in  a  wall  by  means  of  two  vertical  strings,  each  of  length  I, 
attached  to  its  ends.     A  smooth  weightless  wedge,  of  vertical  angle 

W 
30°,  is  pressed  down  with  a  vertical  force  —  between  the  wall  and 

L.  8.  19 
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the  rod,  without  touching  the  strings,  its  lower  edge  being  kept  hori 
zontal  and  one  face  touching  the  wall.  Find  the  distance  through 
which  the  rod  is  thrust  from  the  wall. 

29.  AB  is  a  smooth  plane  inclined  at  an  angle  a  to  the  horizon, 
and  at  A,  the  lower  end,  is  a  hinge  about  which  there  works,  without 
friction,  a  heavy  uniform  smooth  plank  AC,  of  length  2a.     Between 
the  plane  and  the  plank  is  placed  a  smooth  cylinder,  of  radius  r, 
which  is  prevented  from  sliding  down  the  plane  by  the  pressure  of 
the  plank  from  above.     If  W  be  the  weight  of  the  plank,  W  that  of 
the  cylinder,  and  0  the  angle  between  the  plane  and  the  plank,  shew 
that 

Wa 

30.  Two  equal  circular  discs— of  radius  r — with  smooth  edges, 
are   placed  on  their  fiat  sides  in  the  corner  between  two  smooth 
vertical  planes  inclined  at  an  angle  2a,  and  touch  each  other  in  the 
line  bisecting  the  angle ;  prove  that  the  radius  of  the  least  disc  that 
can  be  pressed  between  them,  without  causing  them  to  separate,  is 
r(seca-l). 

31.  A  rectangular  frame  ABCD  consists  of  four  freely  jointed 
bars,  of  negligible  weight,  the  bar  AD  being  fixed  in  a  vertical  posi 
tion.     A  weight  is  placed  on  the  upper  horizontal  bar  AB  at  a  given 
point  P  and  the  frame  is  kept  in  a  rectangular  shape  by  a  string  A  C. 
Find  the  tension  of  the  string,  and  shew  that  it  is  unaltered  if  this 
weight  be  placed  on  the  lower  bar  CD  vertically  under  its  former 
position. 

32.  A  uniform  rod  MN  has  its  ends  in  two  fixed  straight  rough 
grooves  OA  and  OJB,  in  the  same  vertical  plane,  which  make  angles  a 
and  ft  with  the  horizon ;  shew  that,  when  the  end  M  is  on  the  point 
of  slipping  in  the  direction  A  0,  the  tangent  of  the  angle  of  inclina 
tion  of  MN  to  the  horizon  is  5-      ^r— r— •-  /  — \ »  where  e  is  the 

2sin(/3  +  e)sin  (a-e) 

angle  of  friction. 

33.  A  rod,  resting  on  a  rough  inclined  plane,  whose  inclination  a 
to  the  horizon  is  greater  than  the  angle  of  friction  X,  is  free  to  turn 
about  one  of  its  ends,  which  is  attached  to  the  plane;  shew  that, 
for  equilibrium,  the  greatest  possible  inclination  of  the  rod  to  the 
line  of  greatest  slope  is  sin"1  (tan  X  cot  a). 

34.  Two  equal  uniform  rods,  of  length  2<z,  are  jointed  at  one 
extremity  by  a  hinge,  and  rest  symmetrically  upon  a  rough  fixed 
sphere  of  radius  c.     Find  the  limiting  position  of  equilibrium,  and 
show  that,  if  the  coefficient  of  friction  be  c-f-a,  the  limiting  inclination 
of  each  rod  to  the  vertical  is  tan"1  f/c-r-a- 

35.  A  uniform  straight  rod,  of  length  2c,  is  placed  in  a  horizontal 
position  as  high  as  possible  within  a  hollow  rough  sphere,  of  radius 
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a.     Shew  that  the  line  joining  the  middle  point  of  the  rod  to  the 

centre  of  the  sphere  makes  with  the  vertical  an  angle  tan"1  -  .  . 

*Ja?  -  c2 

36.  A  rough  rod  is  fixed  in  a  horizontal  position,  and  a  rod, 
having  one  end  freely  jointed  to  a  fixed  point,  is  in  equilibrium 
resting  on  the  fixed  rod;  if  the  perpendicular  from  the  fixed  point 
upon  the  fixed  rod  be  of  length  b  and  be  inclined  to  the  horizon  at 
an  angle  a,  shew  that  the  portion  of  the  fixed  rod  upon  any  point  of 
which  the  movable  rod  may  rest  is  of  length 
2/j.b  cos  a 


where  /A  is  the  coefficient  of  friction. 

37.  A  glass  rod  is  balanced,  partly  in  and  partly  out  of  a  cylin 
drical  tumbler,  with  the  lower  end  resting  against  the  vertical  side 
of  the  tumbler.     If  a  and  8  be  the  greatest  and  least  angles  which 
the  rod  can  make  with  the  vertical,  shew  that  the  angle  of  friction  is 

,  sin3  a-  sin3  8 

1    f  nrj  —  1    _  L_  _ 

sin2  a  cos  a  +  Bin2  8  cos  /3  ' 

38.  A  rod  rests  partly  within  and  partly  without  a  box  in  the 
shape   of  a  rectangular  parallelepiped,  and  presses  with  one   end 
against  the  rough  vertical  side  of  the  box,  and  rests  in  contact  with 
the  opposite  smooth  edge.     The  weight  of  the  box  being  four  times 
that  of  the  rod,  shew  that  if  the  rod  be  about  to  slip  and  the  box 
be  about  to  tumble  at  the  same  instant,  the  angle  that  the  rod  makes 
with  the  vertical  is  ^X  +  icos"1  (£cos\),   where  X  is   the   angle   of 
friction. 

39.  A  uniform  heavy  rod  lies  on  a  horizontal  table  and  is  pulled 
perpendicularly  to  its  length   by  a   string  attached   to   any  point. 
About  what  point  will  it  commence  to  turn? 

Shew  also  that  the  ratio  of  the  forces,  required  to  move  the  rod, 
when  applied  at  the  centre  and  through  the  end  of  the  rod  perpen 
dicular  to  the  rod,  is  ^2  +  1  :  1. 

40.  Two  equal  heavy  particles  are  attached  to  a  light  rod  at 
equal  distances  c,  and  two  strings  are  attached  to  it  at  equal  distances 
a  from  the  middle  point;  the  rod  is  then  placed  on  a  rough  hori 
zontal  table,  and  the  strings  are  pulled  in  directions  perpendicular 
to  the  rod  and  making  the  same  angle  0  with  the  vertical  on  opposite 
sides  of  the  rod.     Find  the  least  tensions  that  will  turn  the  rod  and 

shew  that,  if  the  coefficient  of  friction  be  -,  the  tension  will  be  least 
when  6  is  45°. 

41.  Two  equal  similar  bodies,  A  and  B,  each  of  weight  W,  are 
connected  by  a  light  string  and  rest  on  a  rough  horizontal  plane, 

19—2 
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the  coefficient  of  friction  being  /A.  A  force  P,  which  is  less  than 
2/i  TF,  is  applied  at  A  in  the  direction  BA,  and  its  direction  is 
gradually  turned  through  an  angle  6  in  the  horizontal  plane.  Shew 
that,  if  P  be  greater  than  ^//JF,  then  both  the  weights  will  slip 

p 
when  0080  =  —^.,  but,  if  P  be  less  than  ^/2/xTF  and  be  greater  than 


/x,  W,  then  A  alone  will  slip  when  sin  0=  -„-  . 

42.  A  beam  A  B  lies  horizontally  upon  two  others  at  points  A  and 
C;  shew  that  the  least  horizontal  force  applied  at  B  in  a  direction 
perpendicular  to  BA,  which  is  able  to  move  the  beam,  is  the  lesser  of 

the  two  forces  ^W  and  pW     ~a,  ,  where  AB  is  2a,  AC  is  b,  W  is  the 
weight  of  the  beam,  and  /x,  the  coefficient  of  friction. 

43.  A  rough  beam  AB,  of  length  la,  is  placed  horizontally  on  two 
equal  and  equally  rough  balls,  the  distance  between  whose  centres 
is  6,  touching  them  in  C  and  D;  shew  that,  if  6  be  not  greater  than 

~  ,  a  position  of  the  beam  can  be  found  in  which  a  force  P  exerted  at 
B 

B  perpendicular  to  the  beam  will  cause  it  to  be  on  the  point  of  motion 
both  at  G  and  D  at  the  same  time. 

44.  A  uniform  heavy  beam  is  placed,  in  a  horizontal  position, 
between  two  unequally  rough  fixed  planes,  inclined  to  the  horizon 
at  given  angles,  in  a  vertical  plane  perpendicular  to  the  planes.   Find 
the  condition  that  it  may  rest  there. 

45.  A  uniform  rod  is  in  limiting  equilibrium,  one  end  resting 
on  a  rough  horizontal  plane  and  the  other  on  an  equally  rough  plane 
inclined  at  an  angle  a  to  the  horizon.     If  X  be  the  angle  of  friction, 
and  the  rod  be  in  a  vertical  plane,  shew  that  the  inclination,  0, 
of  the  rod  to  the  horizon  is  given  by 


2  sin  X  sin  (a  -  X) 
Find  also  the  normal  reactions  of  the  planes. 

46.  If  a  pair  of  compasses  rest   across  a  smooth   horizontal 
cylinder  of  radius  c,  shew  that  the  frictional  couple  at  the  joint 
to  prevent  the  legs  of  the  compasses  from  slipping  must  be 

W  (c  cot  a  cosec  a  -  a  sin  a)  , 

where  W  is  the  weight  of  each  leg,  2a  the  angle  between  the  legs,  and 
a  the  distance  of  the  centre  of  gravity  of  a  leg  from  the  joint. 

47.  The  handles  of  a  drawer  are  equidistant  from  the  sides  of 
the  drawer  and  are  distant  c  from  each  other;  shew  that  it  will  be 
impossible  to  pull  the  drawer  out  by  pulling  one  handle,  unless  the 
length  of  the  drawer  from  back  to  front  exceed  /zc. 
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48.  If  one  cor(l  of  a  sash-window  break,  find  the  least  coefficient 
of  friction  between  the  sash  and  the  window-frame  in  order  that  the 
other  weight  may  still  support  the  window. 

49.  A  circular  hoop,  of  radius  one  foot,  hangs  on  a  horizontal 
bar  and  a  man  hangs  by  one  hand  from  the  hoop.     If  the  coefficient 
of  friction  between  the  hoop  and  the  bar  be  l-f-^/3  find  the  shortest 
possible  distance  from  the  man's  hand  to  the   bar,  the  weight   of 
the  hoop  being  neglected. 

50.  A  square,  of  side  2a,  is  placed  with  its  plane  vertical  between 
two  smooth  pegs,  which  are  in  the  same  horizontal  line  and  at  a 
distance  c;  shew  that  it  will  be  in  equilibrium  when  the  inclination 

f£L   _    y»2 

of  one  of  its  edges  to  the  horizon  is  either  45°  or  ^  sin"1  — ^ — . 

51.  Three  equal  circular  discs,  A,  B,  and  (7,  are  placed  in  contact 
with  each  other  upon  a  smooth  horizontal  plane,  and,  in  addition, 
B  and  C  are  in  contact  with  a  rough  vertical  wall.     If  the  coefficient 
of  friction  between  the  circumferences  of  the  discs  and  also  between 
the  discs  and  wall  be  2  -  ^/S,  shew  that  no  motion  will  ensue  when  A 
is  pushed  perpendicularly  towards  the  wall  with  any  force  P. 

52.  If  the  centre  of  gravity  of  a  wheel  and  axle  be  at  a  distance 
a  from  the  axis,  shew  that  the  wheel  can  rest  with  the  plane  through 
the  axis  and  the  centre  of  gravity  inclined  at  an  angle  less  than  6 

with  the  vertical,  given  by  sin  0  =  -  sin  0,  where  0  is  the  angle  of 
friction,  and  b  is  the  radius  of  the  axle. 

53.  A.  particle,  of  weight  w,  rests  on  a  rough  inclined  plane,  of 
weight  W,  whose  base  rests  on  a  rough  table,  the  coefficients  of  friction 
being  the  same.     If  a  gradually  increasing  force  be  applied  to  the 
particle  w  along  the  surface  of  the  inclined  plane,  find  whether  it  will 
move  up  the  plane  before  the  plane  slides  on  the  table,  the  angle  of 
inclination  of  the  plane  being  a. 

54.  A  rough  cylinder,  of  weight  W,  lies  with  its  axis  horizontal 
upon  a  plane,  whose  inclination  to  the  horizontal  is  a,  whilst  a  man, 
of  weight  W  (with  his  body  vertical),  stands  upon  the  cylinder  and 
keeps  it  at  rest.     If  his  feet  be  at  A  and  a  vertical  section  of  the 
cylinder  through  A  touch  the  plane  at  B,  shew  that  the  angle,  6,  sub 
tended  by  AB  at  the  centre  of  the  section,  the  friction  being  sufficient 
to  prevent  any  sliding,  is  given  by  the  equation 

W  sin  (6  +  a)  =  ( W+  W '}  sin  a. 

55.  Two   rough  uniform   spheres,  of  equal  radii  but  unequal 
weights  TFj  and  >F2,  rest  in  a  spherical  bowl,  the  line  joining  their 
centres  being  horizontal  and  subtending  an  angle  2a  at  the  centre  of 
the  bowl;  shew  that  the  coefficient  of  friction  between  them  is  not 

ta  than 
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56.  Two  rigid  weightless  rods  are  firmly  jointed,  so  as  to  be  at 
right  angles,  a  weight  being  fixed  at  their  junction,  and  are  placed 
over  two  rough  pegs  in  the  same  horizontal  plane,  whose  coefficients 
of  friction  are  /u,  and  /*'.     Shew  that  they  can  be  turned  either  way 

from   their   symmetrical   position   through    an    angle  -  tan"1  ^~-  , 

£l  tt 

without  slipping. 

57.  A  sphere,  of  weight  W,  is  placed  on  a  rough  plane,  inclined 
to  the  horizon  at  an  angle  a,  which  is  less  than  the  angle  of  friction  ; 

shew  that  a  weight  W  -  :  —  ,  fastened  to  the  sphere  at  the 
cos  a  -  sin  a 

upper  end  of  the  diameter  which  is  parallel  to  the  plane,  will  just 
prevent  the  sphere  from  rolling  down  the  plane. 

What  will  be  the  effect  of  slightly  decreasing  or  slightly  increasing 
this  weight? 

58.  Two  equal  uniform  rods  are  joined  rigidly  together  at  one 
extremity  of  each  to  form  a  V,  with  the  angle  at  the  vertex  2a,  and 
are  placed  astride  a  rough  vertical  circle  of  such  a  radius  that  the 
centre  of  gravity  of  the  V  is  in  the  circumference  of  the  circle,  the 
angle  of  friction  being  e.     Shew  that,  if  the  V  be  just  on  the  point  of 
motion  when  the  line  joining  its  vertex  with  the  centre  of  the  circle 
is  horizontal,  then  sin  e= 


If  the  rods  be  connected  by  a  hinge  and  not  rigidly  connected 
and  the  free  ends  be  joined  by  a  string,  shew  that  the  joining  string 
will  not  meet  the  circle  if  sin  a  be  <  i  ;  if  this  condition  be  satisfied, 
shew  that  if  the  V  is  just  on  the  point  of  slipping  when  the  line 
joining  its  vertex  to  the  centre  is  horizontal,  the  tension  of  the  string 


__ 
will  be  —  v/l  +  cosec  o,  where  W  is  the  weight  of  either  rod. 

59.  A  rectangular  beam,  of  weight  W,  is  constrained  by  guides 
to  move  only  in  its  own  direction,  the  lower  end  resting  on  a  smooth 
floor.     If  a  smooth  inclined  plane  of  given  slope  be  pushed  under  it 
by  a  horizontal  force  acting  at  the  back  of  the  inclined  plane,  find  the 
force  required. 

If  there  be  friction  between  the  floor  and  the  inclined  plane,  but 
nowhere  else,  what  must  be  the  least  value  of  fj.  so  that  the  inclined 
plane  may  remain,  when  left  in  a  given  position  under  the  beam, 
without  being  forced  out? 

60.  In  a  wheel  and  axle,  if  the  axle  rest  on  rough  bearings,  shew 
that  the  least  power  which,  acting  downwards,  will  raise  a  weight  Wia 

—  -  :  —  -  W,  where  a  and  b  are  the  radii  of  the  wheel  and  axle,  and 
a  -  b  sin  X 

X  is  the  angle  of  friction. 
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61.  Two  small  rings,  each  of  weight  W,  slide  one  upon  each  of 
two  rods  in  a  vertical  plane,  each  inclined  at  an  angle  a  to  the 
vertical;  the  rings  are  connected  by  a  fine  elastic  string  of  natural 
length  2a,  and  whose  modulus  of  elasticity  is  X;  the  coefficient  of 
friction  for  each  rod  and  ring  is  tan/3;  shew  that,  if  the  string  be 
horizontal,  each  ring  will  rest  at  any  point  of  a  segment  of  the  rod 
whose  length  is 

W\~l  a  cosec  a  (cot  (a  -  /3)  -  cot  (a  +  ,6) } . 

62.  A  wedge,  with  angle  60°,  is  placed  upon  a  smooth  table,  and 
a  weight  of  20  Ibs.  on  the  slant  face  is  supported  by  a  string  lying  on 
that  face  which,  after  passing  through  a  smooth  ring  at  the  top, 
supports  a  weight  W  hanging  vertically ;  find  the  magnitude  of  W. 

Find  also  the  horizontal  force  necessary  to  keep  the  wedge  at  rest 

(1)  when  the  ring  is  not  attached  to  the  wedge, 

(2)  when  it  is  so  attached. 

Solve  the  same  question  supposing  the  slant  face  of  the  wedge  to 

be  rough,  the  coefficient  of  friction  being  -/-  and  the  20  Ib.  weight  on 

vrf 
the  point  of  moving  down. 

63.  Shew  that  the  power  necessary  to  move  a  cylinder,  of  radius 
r  and  weight  W,  up  a  smooth  plane  inclined  at  an  angle  a  to  the 
horizon  by  means  of  a  crowbar  of  length  I  inclined  at  an  angle  /3  to 
the  horizon  is 

Wr         sin  a 
~T~  1  +  cos  (a  +  j8) ' 

64.  A  letter- weigher  consists  of  a  uniform  plate  in  the  form  of  a 
right-angled  isosceles  triangle  ABC,  of  mass  3  ozs.,  wliich  is  suspended 
by  its  right  angle  G  from  a  fixed  point  to  which  a  plumb-line  is 
also  attached.     The  letters  are  suspended  from  the  angle  A,  and  their 
weight  read  off  by  observing  where  the  plumb-line  intersects  a  scale 
engraved  along  AB,  the  divisions  of  which  are  marked  1  oz.,  2  oz., 
3  oz.,  etc.     Shew  that  the  distances  from  A  of  the  divisions  of  the 
scale  form  a  harmonic  progression. 

65.  A  ladder,  of  length  I  feet  and  weight  W  Ibs.,  and  uniform  in 
every  respect  throughout,  is  raised  by  two  men  A  and  B  from  a  hori 
zontal  to  a  vertical  position.     A  stands  at  one  end  and  B,  getting 
underneath  the  ladder,  walks  from  the  other  end  towards  A  holding 
successive  points  of  the  ladder  above  his  head,  at  the  height  of  d  feet 
from  the  ground,  the  force  he  exerts  being  vertical.     Find  the  force 
exerted  by  B  when  thus  supporting  a  point  n  feet  from  A,  and  shew 
that  the  work  done  by  him  in  passing  from  the  wth  to  the  (n  -  l)o>  foot 
.        Wld 

1S2n(n-l)' 

When  must  A  press  his  feet  downwards  against  his  end  of  the 
ladder? 
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66.  Prove  that  an  ordinary  drawer  cannot  be  pushed  in  by  a 
force  applied  to  one  handle  until  it  has  been  pushed  in  a  distance 
a .  ft  by  forces  applied  in  some  other  manner,  where  a  is  the  distance 
between  the  handles  and  /*  is  the  coefficient  of  friction. 

67.  Three  equal  uniform  rods,  each  of  weight  W,  have  their  ends 
hinged  together  so  that  they  form  an  equilateral  triangle ;  the  triangle 
rests  in  a  horizontal  position   with  each   rod  in   contact   with  a 
smooth  cone  of  semivertical  angle  a  whose  axis  is  vertical ;   prove 

that  the  action  at  each  hinge  is  — -j- — . 

68.  A  reel,  consisting  of  a  spindle  of  radius  c  with  two  circular 
ends  of  radius  a,  is  placed  on  a  rough  inclined  plane  and  has  a  thread 
wound  on  it  which  unwinds  when  the  reel  rolls  downwards.     If  /t  be 
the  coefficient  of  friction  and  a  be  the  inclination  of  the  plane  to  the 
horizontal,  shew  that  the  reel  can  be  drawn  up  the  plane  by  means 

of  the  tlfcread  if  ^  be  not  less  than  — ^ . 

69.  Prove  the  following  geometrical  construction  for  the  centre 
of  gravity  of  any  uniform  plane  quadrilateral  ABCD ;  find  the  centres 
of  gravity,  X  and  F,  of  the  triangles  ABD,  CBD  ;  let  XY  meet  BD  in 
U  \  then  the  required  centre  of  gravity  is  a  point  G  on  XY,  such  that 
YG  =  XU. 

70.  There  is  a  small  interval  between  the  bottom  of  a  door  and 
the  floor,  and  a  wedge  of  no  appreciable  weight  is  thrust  into  this 
interval,   the  coefficient  of  friction  between  its  base  and  the  floor 
being  known.     If  the  angle  of  the  wedge  be  smaller  than 'a  certain 
amount,  shew  that  no  force  can  open  the  door,  the  slant  edge  of  the 
wedge  being  supposed  smooth. 

71.  On  the  top  of  a  fixed  rough  cylinder,  of  radius  r,  rests  a  thin 
uniform  plank,  and  a  man  stands  on  the  plank  just  above  the  point 
of  contact.     Shew  that  he  can  walk  slowly  a  distance  (n  +  l)re  along 
the  plank  without  its  slipping  off  the  cylinder,  if  the  weight  of  the 
plank  is  n  times  that  of  the  man  and  e  is"the  angle  of  friction  between 
the  plank  and  the  cylinder. 

72.  A  hoop  stands  in  a  vertical  plane  on  a  rough  incline  which 
the  plane  of  the  hoop  cuts  in  a  line  of  greatest  slope.     It  is  kept  in 
equilibrium  by  a  string  fastened  to  a  point  in  the  circumference, 
wound  round  it,  and  fastened  to  a  peg  in  the  incline  further  up  and 
in  the  same  plane.     If  X  is  the  angle  of  friction,  6  the  angle  the  hoop 
subtends  at  the  peg,  and  a  that  of  the  incline,  shew  that  there  is 

limiting    equilibrium   when    0  =  a  +  cos"1     '      .     • — '    ,     What  will 

L     sin  A     J 

happen  if  0  has  a  greater  value  ? 
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73.  Shew  that  the  least  force  which  applied  to  the  surface  of  a 
heavy  uniform  sphere  will  just  maintain  it  in  equilibrium  against  a 
rough  vertical  wall  is 

W  cos  e  or  W  tan  e  [tan  e  -  x/tan2e-l] 

according  as  e  <  or  >  cos"1  —  -  —  ,  where  W  is  the  weight  and  e  the 
angle  of  friction. 

74.  A  uniform  rod,  of  weight  W,  can  turn  freely  about  a  hinge  at 
one  end,  and  rests  with  the  other  against  a  rough  vertical  wall  making 
an  angle  a  with  the  wall.     Shew  that  this  end  may  rest  anywhere  on 
an  arc  of  a  circle  of  angle  2  tan-1  [/*  tan  a],  and  that  in  either  of  the 

extreme  positions  the  pressure  on  the  wall  is  £JF[cot2a  +  /i2]     ,  where 
/*  is  the  coefficient  of  friction. 

75.  If  the  greatest  possible  cube  be  cut  out  of  a  solid  hemisphere 
of  uniform  density,  prove  that  the  remainder  can  rest  with  its  curved 
surface  on  a  perfectly  rough  inclined  plane  with  its  base  inclined  to 
the  horizon  at  an  angle 


where  a  is  the  slope  of  the  inclined  plane. 

76.  A  cylindrical  cork,  of  length  I  and  radius  r,  is  slowly  ex 
tracted  from  the  neck  of  a  bottle.  If  the  normal  pressure  per  unit  of 
area  between  the  bottle  and  the  unextracted  part  of  the  cork  at  any 
instant  be  constant  and  equal  to  P,  shew  that  the  work  done  in 
extracting  it  is  irfj.rl2P,  where  /A  is  the  coefficient  of  friction. 


ANSWERS   TO   THE   EXAMPLES. 


I.    (Page  14.) 

1.  (i)   25;          (ii)  3^/3;          (iii)  13;          (iv)  ^Gl  ;         (v)60°; 
(vi)  15  or  ^505  ;         (vii)  3. 

2.  20  Ibs.  wt.  ;  4  Ibs.  wt. 

3.  x/2  Ibs.  wt.  in  a  direction  south-west.  4.     205  Ibs.  wt. 

5.  P  Ibs.  wt.  at  right  angles  to  the  first  component. 

6.  2  Ibs.  wt.  7.    20  Ibs.  wt.  8.     17  Ibs.  wt. 
9.     60°.                      10.    3  Ibs.  wt.  ;  1  Ib.  wt. 

11.  (i)  120°  ;    (ii)  cos-1  (  -  l\,  i.e.  151°  3'. 

\      8/ 
10 

12.  COB 


13.    In  the  direction  of  the  resultant  of  the  two  given  forces. 


II.    (Page  18.) 

1.     5J3  and  5  Ibs.  wt.  2.     (i)  %P  V2  5  (ii)  H-P- 

3.     oOlbs.  wt.  4.     Each  is  ~  100^/3,  i.e.  57  '735,  Ibs.  wt. 

O 

5.     36-603  and  44-83  Ibs.  wt.  nearly. 
8.    P(v/3-l)  and      ^6-72). 


8.     FJ3  and  2F.        Q,    F^/2  at  135°  with  the  other  component. 
10.     10^5   at   an   angle  tan~4  (i.e.   22-36   at   20°  31')  with  the 
vertical. 

III.    (Page  24.) 

1.     l:l:v/3.  2.    v/3  :  1  :  2.  3.    120°. 

4.     90°,  112°  37'  (  =  180°  -  cos-1  &),  and  157°  23'. 
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IV.    (Pages  29—31.) 


.e.  104°  29'. 


1.    40.  2.    cos-i(-i)ft.< 

3.     2^3  and  ^3  Ibs.  wt.  4.     15^/3  and  15  Ibs.  wt. 

5.     6:4.  6.     5  and  13.  9.     12  Ibs.  wt. 

16.     The  straight  line  passes  through  C  and  the  middle  point  of  AB. 

19.  The  required  point  bisects  the  line  joining  the  middle  points  of 
the  diagonals. 

20.  Through  B  draw  BL,  parallel  to  A  C,  to  meet  CD  in  L  ; 
bisect  DL  in  X  ;  the  resultant  is  a  force  through  X,  parallel  to  AD, 
and  equal  to  twice  AD. 

V.    (Page  36.) 

1.  4  Ibs.  wt.  in  the  direction  A  Q. 

2.  ^50  +  3lV~2  at  an  angle  tan~l7+    v/2,  i.e.  9'76  Ibs.  wt.  at 
36°  40',  with  the  first  force. 

3.  2P  in  the  direction  of  the  middle  force. 

4.  7P  at  cos-1  H»  *•«•  38°  13',  with  the  third  force. 

5.  J3P  at  30°  with  the  third  force. 

6.  12-31  making  an  angle  tan^S,  i.e.  78°  41',  with  AB. 

7.  14-24  Ibs.  wt.  8.     5  Ibs.  wt.  opposite  the  second  force. 
9.    i-P  (\/5  +  1)  A/10  +  2  */5  bisecting  the  angle  between  Q  and  E. 

10.     10  Ibs.  wt.  towards  the  opposite  angular  point. 


11.     J125  +  68^/3    Ibs.    wt.    at    an    angle    tan"1  ,   i.e 

2iij 

15-58  Ibs.  wt.  at  76°  39',  \vith  the  first  force. 

13.  Px  5*027  towards  the  opposite  angular  point  of  the  octagon. 

14.  (i)  17-79  Ibs.  wt.  at  66°  29'  with  the  fixed  line  ; 
(ii)  9-40  Ibs.  wt.  at  39°  45'  with  the  fixed  line; 

(iii)  39-50  Ibs.  wt.  at  111°  46'  with  the  fixed  line. 

VI.    (Pages  40—42.) 

1.  yU/O-N/2);  ir(x/3-l).       2.  2|  and  3&  Ibs.  wt. 
3.  12G  and  32  Ibs.  wt.  4.  56  and  42  Ibs.  wt. 

5.  48  and  36  Ibs.  wt.  6.  4,  8,  and  12  Ibs.  wt. 

7.  W.  8.  120  Ibs.  wt. 
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9.     The  inclined  portions  of  the  string  make  60°  with  the  vertical 
and  the  pressure  is  PF/y/S. 

10.     7-23  Ibs.  wt.  11.     The  weights  are  equal. 

12.  1-34  inches.  13.    2£  and  9f  Ibs.  wt. 

14.     14  Ibs.  wt.  15.     6  ft.  5  ins. ;  2  ft.  4  ins. 

16.     They  are  each  equal  to  the  weight  of  the  body. 

18.    2Pcos-,  where  a  is  the  angle  at  the  bit  between  the  two 
portions  of  the  rein. 

20.    ~sec£.  22.     W-,  W*J2. 

&        ii 

VII.  (Pages  48—50.) 

1.  (i)  12  =  11,  AC=7\na.  ;  (ii)  12  =  30,  AC=lft.  Tins,; 
(iii)  12  =  10,  AC  =  l  ft.  6  ins. 

2.  (i)  £  =  8,  ^0  =  25  ins.  ;  (ii)  12  =  8,  AC=  -75  ins.  ; 
(iii)  12  =  17,  AC=  -  19TV  ins. 

3.  (i)  g  =  9,  AB  =  84ins. ;  (ii)  P=2f ,  £=13f  ; 
(ffl)Q  =  6f,  B  =  12j. 

4.  (i)  Q  =  25,  AB  =  3£f  ins. ;  (ii)  P  =  24| ,  R  =  13f ; 
(iii)Q  =  2f,12=3f. 

5.  15  and  5  Ibs.  wt.  6.     43|  and  13£  Ibs.  wt. 

8.  98  and  70  Ibs.  wt. 

9.  The  block  must  be  2  ft.  from  the  stronger  man. 

10.     4  ft.  3  ins.  11.     1  Ib.  wt.  12.     1  foot. 

13.  20  Ibs. ;  4  ins.  •  8  ins.  14.     14f  ins. ;  lOf  ins. 
16.    40  and  35  Ibs.  wt.  17.    ±W. 

18.  The  force  varies  inversely  as  the  distance  between  his  hand 
and  his  shoulder. 

19.  (i)  100  and  150  Ibs.  wt.;    (ii)  50  and  100  Ibs.  wt.;   (iii)  25  and 
75  Ibs.  wt. 

20.  1  Ib.  wt.  at  5  ft.  from  the  first. 

VIII.  (Pages  62—64.) 

1.     10-1.  2.     S^Sft.-lbs.  3.     75 ^3  =  129-9  Ibs.  wt. 

4.  3  ft.  8  ins.  from  the  6  Ib.  wt. 

5.  At  a  point  distant  6-6  feet  from  the  20  Ibs. 
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6.  2*  ft.  from  the  end.  7.     2§  Ibs. 

8.  2£lbs. 

9.  (1)  4  tons  wt.  each  ;  (2)  4$  tons  wt.  ,  3§  tons  wt. 
10.  -B  is  3  inches  from  the  peg.  H.    -f  cwt. 

12.  One-quarter  of  the  length  of  the  beam.  13.     55  Ibs.  wt. 

14.  The  weight  is  3£  Ibs.  and  the  point  is  8£  ins.  from  the  5  Ib.  wt. 

15.  3  ozs.  16.     85J,  85J,  and  29  Ibs.  wt. 
17.  96,  96  and  46  Ibs.  wt.              18.     1#  ins.  from  the  axle. 

19.  2^2  Ibs.  wt.,  parallel  to  CA,  and  cutting  AD  at  P,  where 
AP  equals  $AD. 

20.  2P  acting  along  DC. 

21.  The  resultant  is  parallel  to  AC  and  cuts  AD  at  P,  where  AP 
is  |  ft. 

22.  20^/5  Ibs.  wt.  cutting  ^JB  and  AD  in  points  distant  from  A 
8  ft.  and  16  ft.  respectively. 

23.  JV3  perpendicular  to  BC  and  cutting  it  at  Q  where  JBQ  is  %BC. 
29.     The  required  height  is  %l*J2,  where  Z  is  the  length  of  the  rope. 

31.  A  straight  line  dividing  the  exterior  angle  between  the  two 
forces  into  two  angles  the  inverse  ratio  of  whose  sines  is  equal  to  the 
ratio  of  the  forces. 

IX.    (Page  69.) 

2.    9ft.-lbs.  3.    6. 

4.     A  force  equal,  parallel,  and  opposite,  to  the  force  at  (7,  and 
acting  at  a  point  C"  in  AC,  such  that  CC'  is  \AB. 

X.    (Pages  82—85.) 

2.    45°.  3.     10  V2  and  10  lbs.  wt. 

4.     The  length  of  the  string  is  A  G.  5.     |  WJ3  •  £  W  ,s/3. 

8.        must  be  <  1  and  >£.  12.     |  V5  and  W5  lbs-  wt- 


14.     TFcoseca  and  Wcota.  15.     \W  ,JS. 

16.     30°;  §TPV3;  IHV3.  17.     ^7:2^3. 

18.     Y-  v/3  lbs-  wfc-  19.     6§  lbs.  wt. 


21.  /*  \2  +  a-J  sm*  al  V1  +  a  cos  a)'  wliere  2a  is  the  height  of  the 
picture. 

22.  The  pressures  are  --  =•     ,  _______  W  and  --  =  —•;==-  W. 

a  +  b  Jr*  _  ab  a  +  b  J,*  _  ai 


ANSWERS. 
XI.    (Pages  95—98.) 

1.     ±WJ3.  2.     $WJ3.                4.     iPFcota;  fTFcota. 

IFsinjS    ^  IF  sin  a             _t  /cot/3-cot  a\ 

61     sin(a  +  j8)  ;  sin(a  +  /3)  ;    !         V          2~     /  ' 

8.    fib.  wt.  11.     A  C=  a\  the  tension  = 


14.     The  pressures  at  the  edge  and  the  base  are  respectively  3-24 
and  4-8134  ozs.  wt. 


15.     W.rfiW^*.  18.     W.  23. 


24.     133|  and  166|  Ibs.  wt.  26.     17H  and  If  lbs-  wt- 

27.    20  lbs.  wt. 

XII.    (Page  101.) 

1.  The  force  is  4^/2  lbs.  wt.  inclined  at  45°  to  the  third  force,  and 
the  moment  of  the  couple  is  10a,  where  a  is  the  side  of  the  square. 

2.  The  force  is  5P  *J2,  parallel  to  DB,  and  the  moment  of  the 
couple  is  3Pa,  where  a  is  the  side  of  the  square. 

3.  The  force  is  Gibs,  wt.,  parallel  to  CB,  and  the  moment  of  the 
couple  is  —  v~"  »  where  a  is  the  side  of  the  hexagon. 

XIII,  (Pages  105,  106.) 

1.  The  side  makes  an  angle  tan"1  (2)  with  the  horizon. 

2.  15a.  3.     (n  +  2)N/6«+"c"2: 

4.  A  weight  equal  to  the  weight  of  the  table.  6.     10  lbs. 

7.  On  the  line  joining  the  centre  to  the  leg  which  is  opposite  the 
missing  leg,  and  at  a  distance  from  the  centre  equal  to  one-third  of 
the  diagonal  of  the  square. 

8.  120  lbs.  9      sin-1-  P—  . 

p-rw 

11.     The  pressure  on  A  is  W  •=  —  :  —  -  —  :  —  -. 
2  sin  B  sm  G 

XIV.  (Pages  116,  117.) 

1.     1$,  1|,  and  If  feet.  2.     2,  2|,  and  If  feet. 

3.  2^/5,  3,  and  3  inches. 

6.     The  pressure  at  the  point  A  of  the  triangle  is—  +  W  —  ^—  g  , 

o  C  Sill  XJ 

where  a  is  the  perpendicular  distance  of  the  weight  TFfrom  the  side  BO. 
10.     60°.  12.     cos-1^,  i.e.  73°  44'. 
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XV.  (Pages  120,  121.) 

1.     4$  inches  from  the  end.  2.     15  inches  from  the  end. 

3.     2£  feet.  4.     |4  inch  from  the  middle. 

5.  7£  inch  from  the  first  particle. 

6.  It  divides  the  distance  between  the  two  extreme  weights  in  the 
ratio  of  7  :  2. 

7.  5:1.  8.     1-335...  feet.  9.     finches. 

o 

10.     12  Ibs.  ;  the  middle  point  of  the  rod. 

XVI.  (Pages  125,  126.) 

1.  One-  fifth  of  the  side  of  the  square. 

2.  ^from^B;  |  from  AD. 

3.  At  a  point  whose  distances  from  AB  and  AT)  are  16  and  15 
inches  respectively. 

4.  7i  and  8i  inches.  5.     |x/19  ;  ^  ^283. 

7.  At  the  centre  of  gravity  of  the  lamina. 

8.  8J  and  11£  inches.  10.     2:1:1. 

12.     At  a  point  whose  distances  from  BC  and  CA  are  respectively 
ths  and      ths  of  the  distances  of  A  and  B  from  the  same  two  lines. 


14.     It  divides  the  line  joining  the  centre  to  the  fifth  weight  in  the 
ratio  of  5  :  9. 

18.     One  quarter  of  the  side  of  the  square.    20.    4£  inches  from  A. 

21.     It  passes  through  the  centre  of  the  circle  inscribed  in  the 
triangle. 

XVII.    (Pages  130-132.) 

1.  2^T  inches  from  the  joint. 

2.  5£  inches  from  the  lower  end  of  the  figure. 

3.  It  divides  the  beam  in  the  ratio  of  5  :  11. 

4.  At  the  centre  of  the  base  of  the  triangle. 

5.  7$  inches. 


ANSWERS,  vii 

7.  One  inch  from  the  centre  of  the  larger  sphere. 

8.  Its  distance  from  the  centre  of  the  parallelogram  is  one-ninth 
of  a  side. 

9.  The  distance  from  the  centre  is  one-twelfth  of  the  diagonal. 

10.  The  distance  from  the  centre  is  ^Tth  of  the  diagonal  of  the 
square. 

11.  It  divides  the  line  joining  the  middle  points  of  the  opposite 
parallel  sides  in  the  ratio  of  5  :  7. 

12.  W3  inches  from  0.  14.     §  . 

15.  A'  bisects  AD,  where  D  is  the  middle  point  of  EC. 

16.  It  divides  GA  in  the  ratio  ^/m  - 1 :  ra  ^/m  -  3  ^m  + 1. 

3  —   /3 

17.  The  height  of  the  triangle  is — £—  side  of  the  square. 

2 

18.  iW  inches  from  the  centre. 

19.  The  centre  of  the  hole  must  be  16  inches  from  the  centre  of 
the  disc. 

63 

20.  It  is  at  a   distance -K 7 — r^  from  the  centre  of  the  larger 

a*  +  ab  +  cr 

sphere. 

21.  Iffr,  where  h  is  the  height  of  the  cone.        22.     13-532  inches. 

23.     The  height,  x,  of  the  part  scooped  out  is  one-third  of  the 
height  of  the  cone. 


XVIII.    (Pages  138—140.) 

1.     By  7,  8,  and  9  Ibs.  wt.  respectively.  2. 

6.     5:4.  10.    At  the  centre  of  gravity  of  the  triangle. 

14.     2sin-i£.  15.    ^6:1. 

16.     The  height  of  the  cone  must  be  to  the  height  of  the  cylinder  as 
2-^/2:1. 

19.     It  divides  the  axis  of  the  original  cone  in  the  ratio  3  :  5, 
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XIX.    (Pages  151—153.) 

6  W 

1.     Gfinches.  2.     -g-p  inches.  4.     ~TT  • 

7.  120;  ^-ffth. 

8.  18  if  they  overlap  in  the  direction  of  their  lengths,  and  8  if  in 
the  direction  of  their  breadths. 

11.  \/3  times  the  radius  of  the  hemisphere.    12.    1 :  \/2.     14.  4r. 

18.  The  string  makes  an  angle  cos"1  (  — p—  J  with  the  plane 
where  a  is  its  inclination  to  the  horizon ;  the  equilibrium  is  stable. 

19.  The  line  from  the  fixed  point  to  the  centre  is  inclined  at  an 

angle  sin"1 to  the  vertical;  the  equilibrium  is  stable. 

l_p+  W  +  w  cj 

XX.  (Pages  160—162.) 

1.     5  feet.  2.  4  feet  from  the  first  weight ;  toward  the  first 

weight.  3.  11  :  9.                  4.     2  Ibs.                 6.     4  Ibs. 

7.     9£  Ibs.  8.  6  ins.  from  the  27  ounces  ;  If  inch. 

9.  1  foot.  10.  360  stone  wt.                H.     21  Ibs.  wt. 

12.  15  Ibs.  wt.     13.     2^/2  at  45°  to  the  lever.          14.     60  Ibs.  wt. 

15.  The  long  arm  makes  an  angle  tan"1  —  with  the  horizon. 

16.  8£  Ibs.  wt.  19.     20  Ibs.  20.     The  weight  of  2£  cwt. 

n 
21.      g(v/3-l)a. 

XXI.  (Pages  167,  168.) 

1.  (i)  320;  (ii)  7;  (iii)  3.         2.     (i)  7;  (ii)  45£;  (iii)  7;  (iv)  6. 

3.  290  Ibs.              4.     lOflbs.              5.    5  Ibs.              7.     5  Ibs. 

9.  49  Ibs. ;  1  Ib.  each.           10.    4w;;21tt>.           12.     9]S  Ibs.  wt, 

13.  18  Ibs.  wt. 
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XXII.    (Page  170.) 

1.     Gibs.  2.     4  strings  ;  2  Ibs. 

3.     47  Ibs.  ;  6  pulleys.  4.     7  strings  ;  14  Ibs. 

W 

5.  ;  —  ^  ,  where  n  is  the  number  of  strings.         6      9  stone  \vt. 

7.    The  cable  would  support  2£  tons. 

XXIII.    (Pages  175,  176.) 

1.  (i)  30  Ibs.  ;  (ii)  4  Ibs.  ;  (iii)  4. 

2.  (i)  161  Ibs.  wt.  ;  (ii)  16  Ibs.  wt.  ;  (iii)  J  Ib.  ;  (iv)  5. 

3.  10  Ibs.  wt.  ;  the  point  required  divides  the  distance  between 
the  first  two  strings  in  the  ratio  of  23  :  5. 

4.  H  inch  from  the  end.  5.     18^. 

6.  f  inch  from  the  end.  8.     JF=  7P  +  kw  ;  8  ozs.  ;  1  Ib.  wt. 
9.    4;  1050  Ibs.                        10.    4. 

12. 


XXIV.    (Pages  181,  182.) 

1.     12  Ibs.  wt.  ;  20  Ibs.  wt.          2.     30°;  W&  . 

3.     103-92  Ibs.  wt.  5.     3:4;  2P.  6.     x/3  :  1. 

7.     cos"1  1£  ;  sin-1  1  to  the  plane.        8.     -75  Ibs.  wt.  ;    --  Ibs.  wt. 

x/o 

9.     61bs.wt.  11.     IGJlbs.  12.     - 


14.  The  point  divides  the  string  in  the  ratio  1  :  sin  a. 

16.  17-374  Ibs.  wt.  ;  46  '884  Ibs.  wt. 

17.  10-318  Ibs.  wt.  ;  12-208  Ibs.  wt. 

18.  16-12  Ibs.  wt.  ;  34-056  Ibs.  wt. 

XXV.    (Pages  186,  187.) 

1.  71bs.wt.        2.    120  Ibs.  wt.;  70  Ibs.  wt.  on  each;  HOJJlbs.wt 

3.  20  inches.  4.     7  feet.  5.     3|  tons. 

6.  3  Ibs.  wt.  7.     55  Ibs.  8.     23£  Ibs.  wt. 

9.  2£  Ibs.  wt.  10.     360  Ibs.          H.     120  Ibs. 
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XXVI.  (Pages  194-196.) 

1.  lllbs.  2.     26ilbs.  3.     2oz3. 

4.  2  :  3 ;  6  Ibs.  5.     24-494  Ibs.  6.     5  :  ^/26. 

7.  fV110"101168;  N/HOlbs.  9.  2s.Sd.;ls.3$d. 

10.  He  will  lose*ne  shilling.  12.  10  :  ^/lOl ;  ^/101  :  10. 

13.    ±S>  *£».  14    .-P:P-*,  !££. 

15.  B-^S!.  16.     16  Ibs. 

XXVII.  (Pages  200,  201.) 

1.  34£  inches  from  the  fulcrum. 

2.  2  inches  from  the  end ;  1  inch. 

3.  32  inches  from  the  fulcrum. 

4.  |  inch  ;  4£  Ibs.  5.     4  inches. 

6.  16  Ibs. ;  8  inches  beyond  the  point  of  attachment  of  the  weight. 

7.  £  Ib. ;  ££  Ib.      8.    26  Ibs. ;  15  Ibs. ;  10  inches  from  the  fulcrum. 
9.  3  Ibs.              10.    15£  Ibs. ;  6£  Ibs. ;  4  inches. 

11.  It  is  10  inches  from  the  point  at  which  the  weight  is  attached. 

12.  3  ozs.  13.     30  inches. 

15.    The  machine  being  graduated  to  shew  Ibs.  the  weights  in 
dicated  must  each  be  increased  by  $th  of  a  Ib. 

16.  The  numbers  marked  on  the  machine  must  each  be  increased 

x  W 
by  ~  r-r ,  where  x  and  y  are  respectively  the  distances  of  the  centre  of 

gravity  of  the  machine  and  its  end  from  the  fulcrum,  and  W  is  the 
weight  of  the  machine. 

17.  He  cheats  his  customers,  or  himself,  according  as  he  decreases, 
or  increases,  the  movable  weight. 

XXVIII.    (Page  208.) 

(In  the  following  examples  IT  is  taken  to  be  ty.) 

1.    4400  Ibs.                2.     5ft  inches.  3.  W  Ibs.  wt. 

4.     1A*V  Ibs.  wt.          5.     *$$  Ibs.  wt.  6.  13H  tons  wt. 

7.     6f  tons  wt.            8.     50ii  Ibs.  wt.  9.  4^  inches. 
10.    4525f .                  11.     5430?. 
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XXIX.    (Pages  217,  218.) 


1.  10  Ibs.  wt. ;   12^  Ibs.  wt.;    10^/17  and  VV1?  Ibs.  wt.  respec 
tively,  inclined  at  an  angle  tan"1 4  with  the  horizontal. 

2.  ^=^='4714. 

3.  10  ^10  Ibs.  wt.  at  an  angle  tan"1  3  with  the  horizon. 
6.    i-  7.    W3  ibs.  wt.  9.    JF- 

10.  sin  j3  =  sin  a  +  /j.  cos  a. 

11.  tan-1  f  /A  =~ — ^~  j  ,  where  W-±  and  JF2  are  the  two  weights. 
14.     a  x  -134.  15.     At  an  angle  equal  to  the  angle  of  friction. 

XXX.  (Pages  222,  223.) 

1.    11|  Ibs.  wt.  2.    45°. 

5.     It  can  be  ascended  as  far  as  the  centre.  8.     50  feet. 

tan  a  -  2/i 
y*     W  /x  -  tan  a  ' 

XXXI.  (Pages  224,  225.) 
1.     tan"1^;  height  =  twice  diameter. 

4.  45°.  6.     2tan~1^-.  8.     Unity. 

XXXII.    (Pages  229—233.) 
v/3 


20.  The  required  force  is  %W  at  an  angle  cos"1  ^  with  the  line  of 
greatest  slope. 

21.  In  a  direction  making  an  angle  cos"1  5  ^—  with  the  line  of 

9 
greatest  slope. 


24.     If  pcot  a  be  greater  than  unity,  there  is  no  limiting  position 
of  equilibrium,  i.e.,  the  particle  will  rest  in  any  position. 

28.     60°. 
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XXXIIL    (Pages  242,  243.) 

1.  3S08  ft.-lbs.  2.  7, 392, 000  ft. -Ibs.;  7/^n.p. 

3.  21120.  4.  23,040, 000  ft.-lbs. ;  S^H.P. 

5.  1000  feet.  6.  9f£  hours.                7.     ®A- 

8.  4-4352.  9.  660,000  ft.-lbs. ;  30  H.P. 

10.  7766.  11.  1500  ft.-lbs. 

12.  47040  ft.-lbs.;  2  cwt.;  210  feet. 

13.  6272  ft. -Ibs.  14.  4 \  ft.-lbs. 

XXXIV.    (Pages  246  -248.) 

orpr 

1.     At  P,  where  BP  equals  &BC ;  —-. 

W.      ACE 

5.  jtan-j-. 

3TF      TF 

7.  -7-  ;    -JT  x/10  at  tan-1  -J  to  the  horizontal. 

O         u 

"  * 

10.     Half  the  weight  of  the  middle  rod. 

12.     One-eighth  of  the  total  weight  of  the  rods,  acting  in  a  hori 
zontal  direction. 

XXXVI.    (Pages  263—266.) 

1,  42-9  Ibs.  wt.  ;  19 '91  Ibs.  wt.  2.     H  and  If  tons  \vt. 

3.  39  Ibs.  wt ;  25-8  Ibs.  wt.  at  1°  4tf  to  the  horizon. 

4.  152-3  and  267'96  Ibs.  wt.  5.     -41. 

6.  124°,  103°,  133°.  7.     26-9  Ibs.  wt. 

8.  74  Ibs.  wt. ;  12-7  Ibs.  wt.  9.    37 '8  and  85-1  Ibs.  wt. 
10.     15-2  Ibs.                               11.     Each  equals  the  wt.  of  10  cwt. 

12.  '46;  91-2  and  57  "2  Ibs.  wt. 

13.  3-4,  6-6,  3-67,  7'55,  and  5  cwt.  respectively. 

14.  58-1,  65-8,  37-4,  33-2,  and  29  Ibs.  wt.  respectively. 
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EASY  MISCELLANEOUS  EXAMPLES. 

(Pages  284-286.) 

1.  15  Ibs.  wt.  at  an  angle  tan-1$  with  the  second  force. 

2.  Each  component  is  57'735...  Ibs.  wt.  3.     14-24  Ibs.  wt. 
4.     50  and  86-6025...  Ibs.  wt.                                6.     3  feet. 

7.     2  ozs.  9.     4$-  inches  from  A.  10.     7^  inches. 

12.  It  divides  the  line  joining  the  centre  to  the  middle  point  of  the 
opposite  side  in  the  ratio  2  :  13. 

13.  fths  of  the  diameter  of  a  penny. 

14.  8  and  12  Ibs.  wt.  15.    9$  Ibs.  wt.  16.     W=P. 

17.  The  required  point   divides  the   distance   between   the   two 
extreme  strings  in  the  ratio  13  :  49. 

18.  W31bs.  wt.  20.     18  inches ;  4  inches. 
21.     26|..                                 22.     A- 

23.     He  can  ascend  the  whole  length.  24.     IC^V/i- 


HARDER  MISCELLANEOUS  EXAMPLES. 

(Pages  286—296.) 

5.  The  centre  of  the  inscribed  circle. 

6.  P  divides  AD  in  the  ratio  1 :  ^3. 
9.     The  forces  are  in  equilibrium. 

21.    flb.wt.  28.    5. 

31.     W  X       , ,  where  a  and  b  are  the  lengths  of  the  sides  of 

the  frame  and  AP  is  x. 

39.  At  a  point  distant   */c2  +  a2-a   from  the  centre  of  the  rod, 
where  2c  is  the  length  of  the  rod,  and  a  is  the  distance  from  the 
centre  of  the  given  point. 

40.  — * -•-  „ /i  >  where  W  is  the  weight  of  each  particle. 

w      a  sm  0  +  nf  cos  6 
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44.  The  difference  between  the  angles  of  inclination  of  the  planes 
to  the  horizon  must  be  not  greater  than  the  sum  of  the  angles  of 
friction. 

45.  W  cos  X  sin  (a  -  X)  cosec  a,  and  W  cos  X  sin  X  cosec  a,  where  W 
is  the  weight  of  the  rod. 

48.  The  ratio  of  the  depth  to  the  width  of  the  sash. 

49.  s/3  feet. 

53.     The  particle  will  move  first,  if  /j,W>  (1  +  /t2)  w  cos  a  sin  a,  where 
a  is  the  inclination  of  the  face  of  the  plane. 

57.     The  equilibrium  will  be  broken. 

W 
59.     Wt&ni  ;  ^-  -7r?7  tan  i,  where  W  is  the  weight  of  the  inclined 

plane. 

62.     W— 10^3  ;  the  force  is  (i)  5^3  Ibs.  weight,  and  (ii)  zero. 

W=-  £— ;  the  force  is  (i)  — -  Ibs.  wt,  and  (ii)  zero. 
o  ^/o 

65.     He  must  press  downwards  when  B  has  raised  more  than  half 
the  ladder. 
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PEEFACE. 


present  book  forms  Part  II.  of  The  Elements 
of  Statics  and  Dynamics,  of  which  Part  I.  (Statics) 
has  already  been  published. 

It  aims  at  being  useful  for  Schools  and  the  less 
advanced  students  of  Colleges;  the  examples  are,  in 
consequence,  large  in  number,  and  generally  of  a 
numerical  and  easy  character.  Except  in  two  articles 
and  a  few  examples  at  the  end  of  the  Chapter  on 
Projectiles,  it  is  only  presumed  that  the  student  has 
a  knowledge  of  Elementary  Geometry  and  Algebra,  and 
of  the  Elements  of  Trigonometry. 

It  is  suggested  that,  on  a  first  reading  of  the  sub 
jects,  all  articles  marked  with  an  asterisk  should  be 
omitted. 

Part  I.  and  Part  II.  are,  as  far  as  is  possible,  in 
dependent  of  one  another;  hence,  any  teacher,  who 
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wishes  his  pupils  to  commence  with  Dynamics,  may 
take  Part  II.  before  Part  I.,  by  omitting  an  occasional 
article  which  refers  to  Statics. 

Any  corrections  of  mistakes,  or  hints  for  improve 
ment,  will  be  gratefully  received. 

S.  L.  LONEY. 

BARNES,  S.W. 
March,  1891. 

PREFACE  TO   SECOND  EDITION. 

FOE  the  Second  Edition  the  whole  book  has  been 
revised  and  many  corrections  made,  for  most  of  which 
I  am  indebted  to  the  kindness  of  correspondents. 


S.  L.   LONEY. 


BOYAL  HOLLOWAY  COLLEGE, 
EGHAM,  SURREY. 
December,  1892. 


For  the  Seventh  Edition   a   set   of  Miscellaneous 
Examples  has  been  added  at  the  end. 

December,  1900. 
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DYNAMICS. 


CHAPTER  I. 

VELOCITY. 

1.  IP  at  any  instant  the  position  of  a  moving  point 
be  P,  and  at  any  subsequent  instant  it  be  Q,  then  PQ  is 
the  change  in  its  position  in  the  intervening  time. 

A  point  is  said  to  be  in  motion  when  it  changes  its 
position. 

The  path  of  a  moving  point  is  the  curve  drawn  through 
all  the  successive  positions  of  the  point. 

2.  Speed.     Def.     The   speed  of  a  moving  point  is 
the  rate  at  which  it  describes  its  path. 

A  point  is  said  to  be  moving  with  uniform  speed  when 
it  moves  through  equal  lengths  of  its  path  in  equal  times, 
however  small  these  times  may  be. 

Suppose  a  train  describes  30  miles  in  each  of  several  consecutive 
hours.  We  are  not  justified  in  saying  that  its  speed  is  uniform 
unless  we  know  that  it  describes  half  a  mile  in  each  minute,  44  feet 
iu  each  second,  one-millionth  of  30  miles  in  each  one-millionth  of  an 
hour,  and  so  on. 

When  uniform,  the  speed  of  a  point  is  measured  by  the 
distance  passed  over  by  it  in  a  unit  of  time;  when  variable, 
by  the  distance  which  would  be  passed  over  by  the  point  in 
a  unit  of  time,  if  it  continued  to  move  during  that  unit  of 
time  with  the  speed  which  it  has  at  the  instant  under 
consideration. 

fc.  D.  1 
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By  saying  that  a  train  is  moving  with  a  speed  of  40 
miles  an  hour,  we  do  not  mean  that  it  has  gone  40  miles  in 
the  last  hour,  or  that  it  will  go  40  miles  in  the  next  hour, 
but  that,  if  its  speed  remained  constant  for  one  hour,  then 
it  would  describe  40  mil$s  in  that  hour. 

3.  The  units  of  length  and  time  usually  employed  in 
England  are  a  foot  and  a  second. 

In  scientific  measurements  the  unit  of  length  usually 
employed  is  the  centimetre,  which  is  the  one  hundredth 
part  of  a  metre. 

One  metre  =  39 '37  inches  approximately.  A  decimetre 
is  Y^yth,  and  a  millimetre  -nrVu^h  °^  a  me^re- 

4.  The  unit  of  speed  is  the  speed  of  a  point  which 
moves  uniformly  over  a  unit  of  length  in  a  unit  of  time. 
Hence  the  unit  of  speed  depends  on  these  two  units,  and  if 
either,  or  both  of  them,  be  altered,  the  unit  of  speed  will 
also,  in  general,  be  altered. 

5.  If  a  point  be  moving  with  speed  u,  then  in  each 
unit  of  time  the  point  moves  over  u  units  of  length. 

Hence  in  t  units  of  time  the  point  passes  over  u .  t 
units  of  length. 

Hence  the  distance  s  passed  over  by  a  point  which  moves 
with  speed  u  for  time  t  is  given  by  s  =  u .  t. 

Ex.  1.  Shew  that  the  speed  of  the  centre  of  the  earth  is  about 
18-5  miles  per  second,  assuming  that  it  describes  a  circle  of  radius 
93000000  miles  in  365  days. 

Ex.  2.  Shew  that  the  speed  of  light  is  about  194000  miles  per 
second  assuming  that  it  takes  8  minutes  to  describe  the  distance  from 
the  sun  to  the  earth. 

6.  Displacement.     The  displacement  of  a  moving 
point  is  its  change  of  position.     To  know  the  displacement 
of  a  moving  point,  we  must  know  both  the  length  and  the 
direction  of  the  line  joining  the  two  positions  of  the  moving 
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point.     Hence  the  displacement  of  a  point  involves  both 
magnitude  and  direction. 

Ex.  1.  A  man  walks  3  miles  due  east  and  then  4  miles  due 
north;  shew  that  his  displacement  is  5  miles  at  an  angle  tan"1  •$ 
north  of  east. 

Ex.  2.  A  ship  sails  1  mile  due  south  and  then  ^2  miles  south 
west;  shew  that  its  displacement  is  ^/S  miles  in  a  direction  tan"1  £ 
west  of  south. 

7.  Velocity.     Def.     Tfa  velocity  of  a  moving  point 
is  the  rate  of  its  displacement. 

A  velocity  therefore  possesses  both  magnitude  and 
direction. 

A  point  is  said  to  be  moving  with  uniform  velocity, 
when  it  is  moving  in  a  constant  direction,  and  passes  over 
equal  lengths  in  equal  times,  however  small  these  times 
may  be. 

When  uniform,  the  velocity  of  a  moving  point  is 
measured  by  its  displacement  per  unit  of  time ;  when  vari 
able,  it  is  measured,  at  any  instant,  by  the  displacement 
that  the  moving  point  would  have  in  a  unit  of  time,  if  it 
moved  during  that  unit  of  time  with  the  velocity  which  it 
has  at  the  instant  under  consideration. 

8.  It  will  be  noted  that  when   the  moving  point  is 
moving  in  a  straight  line,  the  velocity  is  the  same  as  the 
speed. 

If  the  motion  be  not  in  a  straight  line  the  velocity  is 
not  the  same  as  the  speed.  For  example,  suppose  a  point 
to  be  describing  a  circle  uniformly,  so  that  it  passes  over 
equal  lengths  of  the  arc  in  equal  times  however  small;  then 
its  direction  of  motion  (viz.  the  tangent  to  the  circle)  is 
different  at  different  points  of  the  circumference ;  hence 
the  velocity  of  the  point  (strictly  so  called)  is  variable, 
whilst  its  speed  is  constant. 

1—2 
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9.  The  magnitude  of  the  unit  of  velocity  is  the  velocity 
of  a  point  which  undergoes  a  displacement  equal  to  a  unit 
of  length  in  a  unit  of  time. 

When  we  say  that  a  moving  point  has  velocity  v,  we 
mean  that  it  possesses  v  units  of  velocity,  i.e.,  that  it  would 
undergo  a  displacement,  equal  to  v  units  of  length,  in  the 
unit  of  time. 

If  the  velocity  of  a  moving  point  in  one  direction  be 
denoted  by  v,  an  equal  velocity  in  an  opposite  direction  is 
necessarily  denoted  by  —  v. 

10.  Since  the  velocity  of  a  point  is  known  when  its 
direction  and    magnitude   are   both   known,  we   can   con 
veniently  represent   the  velocity  of   a  moving  point  by  a 
straight  line  AB ;  thus,  when  we  say  that  the  velocities  of 
two    moving    points   are   represented    in    magnitude   and 
direction  by  the  straight  lines  AB  and  CD,  we  mean  that 
they  move  in  directions  parallel  to  the  lines  drawn  from 
A  to  E,  and  C  to  D  respectively,  and  with  velocities  which 
are  proportional  to  the  lengths  AB  and  CD. 

11.  A   body   may  have   simultaneously  velocities   in 
two,  or  more,  different  directions.     One    of   the   simplest 
examples  of  this  is  when  a  person  walks  on  the  deck  of  a 
moving  ship  from  one  point  of  the  deck  to  another.     He 
has  a  motion  with  the  ship,  and   one  along  the   deck   of 
the  ship,  and  his  motion  in  space  is  clearly  different  from 
what  it  would  have  been  had  either  the  ship  remained  at 

•  rest,  or  had  the  man  stayed  at  his  original  position  on  the 
deck. 

Again,  consider  the  case  of  a  ship  steaming  with  its  bow 
pointing  in  a  constant  direction,  say  due  north,  whilst  a 
current  carries  it  in  a  different  direction,  say  south-east, 
and  suppose  a  sailor  is  climbing  a  vertical  mast  of  the 
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ship.  The  actual  change  of  position  and  the  velocity  of 
the  sailor  clearly  depend  on  three  quantities,  viz.,  the  rate 
and  direction  of  the  ship's  sailing,  the  rate  and  direction  of 
the  current,  and  the  rate  at  which  he  climbs  the  mast. 
His  actual  velocity  is  said  to  be  "compounded"  of  these 
three  velocities. 

In  the  following  article  we  shew  how  to  find  the 
velocity  which  is  equivalent  to  two  velocities  given  in 
magnitude  and  direction.  • 

12.    Theorem.     Parallelogram    of  Velocities. 

If  a  "moving  point  possess  simultaneously  velocities  which 
are  represented  in  magnitude  and  direction  by  the  two  sides 
of  a  parallelogram  drawn  from  a  point,  they  are  equi 
valent  to  a  velocity  which  is  represented  in  magnitude  and 
direction  by  the  diagonal  of  the  parallelogram  passing 
through  the  point. 

Let  the  two  simultaneous  velo 
cities  be  represented  by  the  lines 
AB  and  AC,  and  let  their  magni 
tudes  be  u  and  v. 

Complete  the  parallelogram 
BACD. 

Then  we  may  imagine  the  motion  of  the  point  to  be 
along  the  line  AB  with  the  velocity  u,  whilst  the  line  AB 
moves  parallel  to  the  foot  of  the  page  so  that  its  end  A 
describes  the  line  AC  with  velocity  v.  In  the  unit  of  time 
the  moving  point  will  have  moved  through  a  distance  AB 
along  the  line  AB,  and  the  line  AB  will  have  in  the  same 
time  moved  into  the  position  CD,  so  that  at  the  end  of  the 
unit  of  time  the  moving  point  will  be  at  D. 

Now,  since  the  two  coexistent  velocities  are  constant 
in  magnitude  and  direction,  the  velocity  of  the  point  from 
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A  to  D  must  also  be  constant  in  magnitude  and  direction  \ 
hence  AD  is  the  path  described  by  the  moving  point  in 
the  unit  of  time. 

Hence  AD  represents  in  magnitude  and  direction  the 
velocity  which  is  equivalent  to  the  velocities  represented 
by  AB  and  AC. 

To  facilitate  his  understanding  of  the  previous  article  the  student 
may  look  ou  AC  as  the  direction  of  motion  of  a  steamer,  whilst  AB  is 
a  chalked  line,  drawn  along  the  deck  of  the  ship,  along  which  a  man 
is  walking  at  a  uniform  rate. 

13.  Def.  The  velocity  which  is  equivalent  to  two  or 
more  velocities  is  called  their  resultant,  and  these  velocities 
are  called  the  components  of  this  resultant. 

The  resultant  of  two  velocities  u  and  v  in  directions 
which  are  inclined  to  one  another  at  a  given  angle  a  may 
be  easily  obtained. 

In  the  figure  of  Art.  12,  let  AB  and  AC  represent 
the  velocities  u  and  v,  so  that  the  angle  BAC  is  a. 

Then  we  have,  by  Trigonometry, 

AD*  =  AB*  +  BD*  -  2  AB  .  BD  cos  ABD. 

Hence,  if  we  represent  the  resultant  velocity  AD  by  w, 
we  have 

w*  =  w2  -f  va  +  2uv  cos  a,  since    L  ABD  =  TT  —  a. 

Also,  if  we  denote  the  angle  BAD  by  6,  we  have 

AB  _  sin  ADB  _  sin  DAG 
~  sinl?ZZ>  ; 


u  _  sin  (a  —  6}      sin  a  cos  0  -  cos  a  sin  0 
v          sin  6  sin  0 

=  sin  a  cot  0  —  cos  a. 

u  +  v  cos  a 
.'.  cot  0  -  ---  - 


so  tliut  tan  0  = 


v&ma 

vsina 

u  +  v  cos  a 
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Hence  t/ie  resultant  of  two  velocities  u  and  v  inclined  to  one 
another  at  an  angle  a,  is  a  velocity  *Juz  +  v2  +  2uv  cos  a  in 
clined  at  an  angle  tan~l to  the  direction  of  the 

u  +  v  cos  a 

velocity  u. 

The  direction  of  the  resultant  velocity  may  also  be 
obtained  as  follows;  draw  DE  perpendicular  to  AB  to 
meet  it,  produced  if  necessary,  in  E ;  we  then  have 

ED          BD  sin  EBD 

tan  DAB  =  — —  =  - 


AE     AB  +  BD  cos  EBD 
v  sin  a 


u  +  v  cos  a 


14.  A  velocity  can  be  resolved  into  two  component 
velocities  in  an  infinite  number  of  ways.  For  an  infinite 
number  of  parallelograms  can  be  described  having  a  given 
line  AD  as  diagonal ;  and,  if  ABDG  be  any  one  of  these, 
the  velocity  AD  is  equivalent  to  the  two  component  veloci 
ties  AB  and  AC. 

The  most  important  case  is  when  a  velocity  is  to  be 
resolved  into  two  velocities  in  two  directions  at  right  angles, 
one  of  these  directions  being  given.  When  we  speak  of 
the  component  of  a  velocity  in  a  given  direction  it  is  under 
stood  that  the  other  direction  in  which  the  given  velocity 
is  to  be  resolved  is  perpendicular  to  this  given  direction. 

Thus,  suppose  we  wish  to  resolve  a  velocity  u,  repre 
sented  by  AD}  into  two  components 
at  right  angles  to  one  another,  one 
of  these  components  being  along  a 
line  AB  making  an  angle  9  with 
AD. 

Draw  DB  perpendicular  to  AB,       A~~~  B 

and  complete  the  rectangle  ABDG. 
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Then  the  velocity  AD  is  equivalent  to  the  two  com 
ponent  velocities  AB  and  AC. 

Also  AB  =  AD  cosO  =  u  cos  0, 
and  AC  =^ BD  =  AD  &in.0  =  u sin 0. 

We  thus  have  the  following  important 

Theorem.  A  velocity  u  is  equivalent  to  a  velocity 
u  cos  6  along  a  line  making  an  angle  6  with  its  own  direction 
together  with  a  velocity  u  sin  6  perpendicular  to  the  direction 
of  tJie  first  component. 

The  case  in  which  the  angle  0  is  greater  than  a  right 
angle  may  be  considered  as  in  Statics,  Art.  30. 

Ex.  1.  A  man  is  walking  in  a  north-easterly  direction  with  a 
velocity  of  4  miles  per  hour ;  find  the  components  of  his  velocity  in 
directions  due  north  and  due  east  respectively. 

Ans.    Each  is  2^2  miles  per  hour. 

Ex.  2.  A  point  is  moving  in  a  straight  line  with  a  velocity  of 
10  feet  per  second ;  find  the  component  of  its  velocity  in  a  direction 
inclined  at  an  angle  of  30°  to  its  direction  of  motion. 

Ans.    5^3  feet  per  second. 

Ex.  3.  A  body  is  eliding  down  an  inclined  plane  whose  inclina 
tion  to  the  horizontal  is  60° ;  find  the  components  of  its  velocity  in 
the  horizontal  and  vertical  directions. 

Am.    H  and  u  *£- ,  where  u  is  the  velocity  of  the  body. 

ft  A 

15.     Components  of  a  velocity  in  two  given  directions. 

If  we  wish  to  find  the  components  of  a  velocity  u  in 
two  given  directions  making  angles  a  and  /3  with  it,  we  pro 
ceed  as  follows. 

Let  AD  represent  u  in  magnitude  and  direction.  Draw 
AB  and  AC  making  angles  a  and  (3  with  it,  and  through  D 
draw  parallels  to  complete  the  parallelogram  ABDC  as  in 
Art.  12.  Since  the  sides  of  a  triangle  are  proportional  to 
the  sines  of  the  opposite  angles,  we  have 

AB  BD  AD 

sin  ADB  ~  sin  BAD  ~  & 
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AB       BD  AD 


t   _  —  _  =  _  . 

'  sin  /?      sin  a      sin  (a  +  J3) 


..  v 

sm  (a  +  (3)  sm  (a  +  /3) 

Hence  the  component  velocities  in  these  two  directions 

are 

sin  B  sin  a 

**  -  —  /       ^  and  u  —.  —  ;  -  ^  . 

sin  (a  +  p)  sin  (a  +  p) 

16.  Triangle   of  Velocities.     If  a  moving  point 
possess  simultaneously  velocities  represented  by  the  two  sides 
AB  and  BG  of  a  triangle  taken  in  order,  they  are  equivalent 
to  a  velocity  represented  by  AC. 

For,  completing  the  parallelogram  ABCD,  the  lines  AB 
and  ]>C  represent  the  same  velocities  as  AB  and  AD  and 
hence  have  as  their  resultant  the  velocity  represented  by  AC. 

Cor.  1.  If  there  be  simultaneously  impressed  on  a  point  three 
velocities  represented  by  the  sides  of  a  triangle  taken  in  order,  the 
point  will  be  at  rest. 

Cor.  2.  If  a  moving  point  possess  velocities  represented  by  X  .  OA 
and  ft  .  OB,  they  are  equivalent  to  a  velocity  (X  +  yu)  .  OG,  where  G  is  a 
point  on  AB  such  that 

\.AG=H.GB. 

For,  by  the  triangle  of  velocities,  the  velocity  X  .  OA  is  equivalent 
to  velocities  X  .  OG  and  X  .  GA  ;  also  the  velocity  /t  .  OB  is  equivalent 
'to  /A  .  OG  and  p  .  GB  ;  but  the  velocities  X  .  GA  and  /*  .  GB  destroy  one 
another  ;  hence  the  resultant  velocity  is  (X  +  /*)  .  OG. 

17.  Parallelepiped   of  Velocities.    By  a  proof 
similar  to  that  for  the  parallelogram  of  velocities,  it  may 
be  shewn  that  the  resultant  of  three  velocities  represented 
by  the  three  edges  of  a  parallelepiped  meeting  in  a  point, 
is  a  velocity  represented  by  the  diagonal  of  the  parallele 
piped  passing  through  that  angular  point.     Conversely,  a 
velocity  may  be  resolved  into  three  others. 
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18.  Polygon  of  Velocities.     If  a  moving  point 
possess  simultaneously  velocities  represented  by  the  sides 
AB,  BC,  CD,...  XL  of  a  polygon,  (whether  the  sides  of  the 
polygon  are,  or  are  not,  in  one  plane)  the  resultant  velocity 
is  represented  by  AL. 

For,  by  Art.  16,  the  velocities  AB  and  BC  are  equivalent 
to  that  represented  by  AC ;  and  again  the  velocities  AC  and 
CD  to  AD,  and  so  on ;  so  that  the  final  velocity  is  repre 
sented  by  AL. 

Cor.  If  the  point  L  coincide  with  A  (so  that  the 
polygon  is  a  closed  figure)  the  resultant  velocity  vanishes, 
and  the  point  is  at  rest. 

19.  When  a  point  possesses  simultaneously  velocities 
in  several  different  directions  in  the  same  plane,  their  re 
sultant  may  be  found  by  resolving  the  velocities  along  two 
fixed  directions  at  right  angles,  and  then  compounding  the 
resultant  velocities  in  these  directions. 

Suppose  a  point  possesses  velocities  u,  v,  w,...  in  direc 
tions  inclined  at  angles  a,  /?,  y,...  to  a  fixed  line  OX,  and 
let  0  Y  be  perpendicular  to  OX.  The  components  of  u  along 
OX  and  0  Y  are  respectively  u  cos  a  and  u  sin  a ;  the  com 
ponents  of  v  are  v  cos  (3  and  v  sin  /3 ;  and  so  for  the  others. 


O  X 

Hence  the  velocities  are  equivalent  to 

u  cos  a  +  v  cos  ft  +  w  cos  y parallel  to  OX, 

and       u  sin  a  +  v  sin  J3  +  w  sin  y parallel  to  0  Y. 
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If  their  resultant  be  a  velocity  V  at  an  angle  6  to  OX, 
we  must  have 

V  cos  8  =  u  cos  a  +  v  cos  /?  +  w  cos  y  + , 

and          F  sin  0  =  w  sin  a  4-  v  sin  J3  +  w  sin  y  + 

Hence,  by  squaring  and  adding, 

Fa  =  (itcos  a  +  v  cos  /3+  ...)2-t-  (it  sina  +  v  sin  /3+  ...)2; 

.     u  sin  a  +  v  sin  (3+  ... 

and,  by  division,  tan  0  = ^ . 

wcosa  +  v  cos/54-  ... 

These  two  equations  give  V  and  6. 

EXAMPLES.    I. 

1.  A  vessel  steams  with  its  bow  pointed  due  north  with  a  velocity  of 
1 5  miles  an  hour,  and  is  carried  by  a  current  which  flows  in  a  south 
easterly  direction  at  the  rate  of  3*J2  miles  per  hour.    At  the  end  of  an 
hour  find  its  distance  and  bearing  from  the  point  from  which  it 
started. 

The  ship  has  two  velocities,  one  being  15  miles  per  hour  north 
wards,  and  the  other  3  ^/2  miles  per  hour  south-east. 

Now  the  latter  velocity  is  equivalent  to 

3  >/2  cos  45°,  that  is,  3  miles  per  hour  eastward, 
and  3  */2  sin  45°,  that  is,  3  miles  per  hour  southward. 

Hence  the  total  velocity  of  the  ship  is  12  miles  per  hour  northwards 
and  3  miles  per  hour  eastward. 

Hence  its  resultant  velocity  is  N/122  +  32  or  /s/153  miles  per  hour 
in  a  direction  inclined  at  an  angle  tan-1  $  to  the  north,  i.e.,  12-37 
miles  per  hour  at  14°  2'  east  of  north. 

2.  A  point  possesses  simultaneously  velocities  whose  measures  are 
4,  3,  2  and  1 ;  the  angle  between  the  first  and  second  is  30°,  between 
the  second  and  third  90°,  and  between  the  third  and  fourth  120° ;  find 
their  resultant. 

Take  OX  along  the  direction  of  the  first  velocity  and  07  perpen 
dicular  to  it. 

The  angles  which  the  velocities  make  with  OX  are  respectively 
0°,  30°,  120°,  and  240°. 

Hence,  if  V  be  the  resultant  velocity  inclined  at  an  angle  0  to  OX, 
we  have 

F  cos  0=4  +  3  cos  30°  +  2  cos  120°  +  1.  cos  240°; 
and  V  sin  6  =       3  sin  30°  +  2  sin  120°  + 1 .  sin  240°. 
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We  therefore  have 


and 

Hence,  by  squaring  and  adding, 


Q       .  /Q 

and,  by  division,         tan  6  =  -=  —  ^~j^>  — 


Hence  the  resultant  is  a  velocity  16  +  9^3  inclined  at  an  angle 
tan"1  (2^3-3),  i.e.,  5'62  at  24°  54',  to  the  direction  of  the  first 
velocity. 

3.  The  velocity  of  a  ship  is  8T8T  miles  per  hour,  and  a  ball  is 
bowled  across  the  ship  perpendicular  to  the  direction  of  the  ship 
with  a  velocity  of  3  yards  per  second  ;  describe  the  path  of  the  ball 
in  space  and  shew  that  it  passes  over  45  feet  in  3  seconds. 

4.  A  boat  is  rowed  with  a  velocity  of  6  miles  per  hour  straight 
across  a  river  which  flows  at  the  rate  of  2  miles  per  hour.    If  its 
breadth  be  300  feet,  find  how  far  down  the  river  the  boat  will  reach  the 
opposite  bank  below  the  point  at  which  it  was  originally  directed. 

5.  A  man  wishes  to  cross  a  river  to  an  exactly  opposite  point  on 
the  other  bank  ;  if  he  can  pull  his  boat  with  twice  the  velocity  of  the 
current,  find  at  what  inclination  to  the  current  he  must  keep  the 
boat  pointed. 

6.  A  boat  is  rowed  on  a  river  so  that  its  speed  in  still  water 
would  be  6  miles  per  hour.     If  the  river  flow  at  the  rate  of  4  miles 
per  hour,  draw  a  figure  to  shew  the  direction  in  which  the  head  of  the 
boat  must  point  so  that  the  motion  of  the  boat  may  be  at  right 
angles  to  the  current. 

7.  A  stream  runs  with  a  velocity  of  1£  miles  per  hour  ;  find  in 
what  direction  a  swimmer,  whose  velocity  is  2£  miles  per  hour,  should 
start  in  order  to  cross  the  stream  perpendicularly. 

What  direction  should  be  taken  in  order  to  cross  in  the  shortest 
time  ? 

8.  A  ship  is  steaming  in  a  direction  due  north  across  a  current 
running  due  west.    At  the  end  of  one  hour  it  is  found  that  the  ship 
has  made  8^/3  miles  in  a  direction  30°  west  of  north.     Find  the 
velocity  of  the  current,  and  the  rate  at  which  the  ship  is  steaming. 

9.  Two  steamers  X  and  Y  are  respectively  at  two  points  A  and  Z?, 
which  are  5  miles  apart.    X  steams  away  with  a  uniform  velocity 
of  10  miles  per  hour  in  a  direction  making  an  angle  of  60°  with  AB. 
Find  in  what  direction  Y  must  start  at  the  same  moment,  if  it  steam 
with  a  uniform  velocity  of  10^/3  miles  per  hour,  in  order  that  it  may 
just   come   into  collision  with  X  ;    find  also  at  what  angle   it  will 
strike  A'  and  the  time  that  elapses  before  they  meet. 
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10.  A  tram-car  is  moving  along  a  road  at  the  rate  of  8  miles  per 
hour;  in  what  direction  must  a  body  be  projected  from  it  with  a 
velocity  of  16  feet  per  second,  so  that  its  resultant  motion  may  be  at 
right  angles  to  the  tram-car  ? 

11.  A  ship  is  sailing  north  at  the  rate  of  4  feet  per  second ;  the 
current  is  taking  it  east  at  the  rate  of  3  feet  per  second,  and  a  sailor 
is  climbing  a  vertical  pole  at  the  rate  of  2  feet  per  second ;  find  the 
velocity  and  direction  of  the  sailor  in  space. 

12.  Find  the  components  of  a  velocity  u  resolved  along  two  lines 
inclined  at  angles  of  30°  and  45°  respectively  to  its  direction. 

13.  A  point  which  possesses  velocities  represented  by  7,  8,  and  13 
is  at  rest;  find  the  angle  between  the  directions  of  the  two  smaller 
velocities. 

14.  A  point  possesses  velocities  represented  by  3,  19,  and  9 
inclined  at  angles. of  120°  to  one  another;   find  their  resultant. 

15.  A  point  possesses  simultaneously  velocities  represented  by  w, 
2u,  3*J3u,  and  4u;  the  angles  between  the  first  and  second,  the  second 
and  third,  and  the  third  and  fourth,  are  respectively  60°,  90°,  and  150°; 
shew  that  the  resultant  is  u  in  a  direction  inclined  at  an  angle  of  120° 
to  that  of  the  first  velocity. 

16.  A  point  has  equal  velocities  in  two  given  directions  ;  if  one 
of  these  velocities  be  halved,  the  angle  which  the  resultant  makes 
with  the  other  is  halved  also.     Shew  that  the  angle  between  the 
velocities  is  120°. 

17.  A  point  possesses  velocities  represented  in  magnitude  and 
direction  by  the  lines  joining  any  point  on  a  circle  to  the  ends  of  a 
diameter ;  shew  that  their  resultant  is  represented  by  the  diameter 
through  the  point. 

2O.  Average  Speed  and  Velocity.  The  average 
speed  of  a  point  in  a  given  period  of  time  is  the  same  as 
the  speed  of  a  moving  point  which  moves  with  uniform 
•  speed,  and  describes  the  same  path  as  the  given  point  in 
the  given  time.  Thus  the  average  speed  of  a  moving  point 
in  a  given  period  of  time  is  the  whole  distance  described 
by  the  point  in  the  given  time  divided  by  the  whole  time. 
The  average  speed  of  an  athlete  who  runs  100  yards  in 
lOf  seconds  is  100  -4- 10 1  or  9^  yards  per  second. 

The  average  velocity  of  a  given  point  in  any  direction 
(strictly  so  called)  is  the  whole  displacement  in  the  given 
direction  in  the  given  time  divided  by  the  given  time. 
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21.  Relative  Motion.     Rest  and  motion  are  rela 
tive  terms ;  we  do  not  know  what  absolute  motion  is ;  all 
motion  that  we  become  acquainted  with  is  relative. 

Eor  example,  when  we  say  that  a  train  is  travelling 
northward  at  the  rate  of  40  miles  an  hour,  we  mean  that 
that  is  its  velocity  relative  to  the  earth.  Beside  this 
motion  along  the  surface  it  partakes  with  the  rest  of  the 
earth  in  the  diurnal  motion  about  the  axis  of  the  earth ; 
it  also  moves  with  the  earth  round  the  sun;  and  in 
addition  has,  in  common  with  the  whole  solar  system,  any 
velocity  that  that  system  may  have. 

22.  Consider  the  case  of  two  trains  moving  on  parallel 
rails  in  the  same  direction  with  equal  velocities  and  let 
A  and  B  be  two  points,  one  on  each  train ;  a  person  at  one 
of  them,  A  say,  would,  if  he  kept  his  attention  fixed  on  B 
and  if  he  were  unconscious  of  his  own  motion,  consider  B  to 
be  at  rest.     The  line  AB  would  remain  constant  in  magni 
tude  and  direction,  and  the  velocity  of   B  relative  to  A 
would  be  zero. 

Next,  let  the  first  train  be  moving  at  the  rate  of  20 
miles  per  hour,  and  let  the  second  train  B  be  moving  in  the 
same  direction  at  the  rate  of  25  miles  per  hour.  In  this 
case  the  line  joining  A  to  B  would  (if  we  neglect  the 
distance  between  the  rails)  be  increasing  at  the  rate  of 
5  miles  per  hour,  and  this  would  be  the  velocity  of  B 
relative  to  A. 

Thirdly,  let  the  second  train  be  moving  with  a  velocity 
of  25  miles  per  hour  in  the  opposite  direction  to  that  of  the 
first ;  the  line  joining  A  to  B  would  now  be  increasing  at  the 
rate  of  45  miles  per  hour  in  a  direction  opposite  to  that  of 
-4's  motion,  and  the  relative  velocity  of  B  with  respect  to  A 
would  be  —  45  miles  per  hour. 

In  each  of   these   cases   it   will    be   noticed    that   the 
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relative  velocity  of  the  second  train  with  respect  to  the 
first  is  obtained  by  compounding  with  its  'own  velocity  a 
velocity  equal  and  opposite  to  that  of  the  first. 


Lastly,  let  the  first  train  be  moving  along  the  line  00 
with  velocity  u,  whilst  the  second  train  is  moving  with 
velocity  v  along  a  line  0-J)  inclined  at  an  angle  0  to  00. 

Resolve  the  velocity  v  into  two  components,  viz.,  v  cos  6 
parallel  to  00  and  v  sin  6  in  the  perpendicular  direction. 

As  before,  the  velocity  of  B  relative  to  A,  parallel  to 
00,  is  v  cos  0  -  u ;  also,  since  the  point  A  has  no  velocity 
perpendicular  to  OC,  the  velocity  of  B  relative  to  A  in  that 
direction  is  v  sin  6. 

Hence  the  velocity  of  B  relative  to  A  consists  of  two 
components,  viz.,  v  cos  0  —  u  parallel  to  00,  and  v  sin  0 
perpendicular  to  00.  These  two  components  are  equivalent 
to  the  original  velocity  v  of  the  train  B  combined  with  a 
velocity  equal  and  opposite  to  that  of  A . 

Hence  we  have  the  following  important  result ; 

Relative  Velocity.  When  the  distance  between  two 
points  is  altering,  either  in  direction  or  in  magnitude  or  in 
both,  then  either  point  is  said  to  have  a  velocity  relative  to  the 
other  ;  also  the  relative  velocity  of  one  point  B  with  respect  to 
a  second  point  A  is  obtained  by  compounding  with  the  velocity 
of  B  a  velocity  which  is  equal  and  opposite  to  that  of  A. 
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23.  It  may  be  advisable  for  the  student  to  consider  relative 
motion  in  a  slightly  different  manner.  Suppose  the  velocities  of 
the  two  points  A  and  B  to  be  represented  by  the  lines  AP  and  BQ,  so 
that  in  one  second  the  positions  of  the  points  change  from  A  and  B 
to  P  and  Q.  Complete  the  parallelogram  APQR  and  join  BE. 


By  Art.  16  the  velocity  BQ  is  equivalent  to  two  velocities  repre 
sented  by  BR  and  RQ ;  also  RQ  is  equal  and  parallel  to  AP. 

Hence  the  velocity  of  B  is  equivalent  to  two  velocities,  one  repre 
sented  by  BR  and  the  other  equal  and  parallel  to  that  of  A. 

The  velocity  of  B  relative  to  A  is  therefore  represented  by  BR. 

But  BR  is  the  resultant  of  velocities  BQ  and  QR,  i.e.  the  relative 
velocity  of  B  withrespect  to  A  is  obtained  by  compounding  with  the  actual 
velocity  of  B  a  velocity  equal  and  opposite  to  that  of  A. 

24.  From  the  previous  article  it  follows  that,  if  two 
points  A  and  B  be  moving  in  the  same  direction  with 
velocities  u  and  v  respectively,  the  relative  velocity  of  B 
with  respect  to  A  in  that  direction  is  v-u,  and  that  of  A 
with  respect  to  B  is  u  -  v. 

If  they  be  moving  in  different  directions  the  relative 
velocity  is  found  by  compounding  velocities  by  means  of 
the  parallelogram  of  velocities. 

Ex.  A  train  is  travelling  along  a  horizontal  rail  at  the  rate 
of  30  miles  per  hour,  and  rain  is  driven  by  the  wind,  which  is  in  the 
same  direction  as  the  motion  of  the  train,  so  that  it  falls  with  a 
velocity  of  22  feet  per  second  and  at  an  angle  of  30°  with  the  vertical. 
Find  the  apparent  direction  of  the  rain  to  a  person  travelling  with  the 
train. 

The  velocity  of  the  train  is  44  feet  per  second. 

Let  AB  represent  the  actual  velocity  of  the  rain  so  that,  if  AE  be 
a  vertical  line,  the  angle  EAB  is  30°. 
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Draw  AC  horizontal  and  opposite  to  the  direction  of  the  train  and 
let  it  represent  in  magnitude  the  velocity,  44  feet  per  second,  of  the 
train. 


Complete  the  parallelogram  ABDC. 
Join  AD,  and  let  the  angle  EAD  be  0. 
AD  is  the  apparent  direction  of  the  rain. 
From  the  triangle  BAD,  we  have 

BD  _  em  DAB  _  sin  (0  +  30°) 

AB  " 
44 


Bin  BDA  cos  0 

sin  6  cos  30°  +  cos  6  sin  30° 


COS0 


tan  0 


=  tan  e  cos  30°  +  sin  30°. 

J      1 

+  2* 
:  tan  60°. 


Hence  6  is  60°.     It  follows,  since  BAD  is  a  right  angle,  that  the 
apparent  direction  of  the  rain  is  at  right  angles  to  its  real  direction. 


EXAMPLES.  II. 

1.  A  railway  train,  moving  at  the  rate  of  30  miles  per  hour,  is 
struck  by  a  stone,  moving  horizontally  and  at  right  angles  to  the  train 
with  a  velocity  of  33  feet  per  second.     Find  the   magnitude  and 
direction  of  the  velocity  with  which  the  stone  appears  to  meet  the 
train. 

2.  One  ship  is  sailing  due  east  at  the  rate  of  12  miles  per  hour, 
and  another  ship  is  sailing  due  north  at  the  rate  of  16  miles  per  hour ; 
find  the  relative  velocity  of  the  second  ship  with  respect  to  the  first. 

3.  One  ship  is  sailing  south  with  a  velocity  of  15^/2  miles  per 
hour,  and  another  south-east  at  the  rate  of  15  miles  per  hour.     Find 
the  apparent  velocity  and  direction  of  motion  of  the  second  vessel  to 
an  observer  on  the  first  vessel. 

4.  A  ship  is  sailing  north-east  with  a  velocity  of  10  miles  per 
hour,  and  to  a  passenger  on  board  the  wind  appears  to  blow  from  the 
north  with  a  velocity  of  10^/2  miles  per  hour.     Find  the  true  velocity 
and  direction  of  the  wind. 

L,  D.  2 
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5.  A  ship  steams  due  west  at  the  rate  of  15  miles  per*  hour 
relative  to  the  current  which  is  flowing  at  the  rate  of  6  miles  per  hour 
due  south.     What  is  the  velocity  relative  to  the  ship  of  a  train  going 
due  north  at  the  rate  of  30  miles  per  hour  ? 

6.  In  a  tunnel,  drops  of  water  which  are  falling  from  the  roof 
are  noticed  to  pass  the  carriage  window  in  a  direction  making  an 
angle  tan-1^  with  the  horizon,  and  they  are  known  to  have  a  velocity 
of  24  feet  per  second.     Neglecting  the  resistance  of  the  air,  find  the 
velocity  of  the  train. 

7.  To  a  man  walking  at  the  rate  of  2  miles  an  hour  the  rain 
appears  to  fall  vertically ;  when  he  increases  his  speed  to  4  miles  per 
hour  it  appears  to  meet  him  at  an  angle  of  45° ;  find  the  real  direction 
and  speed  of  the  rain. 

8.  A  steamer  is  going  due  west  at  14  miles  per  hour,  and  the 
wind  appears  from  the  drift  of  the  clouds  to  be  blowing  at  7  miles 
per  hour  from  the  north-west.    Find  its  actual  velocity  and  make  a 
geometrical  construction  for  its  direction. 

9.  A  railway  train  is  moving  at  the  rate  of  28  miles  per  hour, 
when  a  pistol  shot  strikes  it  in  a  direction  making  an  angle  sin"1!- 
with  the  train.     The  shot  enters  one  compartment  at  the  corner 
furthest  from  the  engine  and  passes  out  at  the  diagonally  opposite 
corner ;  the  compartment  being  8  feet  long  and  6  feet  wide,  shew  that 
the  shot  is  moving  at  the  rate  of  80  miles  per  hour,  and  traverses  the 
carriage  in  -j^ths  of  a  second. 

10.  Two  trains,  each  200  feet  long,  are  moving  towards  each 
other  on  parallel  lines  with  velocities  of  20  and  30  miles  per  hour 
respectively.     Find  the  time  that  elapses  from  the  instant  when  they 
first  meet  until  they  have  cleared  each  other. 

11.  The  wind  blowing  exactly  along  a  line  of  railway,  two  trains, 
moving  with  the  same  speed  in  opposite  directions,  have  the  steam 
track  of  the  one  double  that  of  the  other  ;  shew  that  the  speed  of  each 
train  is  three  times  that  of  the  wind. 

12.  One  ship,  sailing  east  with  a  speed  of  15  miles  per  hour,  passes 
a  certain  point  at  noon;    and  a  second  ship,  sailing  north  at  the 
same  speed,  passes  the  same  point  at  1.30p.m.;  at  what  time  are 
they  closest  together,  and  what  is  the  distance  then? 

13.  A  ship  steaming   north  at  the  rate  of    12  miles  per  hour 
observes  a  ship,  due  east  of  itself  and  distant  10  miles,  which  is 
steaming  due  west  at  the  rate  of  16  miles  per  hour ;  after  what  time 
are  they  at  the  least  distance  from  one  another  and  what  is  this  least 
distance  ? 

14.  Two  points  are  started  simultaneously  from  points  A  and  B 
which  are  5  feet  apart,  one  from  A  towards  B  with  a  velocity  which 
would  cause  it  to  reach  B  in  3  seconds,  and  the  other  at  right  angles 
to  the  direction  of  the  former  with  £  of  its  velocity.     Find  their 
relative  velocity  in  magnitude  and  direction,  the  shortest  distance 
between  them,  and  the  time  when  they  are  nearest. 
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15.  A  ship  is  sailing  due  east,  and  it  is  known  that  the  wind  is 
blowing  from  the  north-west,  and  the  apparent  direction  of  the  wind 
(as  shewn  by  a  vane  on  the  mast  of  the  ship)  is  from  N.N.E. ;  shew 
that  the  speed  of  the  ship  is  equal  to  that  of  the  wind. 

16.  A  person  travelling  eastward  at  the  rate  of  4  miles  per  hour, 
finds  that  the  wind  seems  to  blow  directly  from  the  north ;  on  doubling 
his  speed  it  appears  to  come  from  the  north-east ;  find  the  direction 
of  the  wind  and  its  velocity. 

17.  A  person  travelling  toward  the  north-east,  finds  that  the  wind 
appears  to  blow  from  the  north,  but  when  he  doubles  his  speed  it 
seems  to  come  from  a  direction  inclined  at  an  angle  cot"1 2  on  the 
east  of  north.    Find  the  true  direction  of  the  wind. 

18.  Two  points  move  with  velocities  v  and  2v  respectively  in 
opposite  directions  in  the  circumference  of  a  circle.    In  what  positions 
is  their  relative  velocity  greatest  and  least  and  what  values  has  it 
then? 

25.  Angular  Velocity.     Def.     If  a  point  P  be  in 
motion  in  a  plane,  and  if  0  be  a  fixed  point  in  the  plane  and 
OA  a  fixed  straight  line  drawn  through  0,  then  the  rate  at 
which  the  angle  AOP  increases  is  called  the  angular  velocity 
of  the  moving  point  P  about  0. 

When  uniform,  the  angular  velocity  is  measured  by  the 
number  of  radians  in  the  angle  which  is  turned  through  by 
OP  in  a  unit  of  time. 

When  variable,  it  is  measured  at  any  instant  by  what 
would  be  the  angle  turned  through  by  the  line  OP  in  a 
unit  of  time,  if  during  that  unit  it  continued  to  turn  at  the 
same  rate  as  at  the  instant  under  consideration. 

Exs.  If  the  line  OP  turn  through  4  right  angles  (i.e.  2ir  radians) 
in  one  second,  the  angular  velocity  is  2?r. 

If  it  turn  through  three-quarters  of  a  right  angle  in  one  second, 

the  angular  velocity  is  - .  £  or  ~ . 
4     2       8 

If  OP  make  7  revolutions  in  one  second,  the  angular  velocity  is 
7  x  27T  or  147T. 

26.  The  angular  velocity  can  always  be  expressed  in 
terms  of  the  linear  velocity  when  the  path  is  known. 

2—2 
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The  only  case  that  we  shall  consider  is  when  the 
angular  velocity  is  uniform,  and  the  moving  point  P  is 
describing  a  circle  about  the  fixed  point  0  as  centre. 


If  a  moving  point  describe  a  circle  its  angular  velocity 
about  the  centre  of  tJie  circle  is  equal  to  its  speed  divided  by 
the  radius  of  the  circle. 

Let  P  be  the  position  of  the  moving  point  at  any  time, 
and  in  the  unit  of  time  let  the  point  describe  the  arc  PQ. 
In  this  time  the  line  OP  turns  through  the  angle  POQ. 
Hence  the  angular  velocity  is  equal  to  the  number  of 
radians  in  the  angle  POQ. 

But  the  number  of  radians  in  POQ  =  —  7yp~  • 

Also,  since  the  arc  PQ  is  described  in  one  second,  it  is 
equal  to  the  speed  v. 

Hence,  if  w  be  the  angular  velocity  and  r  the  radius  of 
the  circle,  we  have 


.e.  v  =  ro>. 

Exs.  If  the  moving  point  describe  a  circle  of  3  feet  radius  with 
unit  angular  velocity,  the  speed  is  given  by  v  =  3  .  1  =  3  feet  per  second. 

If  the  moving  point  describe  a  circle  of  5  feet  radius  with  speed 
8  feet  per  second,  its  angular  velocity  w  is  given  by  w  =  f  radian  per 
second. 
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EXAMPLES.    III. 

1.  A  wheel  turns  about  its  centre,  making  200  revolutions  pei 
minute;  what  is  the  angular  velocity  of  any  point  on  the  wheel  about 
the  centre? 

2.  A  wheel  turns  about  its  centre,  making   4  revolutions   per 
second ;  what  is  the  angular  velocity  of  any  point  on  the  wheel  about 
the  centre  and  what  is  its  linear  velocity,  if  the  radius  of  the  wheel 
be  2  feet? 

3.  If  the  minute  hand  of  a  clock  be  6  feet  long,  find  the  velocity 
of  the  end  in  feet  per  second. 

What  is  its  angular  velocity? 

4.  Compare  the  velocities  of  the  extremities  of  the  hour,  minute, 
and  second  hands  of  a  watch,  their  lengths  being  -48,  '8,  and  -24 
inches  respectively. 

5.  A  treadmill,  with  axis  horizontal  and  of  diameter  40  feet, 
makes  one  revolution  in  40  seconds.     At  what  rate  per  hour  does  a 
man  upon  it  walk  over  its  surface,  supposing  he  always  keeps  at  the 
same  height  above  the  ground? 

6.  From  a  train  moving  with  velocity  V  a  carriage  on  a  road 
parallel  to  the  line,  at  a  distance  d  from  it,  is  observed  to  move  so  as 
to  appear  always  in  a  line  with  a  more  distant  fixed  object  whose 
least   distance    from  the  railway  is  D.    Find  the  velocity  of  the 
carriage. 

7.  A  point  moves  in  a  circle  with  uniform  speed ;  shew  that  its 
angular  velocity  about  any  point  on  the  circumference  of  the  circle  is 
constant. 

8.  A   string  has  one  end  attached  to   the  corner  of  a  square 
board,  fixed  on  a  smooth  horizontal  table,  and  is  wound  round  the 
square  carrying  a  particle  at  its  other  end ;  the  particle  is  projected 
with  velocity  u  at  right  angles  to  the  side  of  the  square  whose  side 
is  a ;  if  the  length  of  the  string  be  4a,  find  the  time  that  the  string 
takes  to  unwrap  itself  from  the  square,  assuming  that  the  speed  of  the 
particle  remains  the  same  throughout  the  motion. 

**  Q.  A  wheel  rolls  uniformly  on  the  ground,  without  sliding,  its 
centre  describing  a  straight  line;  to  find  the  velocities  of  different 
points  of  its  rim. 

Let  0  be  the  centre  and  r  the  radius  of  the  wheel,  and  let  v  be  tlie 
velocity  with  which  the  centre  advances.  Let  A  be  the  point  of  the 
wheel  in  contact  with  the  ground  at  any  instant. 

Now  the  wheel  turns  uniformly  round  its  centre  whilst  the  centre 
moves  forward  in  a  straight  line ;  also,  since  each  point  of  the  wheel 
in  succession  touches  the  ground,  it  follows  that  any  point  of  the 
wheel  describes  the  perimeter  of  the  wheel  relative  to  the  centre, 
whilst  the  centre  moves  through  a  distance  equal  to  the  perimeter ; 
hence  the  velocity  of  any  point  of  the  wheel  relative  to  the  centre  is 
equal  in  magnitude  to  the  velocity  v  of  the  centre. 
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Hence  any  point  P  of  the  wheel  possesses  two  velocities  each 
equal  to  t>,  one  along  the  tangent,  PT,  at  P  to  the  circle,  and  the 
other  in  the  direction,  PM,  in  which  the  centre  0  is  moving. 

Hence  velocity  of  A=v-v  =  0t  and  so  A  is  at  rest  for  the  instant. 

So  velocity  of  B 


Consider  the  motion  of  any  other  point  P.     It  has  two  velocities, 
each  equal  to  v  along  PM  and  PT  respectively. 
Now  the  /  MPT=  L  POB=( 


The  resultant  of  these  two  velocities  v  is  ft  velocity  2vcos^  along 


LPT=|=/  OPA. 


PL,  where 

Hence  L  APL=  L  OPT  =  &  right  angle. 

Hence  the  direction  of  motion  of  the  point  P  is  perpendicular  to 
AP,  and  its  angular  velocity  about  A 


=  the  angular  velocity  of  the  wheel  about  0. 

Hence  each  point  of  the  wheel  is  turning  about  the  point  of  con 
tact  of  the  wheel  with  the  ground,  with  a  constant  angular  velocity 
whose  measure  is  the  velocity  of  the  centre  of  the  wheel  divided  by 
the  radius  of  the  wheel. 

10.  An  engine  is  travelling  at  the  rate  of  GO  miles  per  hour  and  its 
wheel  is  4  feet  in  diameter ;  find  the  velocity  and  direction  of  motion 
of  each  of  the  two  points  of  the  wheel  which  are  at  a  height  of  3  feet 
above  the  ground. 
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11.  If  a  railway  carriage  be  moving  at  the  rate  of  30  miles  per 
hour  and  the  diameter  of  its  wheel  be  3  feet,  what  is  the  angular 
velocity  of  the  wheel  when  there  is  no  sliding  ?  find  also  the  relative 
velocity  of  the  highest  point  of  the  wheel  with  respect  to  the  centre. 

12.  If  a  railway  carriage  be  moving  at  the  rate  of  30  miles  per 
hour  and  the  radius  of  the  wheel  be  2  feet,  what  is  the  angular  velocity 
of  the  wheel  when  there  is  no  sliding?     Also  what  is  the  relative 
velocity  of  the  highest  point  of  the  wheel  with  respect  to  the  centre  ? 

13.  The  wheel  of  a  carnage  is  of  radius  2  feet  and  the  carriage 
is  moving  at  the  rate  of  10  miles  per  hour-;  if  there  be  no  slipping, 
find  the  velocity  of  the  highest  point,  and  also  the  velocities  of  points 
which  are  at  heights  of  1  and  3  feet  respectively  above  the  ground. 


NOTE.  The  expression  ft. /sec.  is  by  some  writers  used  to  denote 
a  velocity  of  one  foot  per  second.  Thus  "a  velocity  of  3  ft. /sec." 
means  "a  velocity  of  3  feet  per  second."  So  "  a  velocity  of  10  cm. /sec." 
means  "a  velocity  of  10  centimetres  per  second." 
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ACCELERATION. 

27.  Change  of  Velocity.  Suppose  a  point  at  any 
instant  to  be  moving  with  a 
velocity  represented  by  OA, 
and  that  at  some  subsequent 
time  its  velocity  is  represented 
by  OB. 

Join  AB,  and  complete  the 
parallelogram  OABC.  6  A 

Then  velocities  represented 

by  OA  and  OC  are  equivalent  to  the  velocity  OB.  Hence 
the  velocity  00  is  the  velocity  which  must  be  compounded 
witli  OA  to  produce  the  velocity  OB.  The  velocity  OC  is 
therefore  the  change  of  velocity  in  the  given  time. 

Thus  the  change  of  velocity  is  not,  in  general,  the 
difference  in  magnitude  between  the  magnitudes  of  the 
two  velocities,  but  is  that  velocity  which  compounded  with 
the  original  velocity  gives  the  final  velocity. 

The  change  of  velocity  is  not  constant  unless  the  change 
is  constant  both  in  magnitude  and  direction. 

EXAMPLES.    IV. 

1.  A  point  is  moving  with  a  velocity  of  10  feet  per  second,  and 
at  a  subsequent  instant  it  is  moving  at  the  same  rate  in  a  direction 
inclined  at  30°  to  the  former  direction ;  lind  tlie  change  of  velocity. 
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On  drawing  the  figure,  as  in  the  last  article,  we  have  0,4  =  OJ3  =  10, 
and  the  angle  ^0^  =  30°. 

Since  OA  =  OB,  we  have  /  OAB  —  75°,  and  therefore  L  AOG  =105°. 

/o  _  1 

Also  AB  =  WA  sin  15°  =  20  .  *LL—r=5  U/6-,/2). 

^V^ 

Hence  the  change  in  the  velocity,  i.e.,  0(7,  is  5  (v/6-v/2)  in  a 
direction  inclined  at  105°  to  the  original  direction  of  motion. 

2.  A  ship  is  observed  to  be  moving  eastward  with  a  velocity  of 
3  miles  per  hour,  and  at  a  subsequent  instant  it  is  found  to  be  moving 
northward  at  the  rate  of  4  miles  per  hour ;  find  the  change   of 
velocity. 

3.  A  point  is  moving  with  a  velocity  of  5  feet  per  second,  and  at 
a   subsequent  instant  it  is  moving  at  the  same  rate  in  a  direction 
inclined  at  60°  to  its  former  direction ;  find  the  change  of  velocity. 

4.  A  point  is  moving  eastward  with  a  velocity  of  20   feet  per 
second,  and  one  hour  afterwards  it  is  moving  north-east  with  the  same 
speed  ;  find  the  change  of  velocity. 

5.  A  point  is  describing  with  uniform  speed  a  circle,  of  radius 
7  yards,  in  11  seconds,  starting  from  the  end  of  a  fixed  diameter  ;  find 
the  change  in  its  velocity  after  it  has  described  one-sixth  of  the  cir 
cumference. 

28.  Acceleration.      Def.      The  acceleration  of  a 
moving  point  is  the  rate  of  change  of  its  velocity. 

Note  that  the  acceleration  of  a  moving  point  has  both 
magnitude  and  direction. 

The  acceleration  is  uniform  when  equal  changes  of 
velocity  take  place  in  equal  intervals  of  time,  however 
small  these  intervals  may  be. 

When  uniform,  the  acceleration  is  measured  by  the 
change  in  the  velocity  in  a  unit  of  time;  when  variable, 
it  is  measured  at  any  instant  by  what  would  be  the  change 
of  the  velocity  in  a  unit  of  time,  if  during  that  time  the 
acceleration  continued  the  same  as  at  the  instant  under 
consideration. 

29.  The  magnitude  of  the  unit  of  acceleration  is  the 
acceleration  of  a  point  which  moves  so  that  its  velocity  is 
changed  by  the  unit  of  velocity  in  each  unit  of  time. 
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Hence  a  point  is  moving  with  n  units  of  acceleration 
when  its  velocity  is  changed  by  n  units  of  velocity  in  each 
unit  of  time. 

30.  Theorem.  Parallelogram  of  Accelera 
tions.  If  a  moving  point  have  simultaneously  two  accelera 
tions  represented  in  magnitude  and  direction  by  two  sides  of 
a  parallelogram  drawn  from  a  point,  they  are  equivalent  to 
an  acceleration  represented  by  the  diagonal  of  the  parallelo 
gram  passing  through  that  angular  point. 

Let  the  accelerations  be  represented  by  the  sides  AB  and 
AG  of  the  parallelogram  ABDC,  i.e.  let  AB  and  AC  repre 
sent  the  velocities  added  to  the  velocity  of  the  point  in  a 
unit  of  time.  On  the  same  scale  let  EF  represent  the 
velocity  which  the  particle  has  at  any  instant.  Draw  the 
parallelogram  EKFL  having  its  sides  parallel  to  AB  and 


E  K  M 

AC;  produce  EK  to  M,  and  EL  to  N,  so  that  KM  and 
LN  &re  equal  to  AB  and  AC  respectively.  Complete  the 
parallelograms  as  in  the  above  figure. 

Then  the  velocity  EF  is  equivalent  to  velocities  EK  and 
EL.  But  in  the  unit  of  time  the  velocities  KM  and  LN  are 
the  changes  of  velocity. 

Therefore  at  the  end  of  a  unit  of  time  the  component 
velocities  are  equivalent  to  EM  and  EN,  which  are  equi- 
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valent  to  EO,  and  this  latter  velocity  is  equivalent  to  velo 
cities  EF  and  FO.  (Art.  1 6.) 

Hence  in  the  unit  of  time  FO  is  the  change  of  velocity 
of  the  moving  point,  i.e.  FO  is  the  resultant  acceleration  of 
the  point. 

But  FO  is  equal  and  parallel  to  AD. 

Hence  AD  represents  the  acceleration  which  is  equi 
valent  to  the  accelerations  AB  and  AC,  i.e.  AD  is  the 
resultant  of  the  accelerations  AB  and  AC. 

31.  It  follows  from  the  preceding  article  that  accelera 
tions  are  resolved  and  compounded   in  the  same  way  as 
velocities,  and  propositions  similar  to  those  of  Arts.  13 — 19 
will  be  true  when  we  substitute  "acceleration"  for  "velo 
city." 

32.  Theorem.     A   point   moves  in  a  straight  Urn, 
starting  with  velocity  u,  and  moving  with  constant  accelera 
tion  f  in  its  direction  of  motion;  if  v  be  its  velocity  at  the 
end  of  time  t,  and  s  be  its  distance  at  that  instant  from  its 
starting  point,  then 

(1)  v  =  u+ft, 

(2)  8  =  ut  +  y&, 

(3)  v*  =  <u?+ys.^ 

(1)  Since /denotes  the  acceleration,  i.e.,  the  change  in 
the  velocity  per  unit  of  time,  ft  denotes  the  change  in  the 
velocity  in  t  units  of  time. 

But,  since  the  particle  possessed  u  units  of  velocity 
initially,  at  the  end  of  time  t  it  must  possess  u+ft  units 
of  velocity,  i.e. 

v  —  u  +ft. 

(2)  Let  V  be  the  velocity  at  the  middle  of  the  interval 
so  that,  by  (1),  V^u+f.1-. 
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Now  the  velocity  changes  uniformly  throughout  the 
interval  t.  Hence  the  velocity  at  any  instant,  preceding 
the  middle  of  the  interval  by  time  7\  is  as  much  less  than 
F,  as  the  velocity  at  the  same  time  T  after  the  middle 
of  the  interval  is  greater  than  V. 

Hence,  since  the  time  t  could  be  divided  into  pairs  of 
such  equal  intervals,  the  space  described  is  the  same  as  if 
the  point  moved  for  time  t  with  velocity  F. 


(3)     The  third  relation  can  be  easily  deduced  from  the 
first  two  by  eliminating  t  between  them. 
For,  from  (1),         v*=(u+ft)2 


Hence,  by       (2),  v*  =  ua+2fs. 

33.    Alternative  proof  of  equation  (2). 

Let  the  time  t  be  divided  into  n  equal  intervals,  each  equal  to  T, 
so  that  t=nr. 

The  velocities  of  the  point  at  the  beginnings  of  these  successive 
intervals  are 

M,  W+/T,   W  +  2/T,  ......  tt+(7l-l)/T. 

Hence  the  space  s^  which  would  be  moved  through  by  the  point,  if  it 
moved  during  each  of  these  intervals  T  with  the  velocity  which  it  has 
at  the  beginning  of  each,  is 

sl  =  u  .  T  +  [W+/T].T  +  ......  +  [ 

=n.  UT  +/r2.  {1  +  2  +  3  ...... 


=  ut  +  $/£2  .  1  1  --  J  ,  since  r—  -  . 

Also  the  velocities  at  the  ends  of  these  successive  intervals  are 
tt+/r,  w  +  2/T,  ......  u  +  nfr. 
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Hence  the  space  «2  which  would  be  moved  through  by  the  point,  if 
it  moved  during  each  of  these  intervals  r  with  the  velocity  which  it 
has  at  the  end  of  each,  is 

«a=  (u+fr).r  +  (w  +  2/r).r  +  ......  +  (u  +  nfr).r 

=  nttr+/r2  (1  +  2  +  3  ......  +n) 

=ut  +  i/f2  1  1  +  -  V  as  before. 

Now  the  true  space  s  ia  intermediate  between  Sj  and  s2  ;  also  the 
larger  we  make  n  and  therefore  the  smaller  the  intervals  r  become, 
the  more  nearly  do  the  two  hypotheses  approach  to  coincidence. 

If  we  make  n  infinitely  large  the  values  of  sx  and  sa  both  become 


Hence 


34.     When  the  moving  point  starts  from  rest  we  have 
u  —  0,  and  the  formulae  of  Art.  32  take  the  simpler  forms 

•  -A 


35.     Space  described  in  any  particular  second. 

[The  student  will  notice  carefully  that  the  formula  (2)  of  Art.  32 
gives,  not  the  space  traversed  in  the  «th  second,  but  that  traversed  in 
t  seconds.] 

The  space  described  in  the  £th  second. 

=  space  described  in  t  seconds  -  space  described  in  (t-l) 
seconds 


Hence  the  spaces  described  in  the  first,  second,  third, 
....nth  seconds  of  the  motion  are 
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These   distances   form  an  arithmetical  progression  whose 
common  difference  isy! 

Hence,  if  a  body  move  with  a  uniform  acceleration,  the 
distances  described  in  successive  seconds  form  an  arith 
metical  progression,  whose  common  difference  is  equal  to 
the  number  of  units  in  the  acceleration. 

36.  The  space  described  in  any  particular  second  may  be  other 
wise  found  as  follows.  As  in  Art.  32,  the  space  described  in  the  £th 
second  is  the  same  as  that  which  would  be  described  if  the  point 
moved  during  that  second  with  the  velocity  which  it  has  at  the 
middle  of  that  second. 

Now  the  velocity  at  the  middle  of  the  tth  second 

=  velocity  at  the  end  of  time  (t  -  £) 

=  *+/(«-*)• 
Hence  the  space  described  in  the  tth  second 


37.  Ex.  1.  A  train,  which  is  moving  at  the  rate  of  60  miles  per 
hour,  is  brought  to  rest  in  3  minutes  with  a  uniform  retardation;  find 
this  retardation,  and  also  tlie  distance  that  the  train  travels  before 
coming  to  rest. 

60  miles  per  hour=  60^.17G<°nX  3  =  88  feet  per  second. 
oO  x  oO 

Let  /  be  the  acceleration  with  which  the  train  moves. 

Since  in  180  seconds  a  velocity  of  88  feet  per  second  is  destroyed, 
we  have  (by  formula  (i),  Art.  32) 

0=88+/(180). 

22 
.*.  /=  -  ^  ft.-sec.  units. 

[N.B.    /has  a  negative  value  because  it  is  a  retardation.] 
Let  x  be  the  distance  described.    By  formula  (3),  we  have 

0-88.  +  9  (-»)... 
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Ex.  2.  A  point  is  moving  with  uniform  acceleration;  in  the 
eleventh  and  fifteenth  seconds  from  the  commencement  it  moves  through 
24  and  32  feet  respectively;  find  its  initial  velocity,  and  the  acceleration 
with  which  it  moves. 

Let  u  be  the  initial  velocity,  and/  the  acceleration. 

Then  24  =  distance  described  in  the  eleventh  second 


So  32  =  [w  .  15  +  $/  .  15-]  -  [u  .  14  +  i/  .  142]. 

.-.   32  =  tt  +  ^/.  .............................  (2). 

Solving  (1)  and  (2),  we  have  u  =  3,  and/=  2. 

Hence  the  point  started  with  a  velocity  of  3  feet  per  second,  and 
moved  with  an  acceleration  of  2  ft.  -sec.  units.  This  is  often  called  an 
acceleration  of  2  i't./sec.2 

EXAMPLES.    V. 

1.  The  quantities  u,  /,  v,  s,  and  t  having  the  meanings  assigned 
to  them  in  Art.  32, 

(1)  Given  u  =     2,    /=     3,     t  =     5,     rind  v  and  s  ; 

(2)  Given  w=     7,    /=  -  1,     *=     7,     find  v  and  s  ; 

(3)  Given  «=     8,     v=     3,     s=     9,     find/and  t; 

(4)  Given  v=  -  6,     *  =  -  9,    /=  -  f  ,     find  u  and  t. 
The  units  of  length  and  time  are  a  foot  and  a  second. 

2.  A  body,  starting  from  rest,  moves  with  an  acceleration  equal  to 
2  ft.  -sec.  units;  find  the  velocity  at  the  end  of  20  seconds,  and  the 
distance  described  in  that  time. 

3.  In  what  time  would  a  body  acquire  a  velocity  of  30  miles  per 
hour,  if  it  started  with  a  velocity  of  4  feet  per  second  and  moved  with 
the  ft.  -sec.  unit  of  acceleration  ? 

4.  With  what  uniform  acceleration  does  a  body,  starting  from 
rest,  describe  1000  feet  in  10  seconds  ? 

5.  A  body,  starting  from  rest,  moves  with  an  acceleration  of  3 
centimetre-second  units;   in  what  time  will  it  acquire  a  velocity  of 
30  centimetres  per  second,  and  what  distance  does  it  traverse  in  that 
tune? 

6.  A  point  starts  with  a  velocity  of  100  cms.  per  second  and 
moves  with  -  2  centimetre-  second  units  of  acceleration.     When  will 
its  velocity  be  zero,  and  how  far  will  it  have  gone  ? 
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7.  A  body,  starting  from  rest  and  moving  with  uniform  accelera 
tion,  describes  171  feet  in  the  tenth  second ;  find  its  acceleration. 

8.  >  A  particle  is  moving  with  uniform  acceleration  ;  in  the  eighth 
and  thirteenth  second  after  starting  it  moves  through  8£  and  7£  feet 
respectively  ;  find  its  initial  velocity  and  its  acceleration. 

9.  In  two  successive  seconds  a  particle  moves  through  20£  and 
23£  feet  respectively ;   assuming  that  it  was  moving  with  uniform 
acceleration,  find  its  velocity  at  the  commencement  of  the  first  of  these 
two  seconds  and  its  acceleration.    Find  also  how  far  it  had  moved 
from  rest  before  the  commencement  of  the  first  second. 

10.  A  point,  moving  with  uniform  acceleration,  describes  in  the 
last  second  of  its  motion  ^9Tths  of  the  whole  distance.     If  it  started 
from  rest,  how  long  was  it  in  motion  and  through  what  distance  did 
it  move,  if  it  described  6  inches  in  the  first  second  ? 

11.  A  point,  moving  with  uniform  acceleration,  describes  25  feet 
in  the  half  second  which  elapses  after  the  first  second  of  its  motion, 
and  198  feet  in  the  eleventh  second  of  its  motion ;  find  the  acceleration 
of  the  point  and  its  initial  velocity. 

12.  A  body  moves  for   3  seconds  with  a  constant  acceleration 
during  which  time  it  describes  81  feet;  the  acceleration  then  ceases 
and  during  the  next  3  seconds  it  describes  72  feet;  find  its  initial 
velocity  and  its  acceleration. 

13.  The  speed  of  a  train  is  reduced  from  40  miles  an  hour  to  10 
miles  per  hour  whilst  it  travels  a  distance  of  150  yards;  if  the  re 
tardation  be  uniform,  find  how  much  further  it  will  travel  before 
coming  to  rest. 

14.  A  point  starts  from  rest  and  moves  with  a  uniform  accelera 
tion  of  18  ft. -sec.  units  ;  find  the  time  taken  by  it  to  traverse  the  first, 
second,  and  third  feet  respectively. 

15.  A  particle  starts  from  a  point  O  with  a  uniform  velocity  of 
4  feet  per  second,  and  after  2  seconds  another  particle  leaves  0  in  the 
same  direction  with   a  velocity  of  5  feet   per  second  and  with  an 
acceleration  equal  to  3  ft.-sec.  units.     Find  when  and  where  it  will 
overtake  the  first  particle. 

16.  A  point  moves  over  7  feet  in  the  first  second  during  which  it 
is  observed,  and  over  11  and  17  feet  in  the  third  and  sixth  seconds 
respectively;  is  this  consistent  with  the  supposition  that  it  is  subject 
to  a  uniform  acceleration  ? 

17.  A  point  is  moving  in  a  north-east  direction  with  a  velocity  6, 
and  has  accelerations  8  towards  the  north  and  6  towards  the  east. 
Find  its  position  after  the  lapse  of  one  second.     [The  units  are  a  foot 
and  second.] 


CHAPTER  III. 


MOTION   UNDER   GRAVITY. 

38.    Acceleration   of  falling  bodies.    When  a 

heavy  body  of  any  kind  falls  toward  the 
earth,  it  is  a  matter  of  everyday  experience 
that  it  goes  quicker  and  quicker  as  it  falls, 
or,  in  other  words,  that  it  moves  with  an 
acceleration.  That  it  moves  with  a  con 
stant  acceleration  may  be  roughly  shewn  by 
the  following  experiment  first  performed  by 
Morin. 

A  circular  cylinder  covered  with  paper  is 
connected  with  clock-work  and  made  to  rotate 
about  its  axis  which  is  vertical.  In  front  of 
the  cylinder  is  an  iron  weight,  carrying  a 
pencil  P,  which  is  compelled  by  guides  to  fall 
in  a  vertical  line  and  is  so  arranged  that  the 
tip  of  the  pencil  just  touches  the  paper  on  the 
surface  of  the  cylinder. 

When  the  cylinder  is  revolving  uniformly,  the  weight 
is  allowed  to  drop  and  the  pencil  traces  out  a  curve  on 
the  paper.  When  the  weight  has  reached  the  ground  the 
paper  is  unwrapped  and  stretched  out  on  a  flat  surface. 
The  curve  marked  out  by  the  pencil  is  found  to  be  such 
that  the  vertical  distances  described  by  the  pencil  from  the 
beginning  of  the  motion  are  always  proportional  to  the 
L.  D.  3 
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squares  of  the  horizontal  distances  described  by  it.  Now 
since  the  cylinder  revolved  uniformly,  these  horizontal  dis 
tances  are  proportional  to  times  that  have  elapsed  from  the. 
commencement  of  the  motion.  Hence  the  vertical  distance 
described  is  proportional  to  the  square  of  the  time  from 
the  commencement  of  the  motion. 

But,  from  Art.  34,  we  know  that,  if  a  point  move  from 
rest  with  a  constant  acceleration,  the  space  described  is 
proportional  to  the  square  of  the  time. 

Hence  we  infer  that  a  falling  body  moves  with  a  con 
stant  acceleration. 

39.  From  the  results  of  the  foregoing,  and  other  more 
accurate,  experiments  we  learn  that,  if  a  body  be  let  fall 
towards  the  earth  in  vacuo,  it  will  move  with  an  acceleration 
which  is  always  the  same  at  the  same  place  on  the  earth, 
but  which  varies  slightly  for  different  places. 

The  value  of  this  acceleration,  which  is  called  the 
"acceleration  due  to  gravity,"  is  always  denoted  by  the 
letter  "  g." 

When  foot-second  units  are  used,  the  value  of  g  varies 
from  about  32-091  at  the  equator  to  about  32-252  at  the 
poles.  In  the  latitude  of  London  its  value  is  about  32 '19. 

When  centimetre-second  units  are  used,  the  extreme 
limits  are  about  978  and  983  respectively,  and  in  the 
latitude  of  London  the  value  is  about  981. 

The  best  method  of  determining  the  value  of  "  g"  is  by 
means  of  pendulum  experiments;  we  shall  return  to  the 
subject  again  in  Chapter  XI. 

[In  all  numerical  examples,  unless  it  is  otherwise  stated, 
the  motion  may  be  supposed  to  be  in  vacuo,  and  the  value 
of  g  taken  to  be  32  when  foot-second  units,  and  981  when 
centimetre-second  units,  are  used.] 
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40.  Vertical  motion  under  gravity.     Suppose  a 
body  is  projected  vertically  from  a  point  on  the  earth's  sur 
face  so  that  it  starts  with  velocity  u.     The  acceleration  of 
the  body  is  opposite  to  the  initial  direction  of  motion,  and  is 
therefore  denoted  by  —  g.     Hence  the  velocity  of  the  body 
continually  gets  less  and  less  until  it  vanishes;  the  body  is 
then  for  an  instant  at  rest,  but  immediately  begins  to  acquire 
a  velocity  in  a  downward  direction,  and  retraces  its  steps. 

41.  Time  to  a  given  height.     The  height  h  at  which 
a  body  has  arrived  in  time  t  is  given  by  substituting  —  g 
for/  in  equation  (2)  of  Art.  32,  and  is  therefore  given  by 

h  =  ut-  \gtf. 

This  is  a  quadratic  equation  with  both  roots  positive ;  the 
lesser  root  gives  the  time  at  which  the  body  is  at  the  given 
height  on  the  way  up,  and  the  greater  the  time  at  which  it 
is  at  the  same  height  on  the  way  down. 

Thus  the  time  that  elapses  before  a  body,  which  starts  with  a 
velocity  of  64  feet  per  second,  is  at  a  height  of  28  feet  is  given  by 

28  =  64<-16«2,  whence  t  =  \  or  \. 

Hence  the  particle  is  at  the  given  height  in  half  a  second  from  the 
commencement  of  its  motion,  and  again  in  3  seconds  afterwards. 

42.  Velocity  at  a  given  height. 

The  velocity  v  at  a  given  height  h  is,  by  equation  (3)  of 
Art.  32,  given  by 

v2  =  u?  -  Igh. 

Hence  the  velocity  at  a  given  height  is  independent  of  the 
time,  and  is  therefore  the  same  at  the  same  point  whether 
the  body  be  going  upwards  or  downwards. 

43.  Greatest  height  attained. 

At  the  highest  point  the  velocity  is  just  zero ;  hence,  if 
x  be  the  greatest  height  attained,  we  have 
0  =  u2  -  2gx. 

3—2 
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v? 
Hence  the  greatest  height  attained  =  ^- . 

Also  the  time  T  to  the  greatest  height  is  given  by 


u 

~  g' 

44.      Velocity  due  to  a  given  vertical  fall  from  rest. 

If  a  body  be  dropped  from  rest,  its  velocity  after  falling 
through  a  height  h  is  obtained  by  substituting  0,  g,  and  h  for 
•Wj/and  s  in  equation  (3)  of  Art.  32 ; 

.".  v  — 

EXAMPLES.    VL 

1.  A  body  is  projected  from  the  earth  vertically  with  a  velocity  of 
40  feet  per  second ;  find  (1)  how  high  it  will  go  before  coming  to  rest, 

.  (2)  what  times  will  elapse  before  it  is  at  a  height  of  9  feet. 

2.  A  particle  is  projected  vertically  upwards  with  a  velocity  of 
40  feet  per  second.     Find  (i)  when  its  velocity  will  be  25  feet  per 
second,  and  (ii)  when  it  will  be  25  feet  above  the  point  of  pro 
jection. 

3.  A  stone  is  thrown  vertically  upwards  with  a  velocity  of  60  feet 
per  second.     After  what  times  will  its  velocity  be  20  feet  per  second, 
and  at  what  height  will  it  then  be  ? 

4.  Find  (1)  the  distance  fallen  from  rest  by  a  body  in  10  seconds, 
(2)  the  time  of  falling  10  feet,  (3)  the  initial  vertical  velocity  when  the 
body  describes  1000  feet  downwards  in  10  seconds. 

5.  A  stone  is  thrown  vertically  into  a  mine-shaft  with  a  velocity 
of  96  feet  per  second,  and  reaches  the  bottom  in  3  seconds;  find  the 
depth  of  the  shaft. 

6.  A  body  is  projected  from  the  bottom  of  a  mine,  whose  depth 
is  88  g  feet,  with  a  velocity  of  24  g  feet  per  second ;  find  the  time  in 
which  the  body,  after  rising  to  its  greatest  height,  will  return  to  the 
surface  of  the  earth  again. 

7.  The  greatest  height  attained  by  a  particle  projected  vertically 
upwards  is  225  feet ;  find  how  soon  after  projection  the  particle  will 
be  at  a  height  of  176  feet. 
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8.  A  body  moving  in  a  vertical  direction  passes  a  point  at  a 
height  of  54-5  centimetres  with  a  velocity  of  436  centimetres  per 
second ;  with  what  initial  velocity  was  it  thrown  up,  and  for  how 
much  longer  will  it  rise? 

9.  A  particle  passes  a  given  point  moving  downwards  with  a 
velocity  of  fifty  metres  per  second ;  how  long  before  this  was  it  moving 
upwards  at  the  same  rate  ? 

10.  A  body  is  projected  vertically  upwards  with  a  velocity  of 
6540  centimetres  per  second ;  how  high  does  it  rise,  and  for  how  long 
is  it  moving  upwards  ? 

11.  Given  that  a  body  falling  freely  passes  through  176-99  feet  in 
the  sixth  second,  find  the  value  of  g. 

12.  A  falling  particle  in  the  last  second  of  its  fall  passes  through 
224  feet.     Find  the  height  from  which  it  fell,  and  the  time  of  its 
falling. 

13.  A  body  falls  freely  from  the  top  of  a  tower,  and  during  the 
last  second  of  its  flight  falls  ££ ths  of  the  whole  distance.    Find  the 
height  of  the  tower. 

14.  A  body  falls  freely  from  the  top  of  a  tower,  and  during  the 
last  second  it  falls  ^5 ths  of  the  whole  distance.    Find  the  height  of  the 
tower. 

15.  A  stone  A  is  thrown  vertically  upwards  with  a  velocity  of 
96  feet  per  second ;  find  how  high  it  will  rise.     After  4  seconds  from 
the  projection  of  A,  another  stone  B  is  let  fall  from  the  same  point. 
Shew  that  A  will  overtake  B  after  4  seconds  more. 

16.  A  body  is  projected  upwards  with  a  certain  velocity,  and  it  is 
found  that  when  in  its  ascent  it  is  960  feet  from  the  ground  it  takes 
4  seconds  to  return  to  the  same  point  again ;  find  the  velocity  of  .pro 
jection  and  the  whole  height  ascended. 

17.  A  body  projected  vertically  downwards  described  720  feet  in 
t  seconds,  and  2240  feet  in  2t  seconds ;  find  t,  and  the  velocity  of  pro 
jection. 

18.  A  stone  is  dropped  into  a  well,  and  the  sound  of  the  splash  is 
heard  in  7^  seconds ;  if  the  velocity  of  sound  be  1120  feet  per  second, 
find  the  depth  of  the  well. 

19.  A  stone  is  dropped  into  a  well  and  reaches  the  bottom  with  a 
velocity  of  96  feet  per  second,  and  the  sound  of  the  splash  on  the  water 
reaches  the  top  of  the  well  in  3T°T  seconds  from  the  time  the  stone 
starts ;  find  the  velocity  of  sound. 

20.  Assuming  the  acceleration  of  a  falling  body  at  the  surface  of 
the  moon  to  be  one-sixth  of  its  value  on  the  earth's  surface,  find  the 
height  to  which  a  particle  will  rise  if  it  be  projected  vertically  upward 
from  the  surface  of  the  moon  with  a  velocity  of  40  feet  per  second. 


38 


DYNAMICS. 


45.     Motion  down  .a  smooth  inclined  plane. 

Let  AB  be  the  vertical  section  of  a  smooth  inclined 

A 
P  ^ 


plane  inclined  at  a  given  angle  a  to  the  horizon,  and  let  P 
be  a  body  on  the  plane. 

If  there  were  no  plane  to  stop  its  motion,  the  body 
would  fall  vertically  with  an  acceleration  g. 

Now,  by  the  parallelogram  of  accelerations,  a  vertical 
acceleration  g  is  equivalent  to 

(1)  an  acceleration  g  cos  a  perpendicular  to  the  plane 

in  the  direction  PR, 

and     (2)    an  acceleration  g  sin  a  down  the  plane. 
The  plane  prevents  any  motion  perpendicular  to  itself. 

Hence  the  body  moves  down  the  plane  with  an  accelera 
tion  g  sin  a,  and  the  investigation  of  its  motion  is  similar 
to  that  of  a  freely  falling  body,  except  that  instead  of  g  we 
have  to  substitute  g  sin  a. 

It  follows  at  once  that  the  velocity  acquired  in  sliding 
from  rest  down  a  length  I  of  the  plane 

=  Jig  sin  a  .1  =  J2g .  I  sin  a  =  J'Zg .  A C, 
and  is  therefore  the  same  as  that  acquired  by  a  particle  in 
falling  freely  through  a  vertical  height  equal  to  that  of  the 
plane. 
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46.  If  the  body  be  projected  up  the  plane  with  initial 
velocity  u,  an  investigation  similar  to  that  of  Arts.  41 — 43 
will  give  the  motion.  The  greatest  distance  attained, 

u2 

measured  up  the  plane,  is  = — = 5  the  time  taken  in  tra- 

2g  sm  a 


u 


versing  this  distance  is  — : —  ,  and  so  on. 
g  sin  a 


EXAMPLES.    VII. 

1.  A  body  is  projected  with  a  velocity  of  80  feet  per  second  np  a 
smooth  inclined  plane,  whose  inclination  is  30° ;   find  the  distance 
described,  and  the  time  that  elapses,  before  it  comes  to  rest. 

2.  A  heavy  particle  slides  from  rest  down  a  smooth  inclined 
plane  which  is  15  feet  long  and  12  feet  high.     What  is  its  velocity 
when  it  reaches  the  ground,  and  how  long  does  it  take  ? 

3.  A  particle  sliding  down  a  smooth  plane,  16  feet  long,  acquires 
a  velocity  of  16^/2  feet  per  second ;  find  the  inclination  of  the  plane. 

4.  What  is  the  ratio  of  the  height  to  the  length  of  a  smooth 
inclined  plane,  so  that  a  body  may  be  four  times  as  long  in  sliding 
down  the  plane  as  in  falling  freely  down  the  height  of  the  plane  start 
ing  from  rest  ? 

5.  A  particle  is  projected  (1)  upwards,  (2)  downwards,  on  a  plane 
which  is  inclined  to  the  horizon  at  an  angle  sin"1! ;   if  the  initial 
velocity  be  16  feet  per  second?  in  each  case,  find  the  distances  described 
and  the  velocities  acquired  in  4  seconds. 

6.  A  particle  slides  without  friction  down  an  inclined  plane,  and 
in  the  5th  second  after  starting  passes  over  a  distance  of  2207'25  centi 
metres  ;  find  the  inclination  of  the  plane  to  the  horizon. 

7.  AB  is  a  vertical  diameter  of  a  circle,  whose  plane  is  vertical, 
and  PQ  a  diameter  inclined  at  an  angle  6  to  AB.     Find  9  so  that  the 
time  of  sliding  down  PQ  may  be  twice  that  of  sliding  down  AB. 

47.  Theorem.  The  time  that  a  body  takes  to  slide 
down  any  smooth  chord  of  a  vertical  circle,  which  is  drawn 
from  the  highest  point  of  the  circle,  is  constant. 

Let  AB  be  a  diameter  of  a  vertical  circle,  of  which  A  is 
the  highest  point  and  AD  any  chord. 
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Let  z  DAB  —  9 ;  and  put  AD  =  x  and  AB  =  a,  so  that 
x  =  a  cos  0. 


As  in  the  last  article,  the  acceleration  down  AD  is 
g  cos  0.  Let  T  be  the  time  from  A  to  Z>.  Then  AD  is 
the  distance  described  in  time  T  by  a  particle  starting 
from  rest  and  moving  with  acceleration  g  cos  0. 


9 

This  result  is  independent  of  0,  and  is  the  same  as  the 
time  of  falling  vertically  through  the  distance  AB. 

Hence  the  time  of  falling  down  all  chords  of  this  circle 
beginning  at  A  is  the  same. 

The  same  theorem  will  be  found  to  be  true  for  all  chords 
of  the  same  circle  ending  in  the  lowest  point. 

48.  Lines  of  quickest  descent.  The  line  of 
quickest  descent  from  a  given  point  to  a  curve  in  the  same 
vertical  plane  is  the  straight  line  down  which  a  body  would 
slide  from  the  given  point  to  the  given  curve  in  the  shortest 
time. 
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It  is  not,  in  general,  the  same  line  as  the  geometri 
cally  shortest  line  that  can  be  drawn  from  the  given  point 
to  the  curve.  For  example,  the  straight  line  down  which 
the  time  from  a  given  point  to  a  given  plane  is  least,  is  not 
the  perpendicular  from  the  given  point  upon  the  given  plane, 
except  in  the  case  where  the  given  plane  is  horizontal. 

49.  Theorem.  The  chord  of  quickest  descent  from  a 
given  point  P  to  a  curve  in  the  sajne  vertical  plane  is  PQ, 
where  Q  is  a  point  on  the  curve  such  that  a  circle,  having  P 
as  its  highest  point,  touches  the  curve  at  Q. 

For  let  a  circle  be  drawn,  having  its  highest  point  at 
P,  to  touch  the  given  curve  externally  in  Q.  Take  any 


other  point  Ql  on  the  curve,  and  let  PQ^  meet  the  circle 
again  in  R. 

Then,  since  PQl  is  >  PR, 

the  time  down  PQl  is  >  time  down  PR. 
But  time  down  PR  =  time  down  PQ  (Art.  47), 

so  that  the  time  down  PQl  is  >  time  down  PQ, 
and  Ql  is  any  point  on  the  given  curve. 
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Hence  the  time  down  PQ  is  less  than  that  down  any  other 
straight  line  from  P  to  the  given  curve. 

50.  Similarly  it  may  be  shewn  that,  if  we  want  the 
chord  of  quickest  descent  from  a  given  curve  to  a  given 
point  P,  we  must  describe  a  circle  having  the  given  point 
P  as  its  lowest  point  to  touch  the  curve  in  Q ;  then  QP  is 
the  required  straight  line. 

Ex.  1.     To  find  the  straight  line  of  quickest  descent  from  a  given 
point  P  to  a  given  straight  line  which  is  in  the  same  vertical  plane  as  P. 

Let  EC  be  the  given  straight  line.     Then  we  have  to  describe  a 
circle  having  its  highest  point  at  P  to  touch  the  given  straight  line. 


Draw  PB  horizontal  to  meet  EG  in  B.  From  EG  cut  off  a  portion 
BQ  equal  to  BP.  Then  PQ  is  the  required  chord;  for  it  is  clear 
that  a  circle  can  be  drawn  to  touch  UP  and  BQ  at  P  and  Q  re 
spectively. 

Ex.  2.  To  find  the  line  of  quickest  descent  from  a  given  point  to  a 
given  circle  in  the  same  vertical  plane. 

Join  P  to  the  lowest  point  B  of  the  given  circle  to  meet  the  circle 
again  in  Q.  Then  PQ  is  the  required  line.  For  join  O,  the  centre  of 
the  circle,  to  Q  and  produce  to  meet  the  vertical  line  through  P  in  C. 

The  L  QPC=  LOBQ,  since  OB  and  CP  are  parallel, 
=  /.CQP. 
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Hence  a  circle  whose  centre  is  G,  and  radius  CP,  will  have  its  highest 
point  at  P  and  will  touch  the  given  circle  at  Q. 


If  P  be  within  the  given  circle,  join  P  to  the  highest  point  and 
produce  to  meet  the  circumference  in  Q  •  then  PQ  will  be  the  required 
line. 

5  1.  Ex.  1.  A  cage  in  a  mine-shaft  descends  with2ft.-sec.  units  of 
acceleration.  After  it  has  been  in  motion  for  10  seconds  a  particle  is 
dropped  on  it  from  the  top  of  the  shaft.  What  time  elapses  before  the 
particle  hits  the  cage  ? 

Let  T  be  the  time  that  elapses  after  the  second  particle  starts. 
The  distance  it  has  fallen  through  is  therefore  ^gT2.  The  cage  has 
been  in  motion  for  (T+10)  seconds,  and  therefore  the  distance  it  has 
fallen  through  is 

£.2  (T+10)2  or  (T  +  10)2. 
Hence  we  have  (T+  10)2 


/.  T=3l  seconds. 

Ex.  2.  A  stone  is  thrown  vertically  with  the  velocity  which  would 
just  carry  it  to  a  height  of  100  feet.  Two  seconds  later  another  stone  is 
projected  vertically  from  the  same  place  with  the  same  velocity  ;  when 
and  where  will  they  meet  ? 

Let  u  be  the  initial  velocity  of  projection.  Since  the  greatest 
height  is  100  feet,  we  have 

0  =  it2  -20.  100. 


Let  T  be  the  time  after  the  first  stone  starts  before  the  two  stones 
meet. 
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Then  the  distance  traversed  by  the  first  stone  in  time  T=  distance 
traversed  by  the  second  stone  in  time  (T-2). 


/.  T    =  3£  seconds. 
Also  the  height  at  which  they  meet  =  80 

=  280  -196  =  84  feet. 

The  first  stone  will  be  coming  down  and  the  second  stone  going 
upwards. 

EXAMPLES.    VIH. 

1.  From  a  balloon,  ascending  with  a  velocity  of  32  ft.  per  second, 
a  stone  is  let  fall  and  reaches  the  ground  in  17  seconds  ;  how  high 
was  the  balloon  when  the  stone  was  dropped? 

2.  If  a  body  be  let  fall  from  a  height  of  64  feet  at  the  same 
instant  that  another  is  sent  vertically  from  the  foot  of  the  height 
with  a  velocity  of  64  feet  per  second,  what  time  elapses  before  they 
meet? 

If  the  first  body  starts  1  sec.  later  than  the  other,  what  time  will 
elapse? 

3.  A  tower  is  288  feet  high;  one  body  is  dropped  from  the  top  of 
the  tower  and  at  the  same  instant  another  is  projected  vertically 
upwards  from  the  bottom,  and  they  meet  half-way  up  ;  find  the  initial 
velocity  of  the  projected  body  and  its  velocity  when  it  meets  the 
descending  body. 

4.  A  body  is  dropped  from  the  top  of  a  given  tower,  and  at  the 
same  instant  a  body  is  projected  from  the  foot  of  the  tower,  in  the 
same  vertical  line,  with  a  velocity  which  would  be  just  sufficient 
to  take  it  to  the  same  height  as  the  tower;    find  where  they  will 
meet. 

5.  A  particle  is  dropped  from  a  height  h,  and  after  falling  $rds 
of  that  distance  passes  a  particle  which  was  projected  upwards  at  the 
instant  when  the  first  was  dropped.    Find  to  what  height  the  latter 
will  attain. 

6.  A  body  begins  to  slide  down  a  smooth  inclined  plane  from  rest 
at  the  top,  and  at  the  same  instant  another  body  is  projected  upwards 
from  the  foot  of  the  plane  with  such  a  velocity  that  they  meet  half 
way  up  the  plane  ;  find  the  velocity  of  projection  and  determine  the 
velocity  of  each  when  they  meet. 

7.  A  body  is  projected  upwards  with  velocity  M,  and  t  seconds 
afterwards  another  body  is  similarly  projected  with  the  same  velocity  ; 
find  when  and  where  they  will  meet. 
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8.  A  balloon  ascends  with  a  uniform  acceleration  of  4  ft.-sec. 
units;  at  the  end  of  half  a  minute  a  body  is  released  from  it ;  find  the 
tune  that  elapses  before  the  body  reaches  the  ground. 

9.  After  a  ball  has  been  falling  under  gravity  for  5  seconds  it 
passes  through  a  pane  of  glass  and  loses  half  its  velocity ;  if  it  now 
reach  the  ground  in  1  second,  find  the  height  of  the  glass  above  the 
ground. 

10.  The  space  described  by  a  falling  body  in  the  last  second  of 
its  motion  is  to  that  described  in  the  last  second  but  one  as  3  :  2 ;  find 
the  height  from  which  the  body  was  dropped,  and  the  velocity  with 
which  it  strikes  the  ground. 

11.  A  plane  is  of  length  288  feet  and  of  height  64  feet ;  shew  how 
to  divide  it  into  three  parts  so  that  a  particle  at  the  top  of  the  plane 
may  describe  the  portions  in  equal  times,  and  find  these  times. 

12."  Shew  that  the  time  that  a  particle  takes  to  slide  down  a 
chord  of  a  vertical  circle,  starting  from  one  end  of  a  horizontal 
diameter,  varies  as  the  square  root  of  the  tangent  of  the  inclination  of 
the  chord  to  the  vertical. 

13.  A  number  of  smooth  rods  meet  in  a  point  A  and  rings  placed 
on  them  slide  down  the  rods,  starting  simultaneously  from  A.     Shew 

at2 
that  after  a  time  t  the  rings  are  all  on  a  sphere  of  radius  *L_ , 

14.  A  number  of  bodies  slide  from  rest  down  smooth  inclined 
planes  which  all  commence  at  the  same  point  and  terminate  on  the 
same  horizontal  plane ;   shew  that  the  velocities  acquired  are  the 
same. 

15.  Two  heavy  bodies  descend  the  height  and  length  respectively 
of  a  smooth  inclined  plane ;  shew  that  the  times  vary  as  the  spaces 
described  and  that  the  velocities  acquired  are  equal. 

16.  A  heavy  particle  slides  down  a  smooth  inclined  plane  of  given 
height ;   shew  that  the  time  of  descent  varies  as  the  secant  of  the 
inclination  of  the  plane  to  the  vertical. 

17.  A  body  slides  down  smooth  chords  of  a  vertical  circle  ending 
hi  its  lowest  point ;   shew  that  the  velocity  on  reaching  the  lowest 
point  varies  as  the  length  of  the  chord. 

18.  If  two  circles  touch  each  other  at  their  highest  or  lowest 
points,  and  a  straight  line  be  drawn  through  the  point  to  meet  both 
circles,  shew  that  the  tune  of  sliding  from  rest  down  the  portion  of  this 
line  intercepted  between  the  two  circles  is  constant. 

19.  A  plane,  of  height  h  and  inclination  a  to  the  horizon,  has  a 
smooth  groove  cut  in  it  inclined  at  an  angle  /3  to  the  line  of  greatest 
slope ;  find  the  time  that  a  particle  would  take  to  describe  the  groove, 
starting  from  rest  at  the  top. 
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20.  If  a  length  a  be  divided  into  n  equal  parts  at  the  end  of  each 
of  which  the  acceleration  of  a  moving  point  is  increased  by  -  ,  find 

the  velocity  of  a  particle  after  describing  the  distance  s  if  it  started 
from  rest  with  acceleration  /. 

21.  A  particle  starts  from  rest  with  acceleration/ ;  at  the  end  of  time 
t  it  becomes  2/;  it  becomes  3/  at  end  of  time  2t,  and  so  on.    Find  the 
velocity  at  the  end  of  time  nt,  and  shew  that  the  distance  described  is 

n(n  +  l)(2n  +  l) 
12  J 

22.  A  body  starts  from  rest  and  moves  with  uniform  acceleration ; 
shew  that  the  distance  described  in  the  (n2  +  n  +  l)th  second  is  equal  to 
the  distance  described  in  the  first  n  seconds  together  with  the  distance 
described  in  the  first  (n  + 1)  seconds.  . 

23.  If  a  particle  occupies  n  seconds  less  and  acquires  a  velocity 
of  m  feet  per  second  more  at  one  place  than  at  another  in  falling 

through  the  same  distance,  shew  that  -  equals  the  geometrical  mean 
between  the  numerical  values  of  gravity  at  the  two  places. 

24.  A  train  goes  from  rest  at  one  station  to  rest  at  another, 
one  mile  off,  being  uniformly  accelerated  for  the  first  -|rds  of  the 
journey  and  uniformly  retarded  for  the  remainder,  and  takes  3  minutes 
to  describe  the  whole  distance.    Find  the  acceleration,  the  retardation, 
and  the  maximum  velocity. 

25.  An  engine-driver  suddenly  puts  on  his  brake  and  shuts  off 
steam  when  he  is  running  at  full  speed  ;  in  the  first  second  afterwards 
the  train  travels  87  feet,  and  in  the  next  85  feet.     Find  the  original 
speed  of  the  train,  the  time  that  elapses  before  it  comes  to  rest,  and 
the  distance  it  will  travel  in  this  interval,  assuming  the  brake  to  cause 
a  constant  retardation.     Find  also  the  time  the  train  will  take,  if  it 
be  96  yards  long,  to  pass  a  spectator  standing  at  a  point  484  yards 
ahead  of  the  train  at  the  instant  when  the  brake  was  applied. 


CHAPTER  IV. 

THE   LAWS  OF  MOTION. 

52.  IN  the  present  chapter  we  propose  to  consider  the 
production  of  motion,  and  it  will  be  necessary  to  commence 
with  a  few  elementary  definitions. 

Matter  is  "  that  which  can  be  perceived  by  the  senses" 
or  "  that  which  can  be  acted  upon  by,  or  can  exert,  force." 

No  definition  can  however  be  given  that  would  convey 
an  idea  of  what  matter  is  to  anyone  who  did  not  already 
possess  that  idea.  It,  like  time  and  space,  is  a  primary 
conception. 

A  Body  is  a  portion  of  matter  which  is  bounded  by 
surfaces,  and  which  is  limited  in  every  direction. 

A  Particle  is  a  portion  of  matter  which  is  infinitely 
small  in  all  its  dimensions. 

The  Mass  of  a  body  is  the  quantity  of  matter  in  the 
body. 

Force  is  that  which  changes,  or  tends  to  change,  the 
state  of  rest  or  uniform  motion  of  a  body. 

53.  These  definitions  may  appear  to  the  student  to  be 
vague,  but  we  may  illustrate  their  meaning  somewhat  as 
follows. 
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If  we  have  a  small  portion  of  any  substance,  say  iron, 
resting  on  a  smooth  table,  we  may  by  a  push  be  able  to 
move  it  fairly  easily ;  if  we  take  a  larger  quantity  of  the 
same  iron,  the  same  effort  on  our  part  will  be  able  to  move 
it  less  easily.  Again,  if  we  take  two  portions  of  platinum 
and  wood  of  exactly  the  same  size  and  shape,  the  effect 
produced  on  these  two  substances  by  equal  efforts  on  our 
part  will  be  quite  different.  Thus  common  experience 
shews  us  that  the  same  effort  applied  to  different  bodies, 
under  seemingly  the  same  conditions,  does  not  always  pro 
duce  the  same  result.  This  is  because  the  masses  of  the 
bodies  are  different. 

54.  If   to   the   same    mass  we    apply   two   forces  in 
succession,   and   they  generate  the    same   velocity  in  the 
same  time,  the  forces  are  said  to  be  equal. 

If  the  same  force  be  applied  to  two  different  masses, 
and  if  it  produce  in  them  the  same  velocity  in  the  same 
time,  the  masses  are  said  to  be  equal. 

The  student  will  notice  that  we  here  assume  that  it  is 
possible  to  create  forces  of  equal  intensity  on  different 
occasions,  e.g.  we  assume  that  the  force  necessary  to  keep  a 
spiral  spring  stretched  through  the  same  distance  is  the 
same  when  other  conditions  are  unaltered. 

Hence  by  applying  the  same  force  in  succession  we  can 
obtain  a  number  of  masses  each  equal  to  a  standard  unit  of 
mass. 

55.  The  British  unit  of  mass  is  called  the  Imperial 
Pound,  and  consists  of  a  lump  of  platinum  deposited  in  the 
Exchequer  Office,  of  which  there  are  in  addition  several 
accurate  copies  kept  in  other  places  of  safety. 

The  French,  or  scientific,  unit  of  mass  is  called  a  gramme,  and  is 
the  one-thousandth  part  of  a  certain  quantity  of  platinum  deposited  in 
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the  Archives.     The  gramme  was  meant  to  be  defined  as  the  mass  of  a 
cubic  centimetre  of  pure  water  at  a  temperature  of  4°  C. 

It  is  a  much  smaller  unit  than  a  Pound. 

One  Gramme  =  about  15 '432  grains. 
One  Pound  =  about  453*6  grammes. 

The  system  of  units  in  which  a  centimetre,  gramme,  and  second, 
are  respectively  the  units  of  length,  mass,  and  time,  is  generally  called 
the  o.  G.  s.  system  of  units. 

56.  Density.     The  density  of  a  uniform  body  is  the 
mass  of  a  unit  volume  of  the  body ;  so  that,  if  m  be  the 
mass  of  volume  V  of  a  body  whose  density  is  p,  then 

m—  Vp. 

57.  The  Weight  of  a  body  is  the  force  with  which 
the  earth  attracts  the  body. 

It  can  be  shewn  that  every  particle  of  matter  in  nature  attracts 
every  other  particle  with  a  force,  which  varies  directly  as  the  product 
of  the  masses  of  the  quantities,  and  inversely  as  the  square  of  the 
distance  between  them ;  hence  it  can  be  deduced  that  a  sphere  attracts 
a  particle  on,  or  outside,  its  surface  .with  a  force  which  varies  inversely 
as  the  square  of  the  distance  of  the  particle  from  the  centre  of  the 
sphere.  The  earth  is  not  accurately  a  sphere,  and  therefore  points  on 
its  surface  are  not  equidistant  from  the  centre ;  hence  the  attraction 
of  the  earth  for  a  given  mass  is  not  the  same  at  all  points  of  its  sur 
face,  and  therefore  the  weight  of  a  given  mass  is  different  at  different 
points  of  the  earth. 

58.  The  Momentum  of   a  body  is  proportional  to 
the  product  of  the  mass  and  the  velocity  of  the  body. 

If  we  take  as  the  unit  of  momentum  the  momentum  of 
a  unit  mass  moving  with  unit  velocity,  then  the  momentum 
of  a  body  is  mv,  where  m  is  the  mass  and  v  the  velocity  of 
the  body.  The  direction  of  the  momentum  is  the  same  as 
that  of  the  velocity. 

59.  We  can  now*  enunciate  what  are  commonly  called 
Newton's  Laws  of  Motion. 

L.  D.  4 
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They  are ; 

Law  I.  Every  body  continues  in  its  state  of  rest,  or  of 
uniform  motion  in  a  straight  line,  except  in  so  far  as  it  be 
compelled  by  external  impressed  force  to  change  that  state. 

Law  II.  The  rate  of  change  of  momentum  is  propor 
tional  to  tJie  impressed  force,  and  takes  place  in  the  direction 
of  the  straight  line  in  which  the  force  acts. 

Law  III.  To  every  action  there  is  an  equal  and  opposite 
reaction. 

No  formal  proof,  experimental  or  otherwise,  can  be  given 
of  these  three  laws.  On  them  however  is  based  the  whole 
system  of  Dynamics,  and  on  Dynamics  the  whole  theory  of 
Astronomy.  Now  the  results  obtained,  and  the  predictions 
made,  from  the  theory  of  Astronomy  agree  so  well  with  the 
actual  observed  facts  of  Astronomy  that  it  is  inconceivable 
that  the  original  laws  on  which  the  subject  is  based  should 
be  erroneous.  For  example,  the  Nautical  Almanac  is  pub 
lished  four  years  beforehand,  and  the  predictions  in  it  are 
always  correct.  Hence  we  believe  in  the  truth  of  the  above 
three  laws  of  motion  because  the  conclusions  drawn  from 
them  agree  with  our  experience. 

6O.  Law  I.  We  never  see  this  law  practically  ex 
emplified  in  nature  because  it  is  impossible  ever  to  get 
rid  of  all  forces  during  the  motion  of  the  body.  It  may 
be  seen  approximately  in  operation  in  the  case  of  a  piece 
of  dry,  hard  ice  projected  along  the  surface  of  dry,  well 
swept,  ice.  The  only  forces  acting  on  the  fragment  of  ice, 
in  the  direction  of  its  motion,  are  the  friction  between  the 
two  portions  of  ice  and  the  resistance  of  the  air.  The 
smoother  the  surface  of  the  ice  tlie  further  the  small 
portion  will  go,  and  the  less  the  resistance  of  the  air  the 
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further  it  will  go.  The  above  law  asserts  that  if  the  ice 
were  perfectly  smooth  and  if  there  were  no  resistance  of 
the  air  and  no  other  forces  acting  on  the  body,  then  it 
would  go  on  for  ever  in  a  straight  line  with  uniform 
velocity. 

The  law  states  a  principle  sometimes  called  the  Prin 
ciple  of  Inertia,  viz. — that  a  body  has  no  innate  ten 
dency  to  change  its  state  of  rest  or  of  uniform  motion  in 
a  straight  line.  If  a  portion  of  metal  attached  to  a  piece 
of  string  be  swung  round  on  a  smooth  horizontal  table, 
then,  if  the  string  break,  the  metal,  having  no  longer  any 
force  acting  on  it,  proceeds  to  move  in  a  straight  line,  viz. 
the  tangent  to  the  circle  at  the  point  at  which  its  circular 
motion  ceased. 

If  a  man  step  out  of  a  rapidly  moving  train  he  is 
generally  thrown  to  the  ground ;  his  feet  on  touching  the 
ground  are  brought  to  rest;  but,  as  no  force  acts  on  the 
upper  part  of  his  body,  it  continues  its  motion  as  before, 
and  the  man  falls  to  the  ground. 

If  a  man  be  riding  on  a  horse  which  is  galloping  at  a 
fairly  rapid  pace  and  the  horse  suddenly  stops,  the  rider  is 
in  danger  of  being  thrown  over  the  horse's  head. 

If  a  man  be  seated  upon  the  back  seat  of  a  dog-cart, 
and  the  latter  suddenly  start,  the  man  is  very  likely  to  be 
left  behind. 

61.  Law  II.  From  this  law  we  derive  our  method  of 
measuring  force. 

Let  m  be  the  mass  of  a  body,  and  /  the  acceleration 
produced  in  it  by  the  action  of  a  force  whose  measure 
is  P. 

4—2 
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Then,  by  the  second  law  of  motion, 
Pec  rate  of  change  of  momentum, 
oc  rate  of  change  of  rav, 

cc  nix  rate  of  change  of  v  (m  being  unaltered), 
oc  m  .f. 

/.  P  —  \  .  mfj  where  \  is  some  constant. 
Now  let  the  unit  of   force  be  so  chosen  that  it  may 
produce  in  unit  mass  the  unit  of  acceleration. 

Hence,  when  m  =  1  andy*=  1,  we  have  P  =  1, 
and  therefore  A=l. 

The  unit  of  force  being  thus  chosen,  we  have 

P  =  m,f. 

Therefore,  when  proper  units  are  chosen,  the  measure 
of  the  force  is  equal  to  the  measure  of  the  rate  of  change 
of  the  momentum. 

62.  From  the  preceding  article  it  follows  that  the 
magnitude  of  the  unit  of  force  used  in  Dynamics  depends 
on  the  units  of  mass,  and  acceleration,  that  we  use.  The 
unit  of  acceleration,  again,  depends,  by  Arts.  9  and  29,  on 
the  units  of  length  and  time.  Hence  the  unit  of  force 
depends  on  our  units  of  mass,  length,  and  time.  When 
these  latter  units  are  given  the  unit  of  force  is  a  deter 
minate  quantity. 

When  a  pound,  a  foot,  and  a  second  are  respectively  the 
units  of  mass,  length,  and  time,  the  corresponding  unit  of 
force  is  called  a  Poundal. 

Hence  the  equation  P  =  mf  is  a  true  relation, 
m  being  the  number  of  pounds  in  the  body,  P  the 
number  of  poundals  in  the  force  acting  on  it,  and 
f  the  number  of  units  of  acceleration  produced  in 
the  mass  m  by  the  action  of  the  force  P  on  it. 
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This  relation  is  sometimes  expressed  in  the  form 

Moving  Force 

Acceleration  =  -^? =-  . 

Mass  moved 

N.B.  All  through  this  book  the  unit  of  force  used  will 
be  a  poundal,  unless  it  is  otherwise  stated.  Thus,  when  we 
say  that  the  tension  of  a  string  is  T,  we  mean  T  poundals. 

63.  When  a  gramme,  a  centimetre,  and  a  second  are  respectively 
the  units  of  mass,  length,  and  time  the  corresponding  unit  of  force  is 
called  a  Dyne. 

Hence  when  the  equation  P  =  mf  is  used  in  this  system  the  force 
must  be  expressed  in  dynes,  the  mass  in  grammes,  and  the  acceleration 
in  centimetre-second  units. 

64.  Connection  between  the  unit  of  force  and 
the  weight  of  the  unit  of  mass.    As  explained  in 
Art.  39,  we  know  that,  when  a  body  drops  freely  in  vacua, 
it  moves  with  an  acceleration  which  we  denote  by  "<?"; 
also  the  force  which  causes  this  acceleration  is  what  we  call 
its  weight. 

Now  the  unit  of  force  acting  on  the  unit  of  mass  pro 
duces  in  it  the  unit  of  acceleration. 

Therefore  g  units  of  force  acting  on  the  unit  of  mass 
produce  in  it  g  units  of  acceleration  (by  the  second  law). 

But  the  weight  of  the  unit  of  mass  is-  that  which  pro 
duces  in  it  g  units  of  acceleration. 

Hence  the  weight  of  the  unit  of  mass  =  g  units  of  force. 

65.  Foot-Pound-Second  System  of  units.    In  this  system 
g  is  equal  to  3 2 '2  approximately. 

Therefore  the  weight  of  one  pound  is  equal  to  g  units  of 
force,  i.e.  to  g .  poundals,  where  </=  32*2  approximately. 

Hence  a  poundal  is  approximately  equal  to  ^-77  times 

OA'A 

the  weight  of  a  pound,  i.e.  to  about  the  weight  of  half  an 
ounce. 

Since  g  has  different  values  at  different  points  of  the 
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earth's  surface,  and  since  a  poundal  is  a  force  which  is  the 
eame  everywhere,  it  follows  that  the  weight  of  a  pound 
is  not  constant,  but  has  different  values  at  dif 
ferent  points  of  the  earth. 

66.     Centimetre-Gramme- Second  System  of  units.    In  this  system 
g  is  equal  to  981  approximately. 

Therefore  the  weight  of  one  gramme  is  equal  to  g  units  of  force,  i.e. 
to  g  .  dynes,  where 

0  =  981  approximately. 

Hence  a  dyne  is  equal  to  the  weight  of  about  —  of  a  gramme. 

The  dyne  is  a  much  smaller  unit  than  a  poundal.     The  ap 
proximate  relation  between  them  may  be  easily  found  as  follows : 

One  Poundal  _  32^2  Wt°faP°Und 

One  Dyne    "    1 

g^  wt.  of  a  gramme 

981       one  pound       981  _  _          .    __. 

~  ™-«  x  —  =  KTTT;  x  453-6  (by  Art.  55). 

32-2     one  gramme     32-2 

Hence  One  Poundal = about  13800  dynes. 

EXAMPLES    IX. 

1.  A  mass  of  20  pounds  is  acted  on  by  a  constant  force  which  in 
5  seconds  produces  a  velocity  of  15  feet  per  second.     Find  tlie  forcet  if 
the  mass  was  initially  at  rest. 

From  the  equation  v  =  u  +  ft,  we  have  /=X&  =  3. 
Also,  if  P  be  the  force  expressed  in  poundals,  we  have 

P  =  20  x  3  =  60  poundals. 
Hence  P  is  equal  to  the  weight  of  about  f  £,  i.e.  1£,  pounds. 

2.  A  mass  of  10  pounds  is  placed  on  a  smooth  horizontal  plane, 
and  is  acted  on  by  a  force  equal  to  the  weight  of  3  pounds ;  find  the 
distance  described  by  it  in  10  seconds. 

Here  moving  force  =  weight  of  3  lbs.  =  3#  poundals  ; 
and  mass  moved  =  10  pounds. 

Hence,  using  ft.-sec.  units,  the  acceleration  =  yk» 

eo  that  the  distance  required =i  .  !j| .  103=480  feet. 
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3.  Find  the  magnitude  of  the  force  which,  acting  on  a  kilo 
gramme  for  5  seconds,  produces  in  it  a  velocity  of  one  metre  per 
second. 

Here  the  velocity  acquired  =  100  cms.  per  sec. 
Hence  the  acceleration  =  20  C.G.S.  units. 

Hence  the  force  =  1000  x  20  dynes  =  weight  of  about  — or 

yol 

20*4  grammes. 

4.  Find  the  acceleration  produced  when 

(1)  A  force  of  5  poundals  acts  on  a  mass  of  10  pounds. 

(2)  A  force  equal  to  the  weight  of  5  pounds  acts  on  a  mass  of 

10  pounds. 

(3)  A  force  of  50  pounds  weight  acls  on  a  mass  of  10  tons. 

5.  Find  the  force  expressed  (1)  in  poundals,  (2)  in  terms  of  the 
weight  of  a  pound,  that  will  produce  in  a  mass  of  20  pounds  an 
acceleration  of  10  foot- second  units. 

6.  Find  the  force  which,  acting  horizontally  for  5  seconds  on  a 
mass  of  160  pounds  placed  on  a  smooth  table,  will  generate  in  it  a 
velocity  of  15  feet  per  second. 

7.  Find  the  magnitude  of  the  force  which,  acting  on  a  mass  of 
10  cwt.  for  10  seconds,  will  generate  in  it  a  velocity  of  3  miles  per 
hour. 

8.  A  force,  equal  to  the  weight  of  2  Ibs.,  acts  on  a  mass  of  40  Ibs. 
for  half  a  minute ;  find  the  velocity  acquired,  and  the  space  moved 
through,  in  this  time. 

9.  A  body,  acted  upon  by  a  uniform  force,  in  ten  seconds  describes 
a  distance  of  25  feet ;  compare  the  force  with  the  weight  of  the  body, 
and  find  the  velocity  acquired. 

10.  In  what  time  will  a  force,  which  is  equal  to  the  weight  of  a 
pound,  move  a  mass  of  18  Ibs.  through  50  feet  along  a   smooth 
horizontal  plane,  and  what  will  be  the  velocity  acquired  by  the 
mass? 

11.  A  body,  of  mass  200  tons,  is  acted  on  by  a  force  equal  to 
112000  poundals ;  how  long  will  it  take  to  acquire  a  velocity  of  30  miles 
per  hour  ? 

12.  In  what  tune  will  a  force,  equal  to  the  weight  of  10  Ibs.,  acting 
on  a  mass  of  1  ton  move  it  through  14  feet  ? 

13.  A  mass  of  224  Ibs.  is  placed  on  a  smooth  horizontal  plane, 
and  a  uniform  pressure  acting  on  it  parallel  to  the  table  for  5  seconds 
causes  it  to  describe  50  feet  in  that  time ;  shew  that  the  pressure  is 
equal  to  about  28  Ibs.  weight. 
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14.  A  heavy  truck,  of  mass  16  tons,  is  standing  at  rest  on  a  smooth 
line  of  rails.     A  horse  now  pulls  at  it  steadily  in  the  direction  of  the 
line  of  rails  with  a  force  equal  to  the  weight  of  1  cwt.     How  far 
will  it  move  in  1  minute? 

15.  A  force  equal  to  the  weight  of  10  grammes  acts  on  a  mass 
of  27  grammes  for  1  second ;  find  the  velocity  of  the  mass  and  the 
distance  it  has  travelled  over.     At  the  end  of  the  first  second  the 
force  ceases  to  act ;  how  far  will  the  body  travel  in  the  next  minute  ? 

16.  A  pressure  equal  to  the  weight  of  a  kilogramme  acts  on  a 
body  continuously  for  10  seconds,  and  causes  it  to  describe  10  metres 
in  that  time ;  find  the  mass  of  the  body. 

17.  A  horizontal  pressure  equal  to  the  weight  of  9  Ibs.  acts  on  a 
mass  along  a  smooth  horizontal  plane ;  after  moving  through  a  space 
of  25  feet  the  mass  has  acquired  a  velocity  of  10  feet  per  second ;  find 
its  magnitude. 

18.  A  body  is  placed  on  a  smooth  table  and  a  pressure  equal  to 
the  weight  of  6  Ibs.  acts  continuously  on  it ;  at  the  end  of  3  seconds 
the  body  is  moving  at  the  rate  of  48  feet  per  second ;  find  its  mass. 

19.  A  body,  of  mass  3  Ibs.,  is  falling  under  gravity  at  the  rate  of 
100  feet  per  second.    What  is  the  uniform  force  that  will  stop  it  (1)  in 
2  seconds,  (2)  in  2  feet  ? 

20.  Of  two  forces,  one  acts  on  a  mass  of  5  Ibs.  and  in  one-eleventh 
of  a  second  produces  in  it  a  velocity  of  5  feet  per  second,  and  the  other 
acting  on  a  mass  of  625  Ibs.  in  1  minute  produces  in  it  a  velocity  of 
18  miles  per  hour ;  compare  the  two  forces. 

21.  A  mass  of  10  Ibs.  falls  10  feet  from  rest,  and  is  then  brought 
to  rest  by  penetrating  1  foot  into  some  sand ;  find  the  average  pressure 
of  the  sand  on  it. 

22.  A  cannon-ball  of  mass  1000  grammes  is  discharged  with  a 
velocity  of  45000  centimetres  per  second  from  a  cannon  the  length  of 
whose  barrel  is  200  centimetres ;  shew  that  the  mean  force  exerted  on 
the  ball  during  the  explosion  is  5-0625  x  109  dynes. 

23.  It  was  found  that  when  1  foot  was  cut  off  from  the  muzzle  of 
a  gun  firing  a  projectile  of  100  Ibs.,  the  velocity  of  the  projectile  was 
altered  from   1490  to   1330  feet  per  second.     Shew  that  the  total 
pressure  on  the  projectile  of  the  powder-gas  at  the  muzzle,  when 
expanded  in  the  bore,  was  about  315  tons  weight. 

24.  A  bullet  moving  at  the  rate  of  200  feet  per  second  is  fired  into 
a  trunk  of  wood  into  which  it  penetrates  9  inches ;  if  a  bullet  moving 
with  the  same  velocity  were  fired  into  a  similar  piece  of  wood  5  inches 
thick,  with  what  velocity  would  it  emerge,  supposing  the  resistance  to 
be  uniform  ? 
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67.  A  poundal  and  a  dyne  are  called  Absolute  Units 

because  their  values  are  not  dependent  on  the  value  of  gy 
which  varies  at  different  places  on  the  earth's  surface.  The 
weight  of  a  pound  and  of  a  gramme  do  depend  on  this 
value.  Hence  they  are  called  Gravitation  Units. 

68.  The  weight  cf  a  body  is  proportional  to  its  mass 
and  is  independent  of  the  kind  of  matter  of  which  it  is  com 
posed.     The  following  is  an  experimental  fact :  If  we  have 
an  air-tight  receiver,  and  if  we  allow  to  drop  at  the  same 
instant,  from  the  same  height,  portions  of  matter  of  any 
kind  whatever,  such  as  a  piece  of  metal,  a  feather,  a  piece 
of   paper  etc.,  all  these  substances  will  be  found  to  have 
always  fallen  through  the  same  distance,  and  to  hit  the  base 
of   the  receiver  at  the  same  time,   whatever  be  the  sub 
stances,  or  the  height  from  which  they  are  allowed  to  fall. 
Since  these  bodies  always  fall  through  the  same  height  in 
the  same  time,  therefore  their  velocities  [rates  of  change  of 
space,]  and  their  accelerations  [rates  of  change  of  velocity,] 
must  be  always  the  same. 

The  student  can  approximately  perform  the  above  experiment 
without  creating  a  vacuum.  Take  a  penny  and  a  light  substance, 
say  a  small  piece  of  paper;  place  the  paper  on  the  penny,  held 
horizontally,  and  allow  both  to  drop.  They  will  be  found  to  keep 
together  in  their  fall,. although,  if  they  be  dropped  separately,  the 
penny  will  reach  the  ground  much  quicker  than  the  paper.  The 
penny  clears  the  air  out  of  the  way  of  the  paper  and  so  the  same 
result  is  produced  as  would  be  the  case  if  there  were  no  air. 

Let  Wl  and  W2  poundals  be  the  weights  of  any  two  of 
these  bodies,  ml  and  ma  their  masses.  Then  since  their 
accelerations  are  the  same  and  equal  to  g,  we  have 

Wi=m& 

and  JF2  =  m^g  ; 

.'.  Wl  :  Wz  ::  ml  :  m2, 
or  the  weight  of  a  body  is  proportional  to  its  mass. 

Hence   bodies    whose   weights   are    equal    have    equal 
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masses;   so  also  the  ratio  of  the  masses  of  two  bodies  is 
known  when  the  ratio  of  their  weights  is  known. 

N.B.  The  equation  W=mg  is  a  numerical  one,  and 
means  that  the  number  of  units  of  force  in  the  weight  of 
a  body  is  equal  to  the  product  of  the  number  of  units  of 
mass  in  the  mass  of  the  body,  and  the  number  of  units  of 
acceleration  produced  in  the  body  by  its  weight. 

69.  Distinction  between  mass   and  weight.     The  student  must 
carefully  notice  the  difference  between  the  mass  and  the  weight  of  a 
body.     He  has  probably  been  so  accustomed  to  estimate  the  masses  of 
bodies  by  means  of  their  weights  that  he  has  not  clearly  distinguished 
between  the  two.     If  it  were  possible  to  have  a  cannon-ball  at  the 
centre  of  the  earth  it  would  have  no  weight  there  ;  for  the  attraction 
of  the  earth  on  a  particle  at  its  centre  is  zero.     If,  however,  it  were  in 
motion,  the  same  force  would  be  required  to  stop  it  as  would  be 
necessary  under  similar  conditions  at  the  surface  of  the  earth.    Hence 
we  see  that  it  might  be  possible  for  a  body  to  have  no  weight ;  its  mass 
however  remains  unaltered. 

The  confusion  is  probably  to  a  great  extent  caused  by  the  fact  that 
the  word  "  pound "  is  used  in  two  senses  which  are  scientifically 
different ;  it  is  used  to  denote  both  what  we  more  properly  call  "the 
mass  of  one  pound"  and  "the  weight  of  one  pound."  It  cannot  be 
too  strongly  impressed  on  the  student  that,  strictly  speaking;  a  pound 
is  a  mass  and  a  mass  only ;  when  we  wish  to  speak  of  the  force  with 
which  the  earth  attracts  this  mass  we  ought  to  speak  of  the  "  weight 
of  a  pound."  This  latter  phrase  is  often  shortened  into  "  a  pound," 
but  care  must  be  taken  to  see  in  which  sense  this  word  is  used. 

It  may  also  be  noted  here  that  the  expression  "a  ball  of  lead 
weighing  20  Ibs."  is,  strictly  speaking,  an  abbreviation  for  "  a  ball  of 
lead  whose  weight  is  equal  to  the  weight  of  20  Ibs."  The  mass  of  the 
lead  is  20  Ibs. ;  its  weight  is  20<7  poundals. 

70.  Weighing  by  Scales  and  a  Spring  Balance.    We  have  pointed 
out  (Art.  39)  that  the  acceleration  due  to  gravity,  i.e.  the  value  of  g, 
varies  slightly  as  we  proceed  from  point  to  point  of  the  earth's  surface. 
When  we  weigh  out  a  substance  (say  tea)  by  means  of  a  pair  of  scales, 
we  adjust  the  tea  until  the  weight  of  the  tea  is  the  same  as  the  weight 
of  sundry  pieces  of  metal  whose  masses  are  known,  and  then,  by 
Art.  68,  we  know  that  the  mass  of  the  tea  is  the  same  as  the  mass  of 
the  metal.     Hence  a  pair  of  scales  really  measures  masses  and  not 
weights,  and  BO  the  apparent  weight  of  the  tea  is  the  same  every 
where. 

When  we  use  a  spring  balance,  we  compare  the  weight  of  the  tea 
with  the  force  necessary  to  keep  the  spring  stretched  through  a  certain 
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distance.  If  then  we  move  our  tea  and  spring  balance  to  another 
place,  say  from  London  to  Paris,  the  weight  of  the  tea  will  be  different, 
whilst  the  force  necessary  to  keep  the  spring  stretched  through  the 
same  distance  as  before  will  be  the  same.  Hence  the  weight  of  the 
tea  will  pull  the  spring  through  a  distance  different  from  the  former 
distance,  and  hence  its  apparent  weight  as  shewn  by  the  instrument 
will  be  different. 

If  we  have  two  places,  A  and  Bt  at  the  first  of  which  the  numerical 
value  of  g  is  greater  than  at  the  second,  then  a  given  mass  of  tea  will 
[as  tested  by  the  spring  balance,]  appear  to  weigh  more  at  A  than  it 
does  at  B. 

Ex.  1.  At  the  equator  the  value  of  g  is  32-09  and  in  London  the 
value  is  32-2  ;  a  merchant  buys  tea  at  the  equator,  at  a  shilling 
per  pound,  and  sells  in  London  ;  at  what  price  per  pound  (apparent) 
must  he  sell  so  that  he  may  neither  gain  nor  lose,  if  he  use  the  same 
spring  balance  for  both  transactions  ? 

A  quantity  of  tea  which  weighs  1  Ib.  at  the  equator  will  appear 

QO.O  S9*2 

to  weigh  ^777:7^  Ibs.  in  London.    Hence  he  should  sell    t^      Ibs.  for 
'  ' 


OOAQ 

one  shilling,  or  at  the  rate  of  ^c  ^  shillings  per  pound. 


Ex.  2.  At  a  place  A,  0  =  32-24,  and  at  a  place  J?,  0=32-12.  A 
merchant  buys  goods  at  £10  per  cwt.  at  A  and  sells  at  Bt  using  the 
same  spring  balance.  If  he  is  to  gain  20  per  cent.,  shew  that  his  sell 
ing  price  must  be  £12.  Os.  lOf  d.  per  cwt. 

71.    Physical   Independence   of  Forces.    The 

latter  part  of  the  Second  Law  states  that  the  change  of 
motion  produced  by  a  force  is  in  the  direction  in  which 
the  force  acts. 

Suppose  we  have  a  particle  in  motion  in  the  direction 
AB  and  a  force  acting  on  it  in  the  direction  AC  ',  then 
the  law  states  that  the  velocity  in  the  direction  AB  is 
unchanged,  and  that  the  only  change  of  velocity  is  in  the 
direction  AC;  so  that  to  find  the  real  velocity  of  the 
particle  at  the  end  of  a  unit  of  time,  we  must  compound 
its  velocity  in  the  direction  AB  with  the  velocity  generated 
in  that  unit  of  time  by  the  force  in  the  direction  AC. 
The  same  reasoning  would  hold  if  we  had  a  second  force 
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acting  on  the  particle  in  some  other  direction,  and  so  for 
any  system  of  forces.  Hence  if  a  set  of  forces  act  on  a 
particle  at  rest,  or  in  motion,  their  combined  effect  is 
found  by  considering  the  effect  of  each  force  on  the  particle 
just  as  if  the  other  forces  did  not  exist,  and  as  if  the  particle 
were  at  rest,  and  then  compounding  these  effects.  This 
principle  is  often  referred  to  as  that  of  the  Physical  Inde 
pendence  of  Forces. 

As  an  illustration  of  this  principle  consider  the  motion  of  a  ball 
allowed  to  fall  from  the  hand  of  a  passenger  in  a  train  which  is 
travelling  rapidly.  It  will  be  found  to  hit  the  floor  of  the  carriage  at 
exactly  the  same  spot  as  it  would  have  done  if  the  carriage  had  been 
at  rest.  This  shews  that  the  ball  must  have  continued  to  move 
forward  with  the  same  velocity  that  the  train  had,  or,  in  other  words, 
the  weight  of  the  body  only  altered  the  motion  in  the  vertical  direction, 
and  had  no  influence  on  the  horizontal  velocity  of  the  particle. 

Again,  a  circus-rider,  who  wishes  to  jump  through  a  hoop,  springs 
in  a  vertical  direction  from  the  horse's  back ;  his  horizontal  velocity 
is  the  same  as  that  of  the  horse  and  remains  unaltered  ;  he  therefore 
alights  on  the  horse's  back  at  the  spot  from  which  he  started. 

72.     Parallelogram  of  Forces.     We  have  shewn 
in  Art.  30  that  if  a  particle  of  mass  in  have  accelerations 


2 


;.7°, 


/ 
/ 

/ 


A  B  Bj 

/i  and  y"2  represented  in  magnitude  and  direction  by  lines  ^j5 
and  A  C,  then  its  resultant  acceleration  fs  is  represented 
in  magnitude  and  direction  by  AD,  the  diagonal  of  the 
parallelogram  of  which  AB  and  AC  are  adjacent  sides. 

Since  the  particle  has  an.acceleration/j  in  the  direction 
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AB  there  must  be  a  force  Pl  (=  m/)  in  that  direction,  and 
similarly  a  force  P2  (=mfz)  *n  tne  direction  AC.  Let 
ABi  and  AG±  represent  these  forces  in  magnitude  and 
direction.  Complete  the  parallelogram  A£1D1GV  Then 
since  the  forces  in  the  directions  AB^  and  ACl  are  propor 
tional  to  the  accelerations  in  those  directions, 
/.  AB^  \AB\\  BJ)^  :  BD. 

Hence,  by  simple  geometry,  we  have  A,  D  and  Dl  in  a 
straight  line,  and 

/.  ADl  :  AD  ::  ABl  :  AB. 

Hence  AD^  represents  the  force  which  produces  the 
acceleration  represented  by  AD,  and  hence  is  the  force 
which  is  equivalent  to  the  forces  represented  by  AB±  and 
ACV 

Hence  we  infer  the  truth  of  the  Parallelogram  of  Forces 
which  may  be  enunciated  as  follows : 

If  a  particle  be  acted  on  by  two  forces  represented  in 
magnitude  and  direction  by  the  two  sides  of  a  parallelogram 
drawn  from  a  point,  they  are  equivalent  to  a  force  repre 
sented  in  magnitude  and  direction  by  the  diagonal  of  the 
parallelogram  passing  through  the  point. 

Cor.  If  in  Arts.  13 — 19  which  are  founded  on  the 
Parallelogram  of  Velocities  we  substitute  the  word  "  force  " 
for  "  velocity  "  they  will  still  be  true. 

73.  Law  III.  To  every  action  there  is  an  equal  and 
opposite  reaction. 

Every  exertion  of  force  consists  of  a  mutual  action 
between  two  bodies.  This  mutual  action  is  called  the  stress 
between  the  two  bodies,  so  that  the  Action  and  Reaction 
of  Newton  together  form  the  Stress. 
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Illustrations.  1.  If  a  book  rest  on  a  table,  the  book  presses  the 
table  with  a  force  equal  and  opposite  to  that  which  the  table  exerts  on 
the  book. 

2.  If  a  man  raise  a  weight  by  means  of  a  string  tied  to  it, 
the  string  exerts  on  the  man's  hand  exactly  the  same  force  that  it 
exerts  on  the  weight,  but  in  the  opposite  direction. 

3.  The  attraction  of  the  earth  on  a  body  is  its  weight,  and 
the  body  attracts   the  earth  with  a   force  equal  and  opposite   to 
its  own  weight. 

4.  When  a  horse  drags  a  canal-boat  by  means  of  a  rope,  the 
rope  drags  the  horse  back  with  a  force  equal  to  that  with  which 
it  drags  the  boat  forward.    [The  weight  of  the  rope  is  neglected.] 

[The  horse  begins  to  move  because  the  horizontal  force  which  the 
earth  exerts  on  him,  which  is  equal  and  opposite  to  the  horizontal 
force  which  he  exerts  on  the  earth,  is  greater  than  the  force  which  the 
rope  exerts  on  him ;  the  boat  begins  to  move  because  the  force  exerted 
by  the  rope  is  greater  than  the  resistance  that  the  water  offers  to  its 
motion.  In  other  words,  at  the  commencement  of  the  motion,  the 
horizontal  force  exerted  by  the  horse  >  the  tension  of  the  rope  >  the 
resistance  of  the  water.  When  the  horse  and  boat  are  moving 
uniformly,  these  three  forces  are  equal.] 


CHAPTER  V. 


LAWS  OF  MOTION   (CONTINUED).      APPLICATION   TO 
SIMPLE  PROBLEMS. 

74.    Motion   of   two  particles   connected  by 
a  string. 

Two  particles,  of  masses  m^  and  m2,  are  connected  by  a 
light   inextensible   string  which  passes  over  a 
small  smooth  pulley.     If  m^  be>  w2,  find  the 
resulting  motion  of  the  system,  and  the  tension 
of  the  string. 

Let  the  tension  of  the  string  be  T 
poundals;  the  pulley  being  smooth,  this 
will  be  the  same  throughout  the  string. 

Since  the  string  is  inextensible,  the  velo 
city  of  ra2  upwards  must,  throughout  the 
motion,  be  the  same  as  that  of  m^  downwards. 

Hence  their  accelerations  [rates  of  change 
of  velocity]  must  be  the  same  in  magnitude. 
Let  the  magnitude  of  the  common  acceleration  be/. 

Now  the  force  on  ml  downwards  is  mLg  —  T  poundals. 

Hence  m1g-T=mlf (1). 

So  the  force  on  raa  upwards  is  T—  m^g  poundals ; 

W .(2). 


64  DYNAMICS. 

Adding    (1)   and    (2),  we   have  /=  — g,    giving    the 

common  acceleration. 

Also,  from  (2),  T=m2  (f+g)  = — -  ^poundals. 

772/j  T~  ^^o 

Since  the  acceleration  is  known  and  constant,  the 
equations  of  Art.  32  give  the  space  moved  through  and 
the  velocity  acquired  in  any  given  time. 

75.     Two  particles,  of  masses  ml  and  m2,  are  connected 
by  a  light  inextensible  string ;  ra2          m 
is  placed  on  a  smooth  horizontal  *      " 

table  and  the  string  passes  over 
the  edge  of  the  table,  ml  hanging 
freely  ;  find  the  resulting  motion. 

Let  the  tension  of  the  string  be  T  poundals. 

The  velocity  and  acceleration  of  raa  along  the  table  must 
be  equal  to  the  velocity  and  acceleration  of  m^  in  a  vertical 
direction. 

Let/  be  the  common  acceleration  of  the  masses. 

The  force  on  ml  downward  is 


1; 


.....................  (1). 

The  only  horizontal  force  acting  on  ra2  is  the  tension  T  ; 
[for  the  weight  of  ma  is  balanced  by  the  reaction  of  the 
table]. 

.'.   T  =  m2f  ........................  (2). 

Adding  (1)  and  (2),  we  have 


•    f  -      mi 
'  ml  + 

giving  the  required  acceleration. 
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Hence,  from  (2),  2*=— £-2-o  pomidals  =  weight  of  a 
body  whose  mass  is 


76.     Two  masses,  ml  and  mz,  are  connected  by  a  string  ; 
mz  is  placed  on  a  smooth  plane  inclined  at  an  angle  a  to  the 
horizon,  and  the  string,   after  passing 
over  a  small  smooth  pulley  at  the  top  R  xQ 

of  the  plane,  supports  ma,  which  hangs         \     J^^  ^T 
vertically  ;    if  in±  descend,  find  the  re-        m  2jjr  *  mi 

suiting  motion.  >J 

Let  the  tension  of   the   string   be 
T  poundals.     The  velocity  and  accele 
ration  of  ra2  up  the  plane  are  clearly  equal  to  the  velocity 
and  acceleration  of  7)1^  vertically. 

Let  f  be  this  common  acceleration.  For  the  motion  of 
mlf  we  have 

The  weight  of  m2  is  m2g  vertically  downwards. 

The  resolved  part  of  m^g  perpendicular  to  the  inclined 
plane  is  balanced  by  the  reaction  R  of  the  plane,  since  ma 
has  no  acceleration  perpendicular  to  the  plane. 

The  resolved  part  of  the  weight  down  the  inclined  plane 
is  m%g  sin  a,  and  hence  the  total  force  up  the  plane  is 
T  —  m^g  sin  a. 

Hence       .          T-  m^g  sin  a  =  m2/ (2). 

Adding  (1)  and  (2),  we  easily  have 


m:  +  m2 
L.  D. 
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Also,  substituting  in  (1), 


rn^rn^  (1  +  sin  a) 


giving  the  tension  of  the  string. 

EXAMPLES.    X. 

1.  A  mass  of  9  Ibs.,  descending  vertically,  drags  up  a  mass  of 
6  Ibs.  by  means  of  a  string  passing  over  a  smooth  pulley  ;  find  the 
acceleration  of  the  system  and  the  tension  of  the  string. 

2.  Two  particles,  of  masses  7  and  9  Ibs.,  are  connected  by  a  light 
string  passing  over  a  smooth  pulley.  Find  (1)  their  common  accelera 
tion,  (2)  the  tension   of  the   string,  (3)  the  velocity  at  the  end  of 
5  seconds,  (4)  the  distance  described  in  5  seconds. 

3.  Two  particles,  of  masses  11  and  13  Ibs.,  are  connected  by  a 
light  string  passing  over  a  smooth  pulley.   Find  (1)  the  velocity  at  the 
end  of  4  seconds,  and  (2)  the  space  described  in  4  seconds.     If  at  the 
end  of  4  seconds  the  string  be  cut,  find  the  distance  described  by  each 
particle  in  the  next  6  seconds. 

4.  Masses  of  14  and  18  ounces  are  connected  by  a  thread  passing 
over  a  light  pulley  ;  how  far  do  they  go  in  the  first  3  seconds  of  the 
motion,  and  what  is  the  tension  of  the  string? 

5.  Two  masses  of  6  and  7  Ibs.  are  fastened  to  the  ends  of  a  cord 
passing  over  a  frictionless  pulley  supported  by  a  hook.     When  they 
are  free  to  move,  shew  that  the  pull  on  the  hook  is  equal  to  11$  Ibs. 
weight. 

6.  Two  equal  masses,  of  3  Ibs.  each,  are  connected  by  a  light 
string  hanging  over  a  smooth  peg  ;  if  a  third  mass  of  3  Ibs.  be  laid  on 
one  of  them,  by  how  much  is  the  pressure  on  the  peg  increased  ? 

7.  Two  masses,  each  equal  to  P,  are  connected  by  a  light  string 
passing  over  a  smooth  pulley,  and  a  third  mass  P  is  laid  on  one  of 
them  ;  find  by  how  much  the  pressure  on  the  peg  is  increased. 

8.  Two  masses,  each  equal  to  m,  are  connected  by  a  string  passing 
over  a  smooth  pulley;  what  mass  must  be  taken  from  one  and  added 
to  the  other,  so  that  the  system  may  describe  200  feet  in  5  seconds  ? 

9.  A  mass  of  3  Ibs.,  descending  vertically,  draws  up  a  mass  of 
2  Ibs.  by  means  of  a  light  string  passing  over  a  pulley  ;  at  the  end  of 
5  seconds  the  string  breaks;  find  how  much  higher  the  2  Ib.  mass 
will  go. 
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10.  A  body,  of  mass  9  Ibs.,  is  placed  on  a  smooth  table  at  a 
distance  of  8  feet  from  its  edge,  and  is  connected,  by  a  string  passing 
over  the  edge,  with  a  body  of  mass  1  Ib. ;  find 

(1)  the  common  acceleration, 

(2)  the  time  that  elapses  before  the  body  reaches  the  edge  of 
the  table, 

and      (3)     its  velocity  on  leaving  the  table. 

11.  A  mass  of  70  Ibs.  is  placed  on  a  smooth  table  at  a  distance  of 
8  feet  from  its  edge  and  connected  by  a  light  string  passing  over  the 
edge  with  a  mass  of  10  Ibs.  hanging  freely;  what  time  will  elapse 
before  the  first  mass  will  leave  the  table  ? 

12.  A  particle,  of  mass  5  Ibs.,  is  placed  on  a  smooth  plane  in 
clined  at  30°  to  the  horizon,  and  connected  by  a  string  passing  over 
the  top  of  the  plane  with  a  particle  of  mass  3  Ibs.,  which  hangs  ver 
tically;  find   (1)   the  common  acceleration,   (2)   the   tension  of  the 
string,  (3)  the  velocity  at  the  end  of  3  seconds,  (4)  the  space  described 
in  3  seconds. 

13.  A  particle,  of  mass  4  Ibs.,  is  placed  at  the  bottom  of  a  plane, 
inclined  at  45°  to  the  horizon  and  of  length  7  feet,  and  is  connected 
with  a  mass  of  3  Ibs.  by  a  string  passing  over  the  top  of  the  plane;  find 
the  common  acceleration  of  the  masses,  and  the  time  that  elapses 
before  the  first  arrives  at  the  top  of  the  plane. 

14.  A  body,  of  mass  12  Ibs.,  is  placed  on  an  inclined  plane,  whose 
height  is  half  its  length,  and  connected  by  a  light  string  passing  over 
a  pulley  at  the  top  of  the  plane  with  a  mass  of  8  Ibs.  which  hangs 
freely ;  find  the  distance  described  by  the  masses  in  5  seconds. 

15.  A  mass  of  6 "ounces  slides  down  a  smooth  inclined  plane, 
whose  height  is  half  its  length,  and  draws  another  mass  from  rest  over 
a  distance  of  3  feet  in  5  seconds  along  a  horizontal  table  which  is  level 
with  the  top  of  the  plane  over  which  the  string  passes ;  find  the  mass 
on  the  table. 

16.  A  mass  of  4  ozs.  is  attached  by  a  string  passing  over  a  smooth 
pulley  to  a  larger  mass ;  find  the  magnitude  of  the  latter,  so  that  if 
after  the  motion  has  continued  3  seconds  the  string  be  cut,  the  former 
will  ascend  ^  ft'  before  descending. 

17.  Two  scale-pans,  of  mass  3  Ibs.  each,  are  connected  by  a  string 
passing  over  a  smooth  pulley ;  shew  how  to  divide  a  mass  of  12  Ibs. 
between  the  two  scale«pans  so  that  the  heavier  may  descend  a  distance 
of  50  feet  in  the  first  5  seconds. 

18.  Two  strings  pass  over  a  smooth  pulley;  on  one  side  they  are 
attached  to  masses  of  3  and  4  Ibs.  respectively,  and  on  the  other  to 
one  of  5  Ibs. ;  find  the  tensions  of  the  strings  and  the  acceleration  of 
the  system. 

6—2 
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19.  A  string  hung  over  a  pulley  has  at  one  end  a  weight  of  lOlbs. 
and  at  the  other  end  weights  of  8  and  4  Iba.  respectively;  after  being 
in  motion  for  5  seconds  the  4  Ib.  weight  is  taken  off;  find  how  much 
further  the  weights  go  before  they  first  come  to  rest. 

20.  Two  unequal  masses  are  connected  by  a  string  passing  over 
a  small  smooth  pulley;   during  the  ensuing  motion   shew  that   the 
pressure  of  the  axis  of  the  pulley  upon  its  supports  is  always  less 
than  the  sum  of  the  weights  of  the  masses. 

21.  A  string  passing  across  a  smooth  table  at  right  angles  to  two 
opposite  edges  has  attached  to  it  at  the  ends  two  masses  P  and  Q 
which  hang  vertically.     Prove  that,  if  a  mass  M  be  attached  to  the 
portion  of  the  string  which  is  on  the  table,  the  acceleration  of  the 
system  when  left  to  itself  will  be 

P-Q 

P+Q  +  M3' 

77.  Motion  on  a  rough  plane.  A  particle  slides 
down  a  rough  inclined  plane  inclined  to  the  horizon  at  an 
angle  a  /  if  ^  be  the  coefficient  of  friction,  to  determine  the 
motion. 

Let  m  be  the  mass  of  the  particle,  so  that  its  weight  is 
mg  poundals ;  let  R  be  the  reaction,  and  /x7?  the  friction. 


The  total  force  perpendicular  to  the  plane  is 
(R  -  mg  cos  a)  poundals. 

The    total    force    down   the   plane   is   (mg  sin  a  — 
poundals. 

Now  perpendicular  to  the  plane  there  cannot  be  any 
motion,  and  hence  there  is  no  change  of  motion. 
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Hence  the  acceleration,  and  therefore  the  total  force,  in 
that  direction  is  zero. 

.'.    J?-7nycosa-0 (1). 

Also  the  acceleration  down  the  plane 

moving  force      ma  sin  a  —  u.R 

= =•  =— —  =  a  (sin  a  -a  COS  a),  by  (1). 

mass  moved  m 

Hence  the  velocity  of  the  particle  after  it  has  moved 
from  rest  over  a  length  I  of  the  plane  is,  by  Art.  32,  equal 
to  J^gl  (sin  a  —  /x  cos  a). 

Similarly,  if  the  particle  were  projected  up  the  plane, 
we  have  to  change  the  sign  of  /*,  and  its  acceleration  in 
a  direction  opposite  to  that  of  its  motion  is 
g  (sin  a  +  /*  cos  a). 

78.  Two  equally  rough  inclined  planes,  of  equal  height, 
whose  inclinations  to  the  horizon  are  ax  and  04,  are  placed 
back  to  back;  two  masses,  m^  and  mz,  are  placed  on  their 
inclined  faces  and  are  connected  by  a  light  inextensible  string 
passing  over  a  smooth  pulley  at  the  common  vertex  of  the  two 
planes  ;  if  mi  descend,  find  the  resulting  motion. 

Let  T  be  the  tension  of  the  string,  R^  and  ,ffa  the 
pressures  of  the  planes,  and  /x  the  coefficient  of  friction. 


./*« 


Since   ml  moves  down,  the  friction  on.it  acts  up  the 
plane. 
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Since  ma  moves  up,  the  friction  on  it  acts  down  the 
plane. 

Hence  the  total  force  on  m^  down  the  plane 
=  rn^g  sin  04  —  T  -  ^.Rl 
=  m^g  (sin  al  —  p.  cos  04)  —  T. 

Hence,  if  f  be  the  common  acceleration  of  the  two 
particles,  we  have 

in^g  (sin  c^  —  /u,  cos  04)  —  T  =  rajf (1). 

Similarly,  the  total  force  on  ??z2  up  the  plane 

—  T  —  H.RZ  —  m^g  sin  cu, 

—  T  —  m2g  [sin  cu,  +  /u.  cos  aj. 
Hence 

T  —m$  (sin  a,,  + /A  cos  a2)  =  w2/. (2). 

Adding  (1)  and  (2),  we  have 

_ij  (sin  ttj  —  /A  cos  ttj)  ~] 
-  m2  (sin  aa  +  /u,  cos  a2)  J  ' 
giving  the  required  acceleration. 

79.  A  train,  of  mass  50  tons,  is  ascending  an  incline  of 
1  in  100;  the  engine  exerts  a  constant  tractive  force  equal  to 
the  weight  of  1  ton,  and  the  resistance  due  to  friction  etc.  may 
be  taken  at  8  Ibs.  weight  per  ton  ;  find  the  acceleration  with 
which  the  train  ascends  the  incline. 

The  train  is  retarded  by  the  resolved  part  of  its  weight 
down  the  incline,  and  by  the  resistance  of  friction. 

The  latter  is  equal  to  8  x  50  or  400  Ibs.  wt. 

The   incline   is   at  an    angle  a   to  the   horizon,  where 


L- 


The  resolved  part  of  the  weight  down  the  incline  there 
fore 

=  TFsin  a  =  50  x  2240  x  T£^  Ibs.  wt. 
=  1120  Ibs.  wt. 
Hence  the  total  force  to  retard  the  train  =  1520  Ibs.  wt. 
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But  the  engine  pulls  with  a  force  equal  to  2240  Ibs. 
weight. 

Therefore  the  total  force  to  increase  the  speed  equals 
(2240-1520)  or  720  Ibs.  weight,  i.e.  720^  poundals. 

Also  the  mass  moved  is  50  x  2240  Ibs. 


Hence  the  acceleration  = 


50x2240 
ft. -sec.  units. 


1400 

Since  the  acceleration  is  known,  we  can,  by  Art.  33, 
find  the  velocity  acquired,  and  the  space  described,  in  a 
given  time,  etc. 

EXAMPLES.    XL 

1.  A  mass  of  5  Ibs.  on  a  rough  horizontal  table  is  connected  by  a 
string  with  a  mass  of  8  Ibs.  which  hangs  over  the  edge  of  the  table ;  if 
the  coefficient  of  friction  be  £,  find  the  resultant  acceleration. 

Find  also  the  coefficient  of  friction  if  the  acceleration  be  half  that 
of  a  freely  falling  body. 

2.  A  mass  Q  on  a  horizontal  table,  whose  coefficient  of  friction  is 
^/S,  is  connected  by  a  string  with  a  mass  3Q  which  hangs  over  the 
edge  of  the  table ;  four  seconds  after  the  commencement  of  the  motion 
the  string  breaks ;  find  the  velocity  at  this  instant. 

Find  also  the  distance  of  the  new  position  of  equilibrium  of  Q  from 
its  initial  position. 

3.  A  mass  of  20  Ibs.  is  moved  along  a  rough  horizontal  table  by 
means  of  a  string  which  is  attached  to  a  mass  of  4  Ibs.  hanging  over 
the  edge  of  the  table  ;  if  the  masses  take  twice  the  time  to  acquire  the 
same  velocity  from  rest  that  they  do  when  the  table  is  smooth,  find  the 
coefficient  of  friction. 

4.  A  body,  of  mass  10  Ibs.,  is  placed  on  a  rough  plane,  whose 

coefficient  of  friction  is  -y  and  whose  inclination  to  the  horizon  is 

v** 

30°;  if  the  length  of  the  plane  be  4  feet  and  the  body  be  acted  on  by  a 
force,  parallel  to  the  plane,  equal  to  15  Ibs.  weight,  find  the  time  that 
elapses  before  it  reaches  the  top  of  the  plane  and  its  velocity  there. 

5.  If  in  the  previous  question  the  body  be  connected  with  a  mass 
of  15  Ibs.,  hanging  freely,  by  means  of  a  string  passing  over  the  top  of 
the  plane,  find  the  time  and  velocity. 
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6.  A  rough  plane  is  100  feet  long  and  is  inclined  to  the  horizon  at 
an  angle  sin"1  f ,  the  coefficient  of  friction  being  £,  and  a  body  slides 
down  it  from  rest  at  the  highest  point ;  find  its  velocity  on  reaching 
the  bottom. 

If  the  body  were  projected  up  the  plane  from  the  bottom  so  as  just 
to  reach  the  top,  find  its  initial  velocity. 

7.  A  particle  slides  down  a  rough  inclined  plane,  whose  inclination 
to  the  horizon  is  j  and  whose  coefficient  of  friction  is  j ;  shew  that  the 

time  of  descending  any  space  is  twice  what  it  would  be  if  the  plane 
were  perfectly  smooth. 

8.  Two  rough  planes,  inclined  at  30°  and  60°  to  the  horizon  and 
of  the  same  height,  are  placed  back  to  back ;  masses  of  5  and  10  Ibs. 
are  placed  on  the  faces  and  connected  by  a  string  passing  over  the  top 

of  the  planes ;  if  the  coefficient  of  friction  be  —^ ,  find  the  resulting 

v* 
acceleration. 

9.  If  in  the  previous  question  the  masses  be  interchanged,  what 
is  the  resulting  acceleration  ? 

10.  A  train  is  moving  on  a  horizontal  rail  at  the  rate  of  15  miles 
per  hour ;  if  the  steam  be  suddenly  turned  off,  find  how  far  it  will  go 
before  stopping,  the  resistance  being  8  Ibs.  per  ton. 

11.  If  a  train  of  200  tons,  moving  at  the  rate  of  30  miles  per 
hour,  can  be  stopped  in  60  yards,  compare  the  friction  with  the  weight 
of  a  ton. 

12.  A  train  is  running  on  horizontal  rails  at  the  rate  of  30  miles 
per  hour,  the  resistance  due  to  friction,  etc.  being  10  Ibs.  wt.  per  ton ; 
if  the  steam  be  shut  off,  find  (1)  the  tune  that  elapses  before  the  train 
comes  to  rest,  (2)  the  distance  described  in  this  time. 

13.  In  the  previous  question  if  the  train  be  ascending  an  incline 
of  1  in  112,  find  the  corresponding  time  and  distance. 

14.  A  train  of  mass  200  tons  is  running  at  the  rate  of  40  miles 
per  hour  down  an  incline  of  1  in  120  ;  find  the  resistance  necessary  to 
stop  it  hi  half  a  mile. 

15.  A  train  runs  from  rest  for  1  mile  down  a  plane  whose  descent 
is  1  foot  vertically  for  each  100  feet  of  its  length ;  if  the  resistances 
be  equal  to  8  Ibs.  per  ton,  how  far  will  the  train  be  carried  along  the 
horizontal  level  at  the  foot  of  the  incline? 

16.  A  train  of  mass  140  tons,  travelling  at  the  rate  of  15  miles 
per  hour,  comes  to  the  top  of  an  incline  of  1  in  128,  the  length  of  the 
incline  being  half  a  mile,  and  steam  is  then  shut  off ;   taking  the 
resistance  due  to  friction,  etc.  as  10  Ibs.  wt.  per  ton,  find  the  distance 
it  describes   on  a  horizontal  line  at  the  foot  of  the  incline  before 
coming  to  rest. 
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17.  In  the  preceding  question,  if  on  arriving  at  the  foot  of  the 
incline  a  brake-van,  of  weight  10  tons,  have  all  its  wheels  prevented 
from  revolving,  find  the  distance  described,  assuming  the  coefficient  of 
friction  between  the  wheels  and  the  line  to  be  *5. 

18.  An  engine,  of  mass  30  tons,  pulls  after  it  a  train,  of  mass 
130  tons ;  supposing  the  friction  to  be  ^th  of  the  weight  of  the  whole 
train,  calculate  the  force  exerted  by  the  engine  if  at  the  end  of  the  first 
mile  from  the  start  the  speed  be  raised  to  45  miles  per  hour. 

What  incline  would  be  just  sufficient  to  prevent  the  engine  'from 
moving  the  train  ? 


8O.  A  body,  of  mass  m  Ibs.,  is  placed  on  a  horizontal 
plane  which,  is  in  motion  with  a  vertical  upward  accelera 
tion/;  find  the  pressure  between  the  body  and  the  plane. 

Let  R  be  the  pressure  between 
the  body  and  the  plane. 

Since  the  acceleration  is  ver 
tically  upwards,  the  total   force     

acting  on  the  body  must  be  ver- 


'tng 


tically  upwards. 

The    only   force,    besides   R, 

acting  on  the  body  is  its  weight  nig  acting  vertically  down 
wards. 

Hence  the  total  force  is  R  —  mg  vertically  upwards,  and 
this  produces  an  acceleration  f\  hence 

R-mg  =  mf,  giving  R. 

In  a  similar  manner  it  may  be  shewn  that,  if  the  body 
be  moving  with  a  downward  acceleration  ft  the  pressure  R^ 
is  given  by 

mg  -  £1  =  mf. 

We  note  that  the  pressure  is  greater  or  less  than  the 
weight  of  the  body,  according  as  the  acceleration  of  the 
body  is  upwards  or  downwards. 
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Ex.  1.  The  body  is  of  mass  20  Ibs.  and  is  moving  with  (1)  an 
upward  acceleration  of  12  ft.-sec.  units,  (2)  a  downward  acceleration  of 
the  same  magnitude  ;  Jind  the  pressures. 

In  the  first  case  we  have 

£-20.0=20.12. 

.-.  B=  20  (32  +  12)  poundals=wt.  of  27£lbs. 
In  the  second  case  we  have 

20.^-^  =  20.  12. 
.-.  £=20  (32  -  12)  poundals  =  wt.  of  12£  Ibs. 


Ex.  a.  Two  scale-pans,  each  of  mass  M,  are  connected  by  a  light 
string  passing  over  a  small  pulley,  and  in  them  are  placed  masses  M1 
and  M3  ;  shew  that  the  pressures  on  the  pans  during  the  motion  are 


respectively. 

Let  /  be  the  common  acceleration  of  the  system,  and  suppose 
M1>lfa. 

Then,  as  in  Art.  74,  we  have 


Let  P  be  the  pressure  between  M^  and  the  scale-pan  on  which  it 
rests  ;  then  the  force  on  the  mass  Jfx  ,  considered  as  a  separate  body, 
-  P.     Also  its  acceleration  is  /. 

Hence  M^-P=MJ, 

.-.  P=M1(g-f) 


81.  Three  inches  of  rain  fall  in  a  certain  district  in 
12  hours.  Assuming  that  the  drops  fall  freely  from  a  height 
of  a  quarter  of  a  mile,  find  the  pressure  on  the  ground  per 
square  mile  of  the  district  due  to  the  rain  during  the  storm, 
the  mass  of  a  cubic  foot  of  water  being  1000  ounces. 

The  amount  of  rain  that  falls  on  a  square  foot  during 
the  storm  is  |  of  a  cubic  foot,  and  its  mass  is  250  ounces. 

Hence  the  mass  that  falls  per  second  is 
250  1  5 

_  »*    _  _  _   _    1  V\o 

16      12.  60.60"  144  x  96 
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The  velocity  of  each  raindrop  on  touching  the  ground  is 

N/2  x  g  x  440  x  3,  or  16  ^330  ft.  per  second. 
Therefore  the  momentum  that  is  destroyed  per  second  is 

f\  P\     /Q  Q  f\ 

•s-n  —  7^  x  16  *7330.  or    *{„  .     units  of  momentum. 
144x96          v  864 

But  the  number  of  units  of  momentum  destroyed  per 
second  is  equal  to  the  number  of  poundals  in  the  acting 
force  (Art.  61). 

Hence  the  pressure  on  the  ground  per  square  foot 

5^/330 
=     864"  P°undals< 


Hence  the  pressure  per  square  mile 
=  weight  of  9  x  4840  x  640  x 


Ibs. 


=  weight  of  41  tons  approximately. 

82.  Atwood's  Machine.  This  machine  in  its  sim 
plest  form  consists  of  a  vertical  pillar 
AB,  of  about  8  feet  in  height,  firmly 
clamped  to  the  ground,  and  carrying 
at  its  top  a  light  pulley  which  will 
move  very  freely.  This  pillar  is  gradu 
ated  and  carries  two  platforms,  D  and 
Ft  and  a  ring  E,  all  of  which  can  be 
affixed  by  screws  at  any  height  de 
sired.  The  platform  D  can  also  be 
instantaneously  dropped.  Over  the 
pulley  passes  a  fine  cord  supporting  at 
its  ends  two  long  thin  equal  weights, 
one  of  which,  P,  can  freely  pass  through 
the  ring  E.  Another  small  weight  Q 
is  provided,  which  can  be  laid  upon 
the  weight  JP,  but  which  cannot  pass 
through  the  ring  E. 


D 


-OE 


•a 
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The  weight  Q  is  laid  upon  P  and  the  platform  D  is 
dropped  and  motion  ensues;  the  weight  Q  is  left  behind 
as  the  weight  P  passes  through  the  ring;  the  weight  P 
then  traverses  the  distance  EF  with  constant  velocity,  and 
the  time  T  which  it  takes  to  describe  this  distance  is  care 
fully  measured. 

By  Art.  74  the  acceleration  of  the  system  as  the  weight 
falls  from  D  to  E  is 

(<g  +  p)_p       .  Q 

(Q  +  P)TP  g>  *-*•  Q  +  2P9' 

Denote  this  by/,  and  let  DE  =  h. 

Then  the  velocity  v  on  arriving  at  E  is  given  by 
v*  =  2f/i. 

After  passing  E,  the  distance  EF  is  described  with 
constant  velocity  v. 

Hence,  if  EF—h^  we  have 


Since  all  the  quantities  involved  are  known,  this  relation 
gives  us  the  value  of  g. 

By  giving  different  values  to  P,  Q,  h  and  /41}  we  can 
in  this  manner  verify  all  the  fundamental  laws  of  motion. 

In  practice,  the  value  of  g  cannot  by  this  method  be 
found  to  any  great  degree  of  accuracy  ;  the  chief  causes  of 
discrepancy  being  the  mass  of  the  pulley,  which  cannot  be 
neglected,  the  friction  of  the  pivot  on  which  the  wheel 
turns,  and  the  resistance  of  the  air. 

The  friction  of  the  pivot  may  be  minimised  if  its  ends 
do  not  rest  on  fixed  supports,  but  on  the  circumferences  of 
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four  light  wheels,  called  friction  wheels,  two  on  each  side, 
which  turn  very  freely. 

There  are  other  pieces  of  apparatus  for  securing  the 
accuracy  of  the  experiment  as  far  as  possible,  e.g.  for 
instantaneously  withdrawing  the  platform  D  at  the  re 
quired  moment,  and  a  clock  for  beating  seconds  accu 
rately. 

83.  By  using  Atwood's  machine  to  shew  that  the  acceleration  of  a 
given  mass  is  proportional  to  the  force  acting  on  it. 

We  shall  assume  that  the  statement  is  true  and  see  whether  the 
results  we  deduce  therefrom  are  verified  by  experiment. 

To  explain  the  method  of  procedure  we  shall  take  a  numerical 
example. 

Let  P  be  49^  ozs.  and  Q  1  oz.  so  that  the  mass  moved  is  100  ozs. 
and  the  moving  force  is  the  weight  of  1  oz. 

The  acceleration  of  the  system  therefore  =  r^g  (Art.  74). 

Let  the  distance  DE  be  one  foot  so  that  the  velocity  when  Q  is 

taken  off=  /v/2  .  -^.  .  1=TV  ft.  per  sec.,  if,  for  simplicity,  we  take  g 
equal  to  32. 

Let  the  platform  F  be  carefully  placed  at  such  a  point  that  the 
mass  will  move  from  E  to  F  in  some  definite  time,  say  2  sees. 

Then  EF=&.2=$  feet. 

Now  alter  the  conditions.  Make  P  equal  to  48  and  Q  equal  to  4  ozs. 
The  mass  moved  is  still  100  ozs.  and  the  moving  force  is  now  the 
weight  of  4  ozs. 

The  acceleration  is  now        and  the  velocity  at 


E=  /2  .        .  1=|  feet  per  second. 


In  2  seconds  the  mass  would  now  describe  ^  feet,  so  that,  if  our 
hypothesis  be  correct,  the  platform  F  must  be  twice  as  far  from  E  as 
before.  This  is  found  on  trial  to  be  correct. 

Similarly  if  we  make  P=45£  ozs.  and  Q  =  9  ozs.,  so  that  the  mass 
moved  is  still  100  ozs.,  the  theory  would  give  us  that  EF  should  be 
^  feet,  and  this  would  be  found  to  be  correct. 

The  experiment  should  now  be  tried  over  again  db  initio  and  P  and 
Q  be  given  different  values  from  the  above  ;  alterations  should  then  be 
made  in  their  values  so  that  2P+Q  is  constant. 
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By  the  same  method  to  shew  that  the  force  varies  as  the  mass  when 
the  acceleration  is  constant. 

As  before  let  P=49^  ozs.  and  Q  —  1  oz.  so  that,  as  in  the  last 
experiment,  we  have  EF=$  feet. 

Secondly,  let  P  =  99  ozs.  and  Q  =  2  ozs.,  so  that  the  moving  force 
is  doubled  and  the  mass  moved  is  doubled.  Hence,  if  our  enunciation 
be  correct,  the  acceleration  should  be  the  same,  since 

second  moving  force  _  first  moving  force 
second  mass  moved  ~~  first  mass  moved 

The  distance  EF  moved  through  in  2  seconds  should  therefore  be 
the  same  as  before,  and  this,  on  trial,  is  found  to  be  the  case. 

Similarly  if  we  make  P=14S^  ozs.  and  Q  =  3  ozs.  the  same  result 
would  be  found  to  follow. 


EXAMPLES.    XII. 

1.  If  I  jump  off  a  table  with  a  twenty-pound  weight  in  my  hand, 
what  is  the  pressure  of  the  weight  on  my  hand  ? 

2.  A  mass  of  20  Ibs.  rests  on  a  horizontal  plane  which  is  made  to 
ascend  (1)  with  a  constant  velocity  of  1  foot  per  second,  (2)  with  a 
constant  acceleration  of  1  foot  per  second  per  second ;  find  in  each 
case  the  pressure  on  the  plane. 

3.  A  man,  whose  mass  is  8  stone,  stands  on  a  lift  which  moves 
with  a  uniform  acceleration  of  12  ft.-sec.  units;   find  the  pressure 
on  the  floor  when  the  lift  is  (1)  ascending,  (2)  descending. 

4.  A  bucket  containing  1  cwt.  of  coal  is  drawn  up  the  shaft  of  a 
coal-pit,  and  the  pressure  of  the  coal  on  the  bottom  of  the  bucket 
is  equal  to   the  weight  of  126  Ibs.    Find  the  acceleration  of  the 
bucket. 

5.  A  balloon  ascends  with  a  uniformly  accelerated  velocity,  so 
that  a  mass  of  1  cwt.  produces  on  the  floor  of  the  balloon  the  same 
pressure  which  116  Ibs.  would  produce  on  the  earth's  surface;  find  the 
height  which  the  balloon  will  have  attained  in  one  minute  from  the 
time  of  starting. 

6.  Two  scale-pans,  each  of  mass  2  ounces,  are  suspended  by  a 
weightless  string  passing  over  a  smooth  pulley ;  a  mass  of  10  ounces 
is  placed  in  the  one,  and  4  ounces  in  the  other.     Find  the  tension  of 
the  string  and  the  pressures  on  the  scale-pans. 

7.  A  string,  passing  over  a  smooth  pulley,  supports  two  scale- 
pans  at  its  ends,  the  mass  of  each  scale-pan  being  1  ounce.    If  masses 
of  2  and  4  ounces  respectively  be  placed  in  the  scale-pans,  find  the 
acceleration  of  the  system,  the  tension  of  the  string,  and  the  pressures 
between  the  masses  and  the  scale-pans. 
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8.  On  a  certain  day  half  an  inch  of  rain  fell  in  3  hours ;  assuming 
that  the  drops  are  indefinitely  small  and  that  the  terminal  velocity 
was  10  feet  per  second,  find  the  impulsive  pressure  in  tons  per  square 
mile  consequent  on  their  being  reduced  to  rest,  assuming  that  the 
mass  of  a  cubic  foot  of  water  is  1000  ounces  and  that  the  rain  was 
uniform  and  continuous. 

9.  Find  the  pressure  in  poundals  per  acre  due  to  the  impact  of  a 
fall  of  rain  of  3  inches  in  24  hours,  supposing  the  rain  to  have  a 
velocity  due  to  falling  freely  through  400  feet. 

10.  A  jet  of  water  is  projected  against  a  wall  so  that  300  gallons 
strike  the  wall  per  second  with  a  horizontal  velocity  of  80  feet  per 
second.     Assuming  that  a  gallon  contains  277£  cubic  inches  and  that 
the  mass  of  a  cubic  foot  of  water  is  1000  ounces,  find  the  pressure  on 
the  wall  in  pounds'  weight. 

11.  The  two  masses  in  an  Atwood's  machine  are  each  240  grammes, 
and  an  additional  mass  of  10  grammes  being  placed  on  one  of  them 
it  is  observed  to  descend  through  10  metres  in  10  seconds ;   hence 
shew  that  g  —  980. 

12.  Explain  how  to  use  Atwood's  machine  to  shew  that  a  body 
acted  on  by  a  constant  force  moves  with  constant  acceleration. 


13.  Sixteen  balls  of  equal  mass  are  strung  like  beads  on  a  string; 
some  are  placed  on  a  smooth  inclined  plane  of  inclination  sin"1  £,  and 
the  rest  hang  over  the  top  of  the  plane ;  how  have  the  balls  been 

arranged  if  the  acceleration  at  first  be  ^  ? 

2i 

14.  Two  bodies,  of  masses  P  and  Q,  are  connected  by  a  stretched 
string ;  P  hangs  vertically  and  Q  is  placed  on  a  smooth  plane  inclined 
at  30°  to  the  horizon,  the  string  passing  over  the  top  of  the  plane  ;  if 
P  descend  from  rest  through  a  given  distance  in  4  times  the  time  in 
which  it  would  fall  freely  from  rest  through  the  same  distance,  find 
the  ratio  of  P  to  Q. 

15.  P  hangs  vertically  and  is  9  Ibs. ;  Q  is  a  mass  of  6  Ibs.  on  a 
smooth  plane  whose  inclination  to  the  horizon  is  30° ;  shew  that  P 
will  drag  Q  up  the  whole  length  of  the  plane  in  half  the  time  that  Q 
hanging  vertically  would  take  to  draw  P  up  the  plane. 

16.  If  the  height  of  an  inclined  plane  be  12  feet  and  the  base 
16  feet,  find  how  far  a  particle  will  move  on  a  horizontal  plane  after 
sliding  from  rest  down  the  length  of  the  inclined  plane,  supposing  it 
to  pass  from  one  plane  to  the  other  without  loss  of  velocity,  and  that 
the  coefficient  of  friction  for  each  plane  is  £. 

17.  Shew  that  a  train  going  at  the  rate  of  30  miles  per  hour  will 
be  brought  to  rest  in  about  84  yards  by  continuous  brakes,  if  they 
press  on  the  wheels  with  a  force  equal  to  three-quarters  of  the  weight 
of  the  train,  the  coefficient  of  friction  being  '16. 
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18.  A  train  of  mass  50  tons  is  moving  on  a  level  at  the  rate  of 
30  miles  per  hour  when  the  steam  is  shut  off,  and  the  brake  being 
applied  to  the  brake-van  the  train  is  stopped  in  a  quarter  of  a  mile. 
Find  the   mass   of  the  brake-van,  taking  the  coefficient  of  friction 
between  the  wheels  and  rails  to  be  onje-sixth,  and  supposing  the  un 
locked  wheels  to  roll  without  sliding. 

19.  A  mass  m  is  drawn  up  a  smooth  inclined  plane,  of  height  h 
and  length  I,  by  means  of  a  string  passing  over  the  vertex  of  the  plane, 
from  the  other  end  of  which  hangs  a  mass  m'.     Shew  that,  in  order 
that  m  may  just  reach  the  top  of  the  plane,  m'  must  be  detached  after 
m  has  moved  through  a  distance 

m  +  m'    hi 
~mf~  h  +  l* 

20.  Two  masses  are  connected  by  a  string  passing  over  a  small 
pulley ;  show  that,  if  the  sum  of  the  masses  be  constant,  the  tension 
of  the  string  is  greater,  the  less  the  acceleration. 

21.  A  mass  ml  hanging  at  the  end  of  a  string,  draws  a  mass  wa 
along  the  surface  of  a  smooth  table ;  if  the  mass  on  the  table  be 
doubled  the  tension  of  the  string  is  increased  by  one-half;  find  the 
ratio  of  m^  to  w2. 

22.  Two  bodies,  of  masses  9  and  16  Ibs.  respectively,  are  placed 
on  a  smooth  horizontal  table  at  a  distance  of  10  feet ;  if  they  were 
now  to  attract  each  other  with  a  constant  force  equal  to  1  Ib.  wt.  at  all 
distances,  find  after  what  time  they  would  meet. 

23.  In  the  case  of  a   single  movable  pulley  the  free   end  of 
the  string  passes  round  a  fixed  pulley  and  supports  a  weight  P  greater 
than  £  W,  where  W  is  the  weight  suspended  from  the  movable  pulley. 
Find  the  tension  of  the  string  during  the  ensuing  motion,  the  three 
parts  into  which  it  is  divided  by  the  pulleys  being  parallel. 

24.  A  mass  m  will  just   support  a   mass  M  in   a    system    of 
two  pulleys  in  which  each  string  is  attached  to  M,  the  strings  being 
parallel.    A  mass   m  is  now  attached  to   AT;  find  the  subsequent 
motion,  neglecting  the  weights  of  the  pulleys. 

25.  A  system  of  three  movable  pulleys,  in  which  all  the  strings 
are  vertical  and  attached  to  the  beam,  is  employed  to  raise  a  body,  of 
mass  1  cwt.,  by  means  of  one  of  mass  15  Ibs.  attached  to  a  string 
passing  over  a  smooth  fixed  pulley.     Shew  that  the  body  will  rise  with 

acceleration  ~: ,  the  masses  of  the  pulleys  being  neglected. 
Io4 

26.  A   string,  with   masses   m  and  m'  at  its  ends,  passes  over 
3  fixed  and  under  2  movable  pulleys,  each  of  mass  M,  hanging  down 
between  the  fixed  pulleys,  the  parts  of  the  string  between  the  pulleys 
being  vertical     Find  the  condition  that  the  movable  pulleys  should 
neither  rise  nor  fall,  and  in  this  case  determine  the  acceleration  of 
m  and  m'. 
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27.  A  r°Pe  hangs  down  over  a  smooth  pulley,  and  a  man  of 
12  stone  lets  himself  down  the  portion  of  rope  on  one  side  of  the 
pulley  with  unit  acceleration.     Find  with  what  uniform  accelera 
tion  a  man  of  11£  stone  must  pull  himself  up  by  the  other  portion  of 
the  rope  so  that  the  rope  may  remain  at  rest. 

28.  A  man,  of  mass  12  stone,  and  a  sack,  of  mass  10  stone,  are 
suspended  over  a  smooth  pulley  by  a  rope  of  negligible  weight.     If 
the  man  pull  himself  up  the  rope  so  as  to  diminish  what  would  be  his 
acceleration  by  one-half,  find  the  upward  acceleration  of  the  sack  in 
this  case,  and  shew  that  the  acceleration  upwards  of  the  man  relative 

to  the  rope  is  ^  . 

29.  A  train,  whose  mass  is  112  tons,  is  travelling  at  the  uniform 
rate  of  25  miles  per  hour  on  a  level  track,  and  the  resistance  due  to 
air,  friction,  etc.  is  16  Ibs.  per  ton.    Part  of  the  train,  of  mass  12  tons, 
becomes  detached.    Assuming  that  the  force  exerted  by  the  engine  is 
the  same  throughout,  find  how  much  the  train  will  have  gained  on 
the  detached  part  after  50  seconds  and  the  velocity  of  the  train  when 
the  detached  part  comes  to  rest. 

30.  Two  particles,  of  masses  m  and  2m,  lie  together  on  a  smooth 
horizontal  table.     A  string  which  joins  them  hangs  over  the  edge  and 
supports  a  pulley  carrying  a  mass  3m  ;  prove  that  the  acceleration  of 

the  latter  mass  is  ^  • 

31.  A  smooth  wedge,  of  mass  M,  is  placed  on  a  horizontal  plane, 
and  a  particle,  of  mass  m,  slides  down  its  slant  face,  which  is  inclined 
at  an  angle  a  to  the  horizon  ;  prove  that  the  acceleration  of  the  wedge 

mg  sin  a  cos  a 


[Let  /j  be  the  acceleration  of  the  particle  in  a  direction  perpen 
dicular  to,  and  towards,  the  slant  face  ;  /a  the  horizontal  acceleration 
of  the  wedge;  and  R  the  normal  reaction  between  the  particle  and 
the  slant  face,  so  that  R  acts  in  one  direction  on  the  particle  and  in 
the  opposite  direction  on  the  wedge.  Then 

mfl  =  mg  cos  a-R    ...........................  (1), 

and  Mf^  =  Rama  ....................................  (2). 


Also,  since  the  particle  remains  in  contact  with  the  slant  face,  the 
acceleration  /j  must  be  the  same  as  the  acceleration  of  the  wedge 
resolved  in  a  direction  perpendicular  to  the  slant  face. 


..............................  (3). 

Solving  (1),  (2),  (3),  we  have  /2.] 

L.  D.  6 


CHAPTER  VI. 

IMPULSE,  WORK,  AND  ENERGY. 

84.  Impulse.  Def.  The  impulse  of  a  force  in  a 
given  time  is  equal  to  the  product  of  the  force  (if  constant, 
and  the  mean  value  of  the  force  if  variable)  and  the  time 
during  which  it  acts. 

The  impulse  of  a  force  P  acting  for  a  time  t  is  therefore 
P.L 

The  impulse  of  a  force  is  also  equal  to  the  momentum 
generated  by  the  force  in  the  given  time.  For  suppose  a 
particle,  of  mass  ra,  moving  initially  with  velocity  u  is 
acted  on  by  a  constant  force  P  for  time  t.  If  f  be  the 
resulting  acceleration,  we  have  P  =  mf. 

But,  if  v  be  the  velocity  of  the  particle  at  the  end  of 
time  t,  we  have  v  —  u  +ft. 

Hence  the  impulse  =Pt  =  mft  =  mv  —  mu 

=  the  momentum  generated  in  the  given  time. 

The  same  result  is  also  true  if  the  force  be  variable. 

Hence  it  follows  that  the  second  law  of  motion  might 
have  been  enunciated  in  the  following  form  ; 

The  change  of  momentum  of  a  particle  in  a 
given  time  is  equal  to  the  impulse  of  the  force 
which  produces  it  and  is  in  the  same  direction. 


IMPULSE,    WORK,   AND  ENERGY.  83 

85.  Impulsive  Forces.  Suppose  we  have  a  force 
P  acting  for  a  time  T  on  a  body  whose  mass  is  m,  and  let 
the  velocities  of  the  mass  at  the  beginning  and  end  of  this 
time  be  u  and  v.  Then  by  the  last  article 

Pr  =  m(v  —  u). 

Let  now  the  force  become  bigger  and  bigger,  and  the  time 
T  smaller  and  smaller.  Then  ultimately  P  will  be  almost 
infinitely  big  and  r  almost  infinitely  small,  and  yet  their 
product  may  be  finite.  For  example  P  may  be  equal  to 

107  poundals,  T  equal  to  -^  seconds,  and  m  equal  to  one 

pound,  in  which  case  the  change  of  velocity  produced  is 
the  unit  of  velocity. 

To  find  the  whole  effect  of  a  finite  force  acting  for  a 
finite  time  we  have  to  find  two  things,  (!•)  the  change  in 
the  velocity  of  the  particle  produced  by  the  force  during 
the  time  it  acts,  and  (2)  the  change  in  the  position  of 
the  particle  during  this  time.  Now  in  the  case  of  an 
infinitely  large  force  acting  for  an  infinitely  short  time, 
the  body  moves  only  a  very  short  distance  whilst  the  force 
is  acting,  so  that  this  change  of  position  of  the  particle 
may  be  neglected.  Hence  the  total  effect  of  such  a  force 
is  known  when  we  know  the  change  of  momentum  which 
it  produces. 

Such  a  force  is  called  an  impulsive  force.     Hence 

Def.  An  impulsive  force  is  a  very  great  force  acting 
for  a  very  short  time,  so  that  the  change  in  the  position  of 
the  particle  during  the  time  the  force  acts  on  it  may  be 
neglected.  Its  whole  effect  is  measured  by  its  impulse,  or 
the  change  of  momentum  produced. 

6—2 
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In  actual  practice  we  never  have  any  experience  of  an 
infinitely  great  force  acting  for  an  infinitely  short  time. 
Approximate  examples  are,  however,  the  blow  of  a  hammer, 
and  the  collision  of  two  billiard  balls. 

The  above  will  be  true  even  if  the  force  be  not  uniform. 
In  the  ordinary  case  of  the  collision  of  two  billiard  balls 
the  force  generally  varies  very  considerably. 

Ex.  1.  A  body,  whose  mass  is  9  IDS.,  is  acted  on  by  a  force  which 
changes  its  velocity  from  20  miles  per  hour  to  30  miles  per  hour.  Find 
the  impulse  of  the  force. 

Ans.     132  units  of  impulse. 

Ex.  2.  A  mass  of  2  Ibs.  at  rest  is  struck  and  starts  off  with  a 
velocity  of  10  feet  per  second ;  assuming  the  time  during  which  the 
blow  lasts  to  be  yfo",  find  the  average  value  of  the  force  acting  on  the 
mass. 

Ans.     2000  poundals. 

Ex.  3.  A  glass  marble,  whose  mass  is  1  ounce,  falls  from  a  height 
of  25  feet,  arid  rebounds  to  a  height  of  16  feet ;  find  the  impulse,  and 
the  average  force  between  the  marble  and  the  floor  if  the  time  during 
which  they  are  in  contact  be  fa". 

Ans.     4£  units  of  impulse ;  47  poundals. 

86.  Impact  of  two  bodies.  When  two  masses  A 
and  B  impinge,  then,  by  the  third  law  of  motion,  the 
action  of  A  on  B  is,  at  each  instant  during  which  they  are 
in  contact,  equal  and  opposite  to  that  of  B  on  A. 

Hence  the  impulse  of  the  action  of  A  on  B  is  equal  and 
opposite  to  the  impulse  of  the  action  of  B  on  A. 

It  follows  that  the  change  in  the  momentum  of  B  is 
equal  and  opposite  to  the  change  in  the  momentum  of  A, 
and  therefore  the  sum  of  these  changes,  measured  in  the 
same  direction,  is  zero. 

Hence  the  sum  of  the  momenta  of  the  two  masses, 
measured  in  the  same  direction,  is  unaltered  by  their 
impact. 
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Ex.  1.  A  body,  of  mass  3  Ibs. ,  moving  with  velocity  13  feet  per 
second  overtakes  a  body,  of  mass  2  Ibs.,  moving  with  velocity  3  feet  per 
second  in  the  same  straight  line,  and  they  coalesce  and  form  one  body  ; 
find  the  velocity  of  this  single  body. 

Let  F  be  the  required  velocity.  Then,  since  the  sum  of  the  momenta 
of  the  two  bodies  is  unaltered  by  the  impact,  we  have 

(3  +  2)  V-  3  x  13  +  2  x  3  =  45  units  of  momentum, 
/.  F=9  ft.  per  sec. 

Ex.  2.  If  in  the  last  example  the  second  body  "be  moving  in  the 
direction  opposite  to  that  of  the  first,  find  the  resulting  velocity. 

In  this  case  the  momentum  of  the  first  body  is  represented  by  3  x  13 
and  that  of  the  second  by  -2x3.  Hence,  if  Vl  be  the  required 
velocity,  we  have 

(3  +  2)  Fx  =  3  x  13  -  2  x  3  =  33  units  of  momentum. 
/.  r1  =  V  =  CJ  ft.  per  sec. 

87.  Motion  of  a  shot  and  gun.  When  a  gun  is 
fired,  the  powder  is  almost  instantaneously  converted  into 
a  gas  at  a  very  high  pressure,  which  by  its  expansion 
forces  the  shot  out.  The  action  of  the  gas  is  similar  to 
that  of  a  compressed  spring  trying  to  recover  its  natural 
position.  The  force  exerted  on  the  shot  forwards  is,  at  any 
instant  before  the  shot  leaves  the  gun,  equal  and  opposite 
to  that  exerted  on  the  gun  backwards,  and  therefore  the 
impulse  of  this  force  on  the  shot  is  equal  and  opposite  to 
the  impulse  of  the  force  on  the  gun.  Hence  the  momen 
tum  generated  in  the  shot  is  equal  and  opposite  to  that 
generated  in  the  gun,  if  the  latter  be  free  to  move. 

Ex.  A  shot,  whose  mass  is  400  Ibs.,  is  projected  from  a  gun,  of  mass 
50  tons,  with  a  velocity  of  900  feet  per  second  ;  find  the  resulting  velo 
city  of  the  gun. 

Since  the  momentum  of  the  gun  is  equal  and  opposite  to  that  of 
the  shot  we  have,  if  v  be  the  velocity  communicated  to  the  gun, 

60x2240  xv  =  400x900. 
/.  v=S^f  ft.  per  sec. 


86  DYNAMICS. 

EXAMPLES.    XIH 

1.  A  body  of  mass  7  Ibs.,  moving  with  a  velocity  of  10  feet  per 
second,  overtakes  a  body,  of  mass  20  Ibs.,  moving  with  a  velocity  of 
2  feet  per  second  in  the  same  direction  as  the  first ;  if  after  the  impact 
they  move  forward  with  a  common  velocity,  find  its  magnitude. 

2.  A  body,  of  mass  8  Ibs.,  moving  with  a  velocity  of  6  feet  per 
second  overtakes  a  body,  of  mass  24  Ibs.,  moving  with  a  velocity  of 
2  feet  per  second  in  the  same  direction  as  the  first ;  if  after  the  impact 
they  coalesce  into  one  body,  shew  that  the  velocity  of  the  compound 
body  is  3  feet  per  second. 

If  they  were  moving  in  opposite  directions,  shew  that  after  impact 
the  compound  body  is  at  rest.  ' 

3.  A  body,  of  mass  10  Ibs.,  moving  with  velocity  4  feet  per  second 
meets  a  body  of  mass  12  Ibs.  moving  in  the  opposite  direction  with  a 
velocity  of  7  feet  per  second ;  if  they  coalesce  into  one  body,  shew  that 
it  will  have  a  velocity  of  2  feet  per  second  in  the  direction  in  which  the 
larger  body  was  originally  moving. 

4.  A  shot,  of  mass  1  ounce,  is  projected  with  a  velocity  of  1000  feet 
per  second  from  a  gun  of  mass  10  Ibs. ;  find  the  velocity  with  which 
the  latter  begins  to  recoil. 

5.  A  shot  of  800  Ibs.  is  projected  from  a  40-ton  gun  with  a  velocity 
of  2000  feet  per  second ;  find  the  velocity  with  which  the  gun  would 
commence  to  recoil,  if  free  to  move  in  the  line  of  projection. 

6.  A  shot,  of  mass  700  Ibs.,  is  fired  with  a  velocity  of  1700  feet  per 
second  from  a  gun  of  mass  38  tons ;  if  the  recoil  be  resisted  by  a 
constant  pressure  equal  to  the  weight  of  17  tons,  through  how  many 
feet  will  the  gun  recoil  ? 

7.  A  shot,  whose  mass  is  800  Ibs.,  is  discharged  from  an  81-ton 
gun  with  a  velocity  of  1400  feet  per  second ;  find  the  steady  pressure 
which  acting  on  the  gun  would  stop  it  after  a  recoil  of  5  feet. 

8.  A  gun,  of  mass  1  ton,  fires  a  shot  of  mass  28  Ibs.  and  recoils 
up  a  smooth  inclined  plane,  rising  to  a  height  of  5  feet;  find  the  initial 
velocity  of  the  projectile.  . 

88.  Work.  We  have  pointed  out  in  Statics,  Chapter 
xni.,  that  a  force  is  said  to  do  work  when  it  moves  its 
point  of  application  in  the  direction  of  the  force.  The 
work  is  measured  by  the  product  of  the  force  and  the 
distance  through  which  the  point  of  application  is  moved 
in  the  direction  of  the  force.  The  unit  of  work  used  by 
engineers  is  a  Foot-Pound,  which  is  the  work  done  in 
raising  the  weight  of  one  pound  through  one  foot. 
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The  British  absolute  unit  of  work  is  the  work  done 
by  a  poundal  in  moving  its  point  of  application  through 
one  foot. 

This  unit  of  work  is  called  a'  Poot-Poundal. 

With  this  unit  of  work  the  work  done  by  a  force  of  P 
poundals  in  moving  its  point  of  application  through  a  feet 
is  P.  s  foot-poundals. 

Since  the  weight  of  a  pound  is  equal  to  ^-poundals,  it 
follows  that  a  Foot-Pound  is  equal  to  g  Foot-Poundals. 

The  c.o.s.  unit  of  work  is  that  done  by  a  dyne  in  moving  its  point 
of  application  through  a  centimetre,  and  is  called  an  Erg. 
One  Foot-Poundal  =  421390  Ergs  nearly. 

89.  Ex.  1.  What  is  the  H.P.  of  an  engine  which  keeps  a  train,  of 
mass  150  tons,  moving  at  a  uniform  rate  of  60  miles  per  hour,  the  resist 
ances  to  the  motion  due  to  friction,  the  resistance  of  the  air,  etc.  being 
taken  at  10  Ibs.  weight  per  ton. 

The  force  to  stop  the  train  is  equal  to  the  weight  of  150  x  10,  i.e. 
1500,  Ibs.  weight. 

Now  60  miles  per  hour  is  equal  to  88  feet  per  second. 

Hence  a  force,  equal  to  1500  Ibs.  wt.,  has  its  point  of  application 
moved  through  88  feet  in  a  second,  and  hence  the  work  done  is 
1500x88  foot-pounds  per  second. 

If  x  be  the  H.P.  of  the  engine,  the  work  it  does  per  minute  is 
x  x  33000  foqt-lbs.,  and  hence  the  work  per  second  is  a;  x  550  foot-lbs. 

.-.  xx  550  =  1500x88. 
/.  a;  =  240. 

Ex.  2.  Find  the  least  H.P.  of  an  engine  which  is  able  in  4  minutes 
to  generate  in  a  train,  of  mass  100  tons,  a  velocity  of  30  miles  per  hour 
on  a  level  line,  the  resistances  due  to  friction,  etc.  being  equal  to  8  Ibs. 
weight  per  ton,  and  the  pull  of  the  engine  being  assumed  constant. 

Since  in  240  seconds  a  velocity  of  44  feet  per  second  is  generated 

44        11 

the  acceleration  of  the  train  must  be  ^r  or  -^  foot-second  units. 

240       60 

Let  the  force  exerted  by  the  engine  be  P  poundals. 

The  resistance  due  to  friction  is  equal  to  800  pounds'  weight; 
hence  the  total  force  on  the  train  is  P  -  8000  poundals. 
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Hence  P  -  8000  =  100  x  2240  x      . 


/.  P=800    0  +          poundals=80ol  +  g  lbs>  Weight 

-lor 

=  800  x^r  Ibs.  weight. 

When  the  train  is  moving  at  the  rate  of  30  miles  per  hour,  the  work 

125 
done  per  second  must  be  800  x  —  x  44  foot-lbs. 

Hence,  if  x  be  the  H.P.  of  the  engine,  we  have 
xx  550=  800x^x44. 
.-.  a?  =166$. 

Ex.  3.  A  train,  of  mass  100  tons,  is  ascending  uniformly  an  incline 
of  1  in  280,  and  the  resistance  due  to  friction,  etc.  is  equal  to  16  Ibs.  per 
ton  ;  if  the  engine  be  of  200  H.P.  and  be  working  at  full  power,  find  the 
rate  at  which  the  train  is  going. 

The  resistance  due  to  friction,  etc.  is  equal  to  the  weight  of  1600  Ibs., 
and  the  resolved  part  of  the  weight  of  the  train  down  the  incline  is 
equal  to  the  weight  of  ,Jv  of  100  tons,  or  to  the  weight  of  800  Ibs., 
so  that  the  total  force  to  impede  the  motion  is  equal  to  the  weight  of 
2400  Ibs. 

Let  v  be  the  velocity  of  the  train  in  feet  per  second.  Then  the 
work  done  by  the  engine  is  that  done  in  dragging  a  force  equal  to 
the  weight  of  2400  Ibs.  through  v  feet  per  second,  and  is  equivalent  to 
2400v  foot-pounds  per  second. 

But  the  total  work  which  the  engine  can  do  is 
110,000  foot-pounds  per  second. 

Hence  2400v  =  110000, 

1100 


and  hence  the  velocity  of  the  train  is  31£  miles  per  hour. 

EXAMPLES.    XIV. 

1.  A  train,  of  mass  50  tons,  is  kept  moving  at  the  uniform  rate  of 
80  miles  per  hour  on  the  level,  the  resistance  of  air,  friction,  etc., 
being  40  Ibs.  weight  per  ton.     Find  the  H.P.  of  the  engine. 

2.  What  is  the  horse-power  of  an  engine  which  keeps  a  train 
going  at  the  rate  of  40  miles  per  hour  against  a  resistance  equal 
to  2000  Ibs.  weight  ? 
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3.  A  train,  of  mass  100  tons,  travels  at  40  miles  per  hour  np  an 
incline  of  1  in  200.     Find  the  H.P.  of  the  engine  that  will  draw  the 
train,  neglecting  all  resistances  except  that  of  gravity. 

4.  A  train  of  mass  200  tons,  including  the  engine,  is  drawn 
up  an  incline  of  3  in  500  at  the  rate  of  40  miles  per  hour  by  an  engine 
of  600  H.P.  ;  find  the  resistance  per  ton  due  to  friction,  etc. 

5.  Find  the  H.P.  of  an  engine  which  can  travel  at  the  rate  of 
25  miles  per  hour  up  an  incline  of  1  in  100,  the  mass  of  the  engine 
and  load  being  10  tons,  and  the  resistances  due  to  friction,  etc.  being 
10  Ibs.  weight  per  ton. 

6.  Determine  the  rate  in  H.P.  at  which  an  engine  must  be  able  to 
work' in  order  to  generate  a  velocity  of  20  miles  per  hour  on  the  level 
in  a  train  of  mass  60  tons  in  3  minutes  after  starting,  the  resistances 
to  the  motion  being  taken  at  10  Ibs.  per  ton. 

7.  A  weight  of  10  tons  is  dragged  in  half-an-hour  through  a  length 
of  330  feet  up  a  rough  plane  inclined  at  an  angle  of  30°  to  the  horizon ; 

the  coefficient  of  friction  being  —^ ,  find  the  work  expended,  and  the 

i\J o 

H.P.  of  an  engine  by  which  it  will  be  done. 

8.  Find  the  work  done  by  gravity  on  a  stone  having  a  mass  of 
£  Ib.  during  the  tenth  second  of  its  fall  from  rest. 

*90.  Energy.  Def.  The  Energy  of  a  body  is  its 
capacity  for  doing  work  and  is  of  two  kinds,  Kinetic  and 
Potential. 

The  Kinetic  Energy  of  a  body  is  the  energy  which  it 
possesses  by  virtue  of  its  motion,  and  is  measured  by  the 
amount  of  work  that  the  body  can  perform  against  the  im 
pressed  forces  before  its  velocity  is  destroyed. 

A  falling  body,  a  swinging  pendulum,  and  a  cannon- 
ball  in  motion  all  possess  kinetic  energy. 

Consider  the  case  of  a  particle,  of  mass  m,  moving  with 
velocity  u,  and  let  us  find  the  work  done  by  it  before  it 
comes  to  rest. 

Suppose  it  brought  to  rest  by  a  constant  force  P  re 
sisting  its  motion,  which  produces  in  it  an  acceleration  — f 
given  by  P  =  mf. 
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Let  x  be  the  space  described  by  the  particle  before  it 
comes  to  rest  so  that  0  =  u2  +  2  (-/)  .  x, 

:.fx  =  \v?. 

Hence  the  kinetic  energy  of  the  particle 

=  work  done  by  it  before  it  comes  to  rest 
=  Px  =  mfx  —  \mu*. 

Hence  the  kinetic  energy  of  a  particle  is  equal  to  the  product 
of  its  mass  and  one  half  the  square  of  its  velocity. 

*91.  Theorem.  To  shew  that  the  change  of  kinetic 
energy  per  unit  of  space  is  equal  to  the  acting  force. 

If  a  force  P,  acting  on  a  particle  of  mass  mt  change  its 
velocity  from  u  to  v  in  time  t  whilst  the  particle  moves 
through  a  space  s,  we  have  v*  —  uz=  2/5,  where  f  is  the 
acceleration  produced. 


This  equation  proves  the  proposition  when  the  force  is 
constant. 

When  the  force  is  variable,  the  same  proof  will  hold 
if  we  take  t  so  small  that  the  force  P  does  not  sensibly 
alter  during  that  interval. 

Cor.  It  follows  from  equation  (1)  that  the  change  in 
the  kinetic  ejiergy  of  a  particle  is  equal  to  the  work  done 
on  it. 

*92.  The  Potential  Energy  of  a  body  is  the  work  it 
can  do  by  means  of  its  position  in  passing  from  its  present 
configuration  to  some  standard  configuration  (usually  called 
its  zero  position}. 

A  bent  spring  has  potential  energy,  viz.  the  work  it 
can  do  in  recovering  its  natural  shape.  A  body  raised  to 
a  height  above  the  ground  has  potential  energy,  viz.  the 
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work  its  weight  can  do  as  it  falls  to  the  earth's  surface. 
Compressed  air  has  potential  energy,  viz.  the  work  it  can 
do  in  expanding  to  the  volume  it  would  occupy  in  the 
atmosphere. 

The  following  example  is  important : 

*93.  A  particle  of  mass  m  falls  from  rest  at  a  height  h 
above  the  ground  ;  to  shew  that  the  sum  of  its  potential  and 
kinetic  energies  is  constant  throughout  the  motion. 

Let  H  be  the  point  from  which  the  particle  starts,  and 
0  the  point  where  it  reaches  the  ground. 

Let  v  be  its  velocity  when  it  has  fallen  through  a 
distance  HP  (=  x),  so  that  v*  =  2gx. 

Its  kinetic  energy  at  P  =  ^mv*  =  mgx. 

Also  its  potential  energy  at  P 

=  the  work  its  weight  can  do  as  it  falls  from  P  to  0 

=  mg .  OP  =  mg  (h  —  x). 

Hence  the  sum  of  its  kinetic  and  potential  energies  at  P 

=  mgh. 

But  its  potential  energy  when  at  //  is  mgh,  and  its  kinetic 
energy  there  is  zero. 

Hence  the  sum  of  the  potential  and  kinetic  energies  is 
the  same  at  P  as  at  II ;  and,  since  P  is  any  point,  it  follows 
that  the  sum  of  these  two  quantities  is  the  same  throughout 
the  motion. 

*94.  The  above  is  an  extremely  simple  example  of  the 
principle  of  the  Conservation  of  Energy,  which  may 
be  stated  as  follows : 

If  a  body  or  system  of  bodies  be  in  motion  under  a  con 
servative  system  of  forces,  the  sum  of  its  kinetic  and  potential 
energies  is  constant. 
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Forces,  of  the  kind  ivhich  occur  in  the  material  universe, 
are  said  to  be  conservative  when  they  depend  on  the  position 
or  configuration  only  of  the  system  of  bodies,  and  not  on  the 
velocity  or  direction  of  motion  of  the  bodies. 

Thus  from  a  conservative  system  are  excluded  forces 
of  the  nature  of  friction,  or  forces  such  as  the  resistance  of 
the  air  which  varies  as  some  power  of  the  velocity  of  the 
body.  Friction  is  excluded  because,  if  the  direction  of 
motion  of  the  body  be  reversed,  the  direction  of  the  friction 
is  reversed  also. 

Referring  to  the  case  of  a  particle  sliding  down  a  rough 
plane  of  length  I  (Art.  77),  we  see  that  the  kinetic  energy 
of  the  particle  on  reaching  the  ground  is 

Jra  \Zgl  (sin  a  -  p  cos  a)],  i.e.  mgl  sin  a  -  mglp.  cos  a. 
Also  the  potential  energy  there  is  zero,  so  that  the  sum 
of  the  kinetic  and  potential  energies  at  the  foot  of  the 
plane  is 

mgl  sin  a  —  [tmgl  cos  a. 

But  the  potential  energy  of  the  particle  when  at  the  top 
of  the  plane  is  mg .  I  sin  a,  so  that  the  total  loss  of  visible 
mechanical  energy  of  the  particle  in  sliding  from  the 
top  to  the  bottom  of  the  inclined  plane  is  fimgl  cos  a. 
This  energy  has  been  transformed  and  appears  chiefly  in 
the  form  of  heat,  partly  in  the  moving  body,  and  partly  in 
the  plane. 

95.  Ex.  A  bullet,  of  mass  4  ozs.,  is  fired  into  a  target  with  a 
velocity  of  1200  feet  per  second.  The  mass  of  the  target  is  20  Ibs.  and 
it  is  free  to  move ;  find  the  loss  of  kinetic  energy  in  foot-pounds. 

Let  V  be  the  resulting  common  velocity  of  the  shot  and  target. 
Since  no  momentum  is  lost  (Art.  87)  we  have 


400 
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The  original  kinetic  energy  =  -  .  -^  .  12002=  180000  foot-poundals. 

2     iu 


The  final  kinetio  energy  =  -  (  20+  jg  j 


20000  . 

—  -  —  foot-poundals. 


The  energy  lost=  180000  -  ^552  =  foot-pouudals 


It  will  be  noted  that,  in  this  case,  although  no  momentum  is  lost 

80 

by  the  impact,  yet  ^  ths.  of  the  energy  is  destroyed. 
ol 

EXAMPLES.    XV. 

1.  A  body,  of  mass  10  Ibs.,  is  thrown  up  vertically  with  a  velocity 
of  32  feet  per  second  ;  what  is  its  kinetic  energy  (1)  at  the  moment  of 
propulsion,  (2)  after  half  a  second,  (3)  after  one  second  ? 

2.  Find  the  kinetic  energy  measured  in  foot-pounds  of  a  cannon- 
ball  of  mass  25  pounds  discharged  with  a  velocity  of  200  feet  per 
second. 

3.  Find  the  kinetio  energy  in  ergs  of  a  cannon-ball  of  10000 
grammes  discharged  with  a  velocity  of  5000  centimetres  per  second. 

4.  A  cannon-ball,  of  mass  5000  grammes,  is  discharged  with  a 
velocity  of  500  metres  per  second.    Find  its  kinetic  energy  in  ergs,  and, 
if  the  cannon  be  free  to  move,  and  have  a  mass  of  100  kilogrammes, 
find  the  energy  of  the  recoil. 

5.  A  bullet,  of  mass  2  ounces,  is  fired  into  a  target  with  a  velocity 
of  1280  feet  per  second.     The  mass  of  the  target  is  10  Ibs.  and  it  is 
free  to  move  ;  find  the  loss  of  kinetic  energy  by  the  impact  in  foot 
pounds. 

Motion  of  the  centre  of  inertia  of  a  system  of 
particles. 

*96.  Theorem.  If  the  velocities  at  any  instant  of 
any  number  of  masses  rn^,  m^.  .  .parallel  to  any  line  fixed  in 
space  bev^,  u^,  u3...,  then  the  velocity  parallel  to  that  line  of 
tJie  centre  of  inertia  of  these  masses  at  that  instant  is 
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At  the  instant  under  consideration  let  xl,  ce2,  #3...be 
the  distances  of  the  given  masses  measured  along  this  fixed 
line  from  a  fixed  point  in  it,  and  let  x  be  the  distance  of 
their  centre  of  inertia. 

Then  (Statics,  Art.  Ill),  we  have 


Let  a?/,  #2'...be  the  corresponding  distances  of  these 
masses  at  the  end  of  a  small  time  £,  and  x'  the  corresponding 
distance  of  their  centre  of  inertia.  Then  we  have 


Also  -, 


+  ... 


But,  if  u  be  the  velocity  of  the  centre  of  inertia  parallel 
to  the  fixed  line,  we  have  ~x  =  x  +  ut, 
.     _     a?  —  x 


_ 


Hence  the  velocity  of  the  centre  of  inertia  of  a  system  of 
particles  in  any  given  direction  is  equal  to  the  sum  of  the 
momenta  of  the  particles  in  that  direction,  divided  by  the 
sum  of  the  masses  of  the  particles. 

Cor.  If  a  system  of  particles  be  in  motion  in  a  plane, 
and  their  velocities  and  directions  of  motion  are  known, 
we  can,  by  resolving  these  velocities  parallel  to  two  fixed 
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lines   and    applying    the   preceding    proposition,    find    the 
motion  of  their  centre  of  inertia. 

*97.  Theorem.  If  the  accelerations  at  any  instant 
of  any  number  of  masses  /%,  ma...,  parallel  to  any  line  fixed 
in  space,  be  f^f^fy...,  then  the  acceleration  of  the  centre  of 
inertia  of  these  masses  parallel  to  this  line  is 


The  proof  of  this  proposition  is  similar  to  that  of  the 
last  article.  We  have  only  to  change  a^,  w3,  #/,  u^'  into 
ui>  fn  ui>  fit  and  make  similar  changes  for  the  other 
particles. 

Ex.  1.     Two  masses  ml,  m2  are  connected  by  a  light  string  as  in 
Art.  74  ;  find  the  acceleration  of  the  centre  of  inertia  of  the  system. 

.The  acceleration  of  the  mass  m,  is  -1—  —  -  g  vertically  downwards, 

mj  +  m.2 

and  that  of  ra2  is  the  same  in  the  opposite  direction. 

Here  then/^  -/2  =  ^  "-^0,  so  that  the  acceleration  of  the  centre 

.  .       ,.       Bh/1+fR. 
of  inertia=  -^  - 


Ex.  2.  Two  bodies,  of  masses  m  and  3?7i,  are  connected  by  a  light 
string  passing  over  a  smooth  pulley  ;  shew  that  during  the  ensuing 

motion  the  acceleration  of  their  centre  of  inertia  is  ^  . 

Ex.  3.  Find  the  velocity  of  the  centre  of  inertia  of  two  masses  of 
6  and  4  Ibs.  which  move  in  parallel  lines  with  velocities  of  3  and  8  feet 
respectively,  (1)  when  they  move  in  the  same  direction,  (2)  when  they 
move  in  opposite  directions. 

Am.  (1)  5  feet  per  second  ;  (2)  If  feet  per  second  in  the  direction 
in  which  the  second  body  is  moving. 

Ex.  4.  Two  masses,  mn  and  m,  start  simultaneously  from  the 
intersection  of  two  straight  lines  with  velocities  v  and  nv  respectively  ; 
shew  that  the  path  of  their  centre  of  inertia  is  a  straight  line  bisecting 
the  angle  between  the  two  given  straight  lines. 

Ex.  5.  Two  masses  move  at  a  uniform  rate  along  two  straight 
lines  which  meet  and  are  inclined  at  a  given  angle  ;  shew  that  their 
centre  of  inertia  describes  a  straight  line  with  uniform  velocity. 
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EXAMPLES.    XVI. 

1.  A  shot  of  mass  m  is  fired  from  a  gun  of  mass  M  with  velocity  u 
relative  to  the  gun  ;  shew  that  the  actual  velocities  of  the  shot  and  gun 

Mu         ,    run  ,.    . 

are  — and  —    —  respectively. 

M+m         M+m 

2.  A  gun  is  mounted  on  a  gun-carriage  movable  on  a  smooth 
horizontal  plane,  and  the  gun  is  elevated  at  an  angle  a  to  the  horizon ; 
a  shot  is  fired  and  leaves  the  gun  in  a  direction  inclined  at  an  angle  0 
to  the  horizon  ;  if  the  mass  of  the  gun  and  its  carriage  be  n  times  that 

of  the  shot,  shew  that      tan  0  =  f  1  +  -  ]  tan  a. 


3.  A  mass  of  half  a  ton,  moving  with  a  velocity  of  800  feet  per 
second,  strikes  a  fixed  target  and  is  brought  to  rest  in  a  hundredth 
part  of  a  second.    Find  the  impulse  of  the  blow  on  the  target,  and 
supposing  the  resistance  to  be  uniform  throughout  the  time  taken  to 
bring  the  body  to  rest,  find  the  distance  through  which  it  penetrates. 

4.  A  mass  of  4  cwt.  falls  from  a  height  of  10  feet  upon  an  inelastic 
pile  of  mass  12  cwt. ;  supposing  the  mean  resistance  of  the  ground  to 
penetration  by  the  pile  to  be  1£  ton's  weight,  determine  the  distance 
through  which  the  pile  is  driven  at  each  blow. 

5.  A  bullet,  of  mass  20  grammes,  is  shot  horizontally  from  a  rifle, 
the  barrel  of  which  is  one  metre  long,  with  a  velocity  of  200  metres  per 
second  into  a  mass  of  50  kilogrammes  of  wood  floating  on  water.    If 
the  bullet  buries  itself  in  the  wood  without  making  any  splinters  or 
causing  it  to  rotate,  find  the  velocity  of  the  wood  immediately  after  it 
is  struck. 

Find  also  the  average  force  in  grammes  weight  which  is  exerted  on 
the  bullet  by  the  powder. 

6.  A  hammer,  of  mass  4  cwt.,  falls  through  4  feet  and  comes  to 
rest  after  striking  a  mass  of  iron,  the  duration  of  the  blow  being  ^j-th 
of  a  second ;  find  the  pressure,  supposing  it  to  be  uniform,  which  is 
exerted  by  the  hammer  on  the  iron. 

7.  Masses  in  and  2m  are  connected  by  a  string  passing  over  a 
smooth  pulley ;  at  the  end  of  3  seconds  a  mass  m  is  picked  up  by 
the  ascending  body ;   find  the  resulting  motion. 

8.  Two  equal  masses,  A  and  B,  are  connected  by  an  inelastic 
thread,  3  feet  long,  and  are  laid  close  together  on  a  smooth  horizontal 
table  3^  feet  from  its  nearest  edge  ;  B  is  also  connected  by  a  stretched 
inelastic  thread  with  an  equal  mass  C  hanging  over  the  edge.     Find 
the  velocity  of  the  masses  when  A  begins  to  move  and  also  when  B 
arrives  at  the  edge  of  the  table. 

9.  Two  masses  of  6  and  7  Ibs.  respectively  are  connected  by  a 
string  passing  over  a  fixed  smooth  pulley ;  at  the  end  of  3  seconds 
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the  larger  mass  impinges  on  a  fixed  inelastic  horizontal  plane ;  shew 
that  the  system  will  be  instantaneously  at  rest  at  the  end  of  2£  seconds 
more. 

10.  A  string  over  a  pulley  supports  a  mass  of  5  Ibs.  on  one  side 
and  of  2  and  3  Ibs.  on  the  other,  the  lower  mass  2  Ibs.  being  distant 
1  foot  from  the  other.     The  two-pound  weight  is  suddenly  raised  to 
the  same  level  as  the  other  and  kept  from  falling.     Shew  that  the 
string  will  become  taut  in  a  half  second,  and  that  the  whole  system 
will  then  move  with  a  uniform  velocity  of  3 -2  ft.  per  sec. 

11.  Two  equal  weights,  P  and  Q,  connected  by  a  string  over  a 
smooth  pulley,  are  moving  with  a  common  velocity,  P  descending  and 
Q  ascending.    If  P  be  suddenly  stopped,  and  instantly  let  drop  again, 
find  the  time  that  elapses  before  the  string  is  tight  again. 

12.  A  mass  M  after  falling  freely  through  a  feet  begins  to  raise  a 
mass  m  greater  than  itself  and  connected  with  it  by  means  of  an 
inextensible  string  passing  over  a  fixed  pulley.     Shew  that  m  will 
have  returned  to  its  original  position  at  the  end  of  time* 


2M         /2a 
m-MV    g  ' 


13.  A  light  inelastic  string  passes  over  a  light  frictionless  pulley 
and  has  masses  of  12  ozs.  and  9  ozs.  attached  to  its  ends.     On  the 
9  oz.  mass  a  bar  of  7  ozs.  is  placed  which  is  removed  by  a  fixed  ring 
after  it  has  descended  7  feet  from  rest.     How  much  further  will  the 
9  oz.  mass  descend  ? 

If  whenever  the  9  oz.  mass  passes  up  through  the  ring  it  carries 
the  bar  with  it  and  whenever  it  passes  down  through  the  ring  it  leaves 
the  bar  behind,  find  the  whole  time  that  elapses  before  the  system 
comes  to  rest. 

14.  Two  railway  carriages  are  moving  side  by  side  with  different 
velocities  ;  what  is  the  ultimate  effect  of  the  interchanging  of  passen 
gers  between  the  carriages  ? 

15.  A  man  of  12  stone  ascends  a  mountain  11000  feet  high  in 
7  hours,  and  the  difficulties  in  his  way  are  equivalent  to  carrying  a 
weight  of  3  stone ;  one  of  Watt's  horses  could  pull  him  up  the  same 
height  without  impediments  in  56  minutes  ;  shew  that  the  horse  does 
as  much  work  as  6  such  men  in  the  same  time. 

16.  A  blacksmith,  wielding  a  14-lb.  sledge,  strikes  an  iron  bar 
25  times  per  minute,  and  brings  the  sledge  to  rest  upon  the  bar  after 
each  blow.    If  the  velocity  of  the  sledge  on  striking  the  iron  be  32  feet 
per  second,  compare  the  rate  at  which  he  is  working  with  a  horse 
power. 

17.  A  steam  hammer,  of  mass  20  tons,  falls  vertically  through 
5  feet,  being  pressed  downwards  by  steam  pressure  equal  to  the  weight 
of  30  tons  ;  what  velocity  will  it  acquire,  and  how  many  foot-pounds 
of  work  will  it  do  before  coming  to  rest  ? 

L.  D.  7 
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18.  A  train  of  150  tons,  moving  with  a  velocity  of  50  miles  per 
hour,  has  its  steam  shut  off  and  the  brakes  applied,  and  is  stopped  in 
363  yards.    Supposing  the  resistance  to  its  motion  to  be  uniform,  find 
its  value,  and  find  also  the  mechanical  work  done  by  it  measured 
in  foot-pounds. 

19.  A  train,  of  mass  200  tons,  is  ascending  an  incline  of  1  in  100 
at  the  rate  of  30  miles  per  hour,  the  resistance  of  the  rails  being  equal 
to  the  weight  of  8  Ibs.  per  ton.     The  steam  being  shut  off,  and  the 
brakes  applied,  the  train  is  stopped  in  a  quarter  of  a  mile.    Find  the 
weight  of  the  brake-van,  the  coefficient  of  sliding  friction  of  iron  on 
iron  being  \. 

20.  If  a  bicyclist  always  works  with  ^  H.P.  and  goes  12  miles 
per  hour  on   the  level,   shew  that  the    resistance  of  the  road  is 
3-125  Ibs.  wt. 

If  the  mass  of  the  machine  and  its  rider  be  12  stone,  shew  that 
up  an  incline  of  1  in  50  the  speed  will  be  reduced  to  about  5-8  miles 
per  hour.* 


21.  A  man  can  bicycle  at  the  rate  of  16£  miles  per  hour  on  a 
smooth  road.     He  exerts  a  down  pressure,  equal  to  20  Ibs.  weight, 
with  each  foot  during  the  down  stroke,  and  the  length  of  this  stroke  is 
12  inches.     If  the  machine  be  geared  up  to  63,  find  the  work  he  does 
per  minute. 

[A  bicycle  is  said  to  be  geared  up  to  63  when,  for  every  complete 
revolution  of  the  pedals,  it  moves  forward  through  a  distance  which 
is  equal  to  the  circumference  of  a  wheel  of  diameter  63  inches.] 

22.  A  riHe  bullet  loses  ^th  of  its  velocity  in  passing  through  a 
plank;  find  how  many  such  uniform  planks  it  would  pass  through 
before  coming  to  rest,  assuming  the  resistance  of  the  planks  to  be 
uniform. 

23.  A  man  sculling  does  E  foot-pounds  of  work,  usefully  applied, 
at  each  stroke.     If  the  total  resistance  of  the  water  when  the  boat  is 
moving  n  miles  per  hoar  be  R  Ibs.  weight,  find  the  number  of  strokes 
he  must  take  per  minute  to  maintain  this  spued. 


CHAPTER  VIL 

PROJECTILES. 

98.  IN  the  previous  chapters  we  have  considered  only 
motion  in  straight  lines.     In  the  present  chapter  we  shall 
consider  the  motion  of  a  particle  projected  into  the  air 
with  any  direction  and  velocity.     We  shall  suppose  the 
motion   to   be   within   such   a   moderate   distance  of   the 
earth's  surface,  that  the  acceleration  due  to  gravity  may 
be  considered  to  remain  sensibly  constant.     We  shall  also 
neglect  the  resistance  of  the  air,  and  consider  the  motion 
to  be  in  vacuo ;  for,  firstly,  the  law  of  resistance  of  the  air 
to  the  motion  of  a  particle  is  not  accurately  known,  and, 
secondly,   even   if   this   law   were   known,   the   discussion 
would  require  a  much  larger  range  of  knowledge  of  pure 
mathematics  than  the  reader  of  the  present  book  is  sup 
posed  to  possess. 

99.  Def.     When  a  particle  is  projected  into  the  air, 
the  angle  that  the  direction  in  which  it  is  projected  makes 
with  the  horizontal  plane  through  the  point  of  projection 
is  called  the  angle  of  projection;   the  path  which  the 
particle  describes  is  called  its  trajectory;   the  distance 
between  the  point  of  projection  and  the  point  where  the 
path  meets  any  plane  drawn  through  the  point  of  pro 
jection  is  its  range  on  the  plane;  and  the  time  that  elapses 
before  it  again  meets   the   horizontal   plane  through  the 
point  of  projection  is  called  the  time  of  flight. 
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100.  If  the  earth  did  not  attract  a  particle  to  itself, 
the  particle  would,   if  projected  into  the  air,  describe  a 
straight  line;    on  account  of  the  attraction  of  the  earth, 
however,  the  particle  describes  a  curved  line.     This  curve 
will  be  proved  in  Art.  113  to  be  always  a  parabola. 

101.  Let  P  be  the  point  of  projection,  u  the  velocity 
and  a  the  angle  of  projection;  also  let  PAP  be  the  path 
of  the  particle,  A  being  the  highest  point,  and  P  the  point 
where  the  path  again  meets  the  horizontal  plane  through  P. 


By  the  principle  of  the  Physical  Independence  of 
Forces  (Art.  71),  the  weight  of  the  body  only  has  effect 
on  the  motion  of  the  body  in  the  vertical  direction ;  it 
therefore  has  no  effect  on  the  velocity  of  the  body  in  the 
horizontal  direction,  and  this  horizontal  velocity  therefore 
remains  unaltered. 

The  horizontal  and  vertical  components  of  the  initial 
velocity  of  the  particle  are  u  cos  a  and  u  sin  a  respectively. 

The  horizontal  velocity  is,  therefore,  throughout  the 
motion  equal  to  u  cos  a. 

In  the  vertical  direction  the  initial  velocity  is  tt  sin  a 
and  the  acceleration  is  —  g,  [for  the  acceleration  due  to 
gravity  is  g  vertically  downwards,  and  we  are  measuring 
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our  positive  direction  upwards].  Hence  the  vertical  motion 
is  the  same  as  that  of  a  particle  projected  vertically  up 
wards  with  velocity  u  sin  a,  and  moving  with  acceleration 
-9- 

The  resultant  motion  of  the  particle  is  the  same  as  that 
of  a  particle  projected  with  a  vertical  velocity  u  sin  a  inside 
a  vertical  tube  of  small  bore,  whilst  the  tube  moves  in  a 
horizontal  direction  with  velocity  u  cos  a. 

102.  To  find  the  velocity  and  direction  of  motion  after 
a  given  time  has  elapsed. 

Let  v  be  the  velocity,  and  0  the  angle  which  the  direc 
tion  of  motion  at  the  end  of  time  t  makes  with  the  hori 
zontal. 

Then  v  cos  0  =  horizontal  velocity  at  end  of  time  t 

=  u  cos  a,  the  constant  horizontal  velocity. 
Also  v  sin  6  =  the  vertical  velocity  at  end  of  time  t 

=  u  sin  a  —  fft. 
Hence,  by  squaring  and  adding, 

v2  =  tta  —  2ugt  sin  a  4-  g*t\ 

,,,...  n     u  sin  a  —  at 

and,  by  division,     tan  0  = —  . 

u  cos  a 

103.  To  find  the  velocity  and  direction  of  motion  at  a 
given  height. 

Let  v  be  the  magnitude,  and  0  the  inclination  to  the 
horizon,  of  the  velocity  of  the  particle  at  a  given  height  h. 
The  horizontal  and  vertical  velocities  at  this  point  are 
therefore  v  cos  6  and  v  sin  6. 

Hence 

v  cos  0  =  u  cos  a,  the  constant  horizontal  velocity... (1). 
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Also,  by  Art.  32, 


v  sin  0  =  Vw2  sin2  a  -  2gh (2). 

Squaring  and  adding  (1)  and  (2),  we  have  ' 


.......  ijv?  sin2  a  -  2y/i 

Also,  by  division,      tan  6  =  - 


104.  To  find  the  greatest  height  attained  by  a  projectile^ 
and  the  time  that  elapses  before  it  is  at  its  greatest  height. 

Let  At  (Fig.  Art.  101),  be  the  highest  point  of  the  path. 
The  projectile  must  at  A  be  moving  horizontally,  and  hence 
the  vertical  velocity  at  A  must  be  zero. 

Hence,  by  Art.  32, 

0  =  u?  sin2  a  -  2g  .  MA. 


giving  the  greatest  height  attained. 

Let  T  be  the  time  from  P  to  A  ;  then  T  is  the  time  in 
which  a  vertical  velocity  u  sin  a  is  destroyed  by  gravity. 
Hence,  by  Art.  32,  0  =  u  sin  a  —  gl\ 

wsina 

:.?--—* 

giving  the  required  time. 

105.  To  find  the  range  on  the  horizontal  plane  and  the 
time  of  flight. 

When  the  projectile  arrives  at  P',  (Fig.  Art.  101),  the 
distance  it  has  described  in  a  vertical  direction  is  zero. 

Hence,  if  t  be  the  time  of  flight,  we  have  by  Art.  32  (1), 
0  =  u  sin  at  — 


.'.  t  =  -        —  =  twice  the  time  to  the  highest  point. 
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During  this  time  t  the  horizontal  velocity  remains  constant 
and  equal  to  u  cos  a. 

.*.  PP'  =  horizontal  distances  described  in  time  t 

2u*  sin  a  cos  a 

=  u  cos  a  .  t  = —  . 

9 

Hence  the  range  is  equal  to  twice  the  product  of  the  initial 
vertical  and  horizontal  velocities  divided  by  g. 

106.  For  a  given  velocity  of  projection,  u,  to  find  the 
maximum  horizontal  range,  and  tJie  corresponding  direction 
of  projection. 

If  a  be  the  angle  of  projection,  the  horizontal  range,  by 
the  previous  article, 

2w2  sin  a  cos  a      wa  sin  2a 

9  9 

Also  sin  2a  is  greatest  when  2a  =  908,  that  is,  when 
a=  45°. 

Hence  the  range  on  a  horizontal  plane  is  greatest  when 
the  initial  direction  of  projection  is  at  an  angle  of  45°  with 
the  horizontal  through  the  point  of  projection. 

The  magnitude  of  this  maximum  horizontal  range  is 

^rinoo-.t.*,*. 

9  9 

107.  To  sJiew  that,  with  a  given  velocity  of  projection, 
there  are  for  a  given  horizontal  range  in  general  two  di 
rections   of  projection,    which   are   equally   inclined  to   the 
direction  of  maximum  projection. 

By  Art.  105,  the  range,  when  the  angle  of  projection 

is  a,  is  —  sin  2a. 
9 
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Also,  when  the  angle  of  projection  is  ^  —  a,  the  range 

U?     .  /7T  \          U*     .       .  U*     . 

=  —  sin  2  (  -  —  a    =  —  sin  (TT  —  2a)  =  —  sin  2a. 
9        '\9' .   /'.    9  9 

Hence  we  have  the  same  horizontal  range  for  the  angles 

of  projection  a  and  ~  —  a. 

2 

These  directions  are  equally  inclined  to  the  horizon  and 
the  vertical  respectively,  and  are  therefore  equally  inclined 
to  the  direction  of  maximum  range,  which  bisects  the  angle 
between  the  horizontal  and  the  vertical. 

1O8.  Ex.  1.  A  bullet  is  projected,  with  a  velocity  of  640  feet  per 
second,  at  an  angle  of  30°  with  the  horizontal ;  find  (1)  the  greatest 
height  attained,  (2)  the  range  on  a  horizontal  plane  and  the  time  of 
flight,  and  (3)  the  velocity  and  direction  of  motion  of  the  bullet  when  it 
is  at  a  height  of  576  feet. 

The  initial  horizontal  velocity 

=  640  cos  30° = 640  x  ^?  =  320^/3  feet  per  second. 

The  initial  vertical  velocity =640  sin  30° =320  feet  per  second. 

(1)  If  h  be  the  greatest  height  attained,  then  h  is  the  distance 
through  which  a  particle,  starting  with  velocity  320  and  moving  with 
acceleration- 0,  goes  before  it  comes  to  rest. 


(2)    If  t  be  the  time  of  flight,  the  vertical  distance  described  in 
time  t  is  zero. 


640 
/.  t  —  --  =  20  seconds. 

g 

The  horizontal  range  =  the  distance  described  in  20  seconds  by  a 
particle  moving  with  a  constant  velocity  of  320^/3  ft.  per  sec. 

=20  x  320^3  =  11085  feet  approximately. 
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(3)  If  v  be  the  velocity,  and  $  the  inclination  to  the  horizon,  at 
a  height  of  576  feet,  we  have 

v2  sin20  =  3202  -  2g  .  576  =  323  x  64, 
and  v2  cos20  =  (320.V3)3  =  323  x  300. 

Hence,  by  addition,  we  have  v  =  32  x  ^364  =  610-5  ft.  per  see. 

Also,  by  division, 

=       /«     ^.. 

V  75      ID 

so  that,  from  the  table  of  natural  tangents,  we  have  &  =  21°  47' 
approximately. 

Ex.  2.  A  cricket  ball  is  thrown  with  a  velocity  of  96  feet  per 
second;  find  the  greatest  range  on  the  Jiorizontal  plane,  and  the  two 
directions  in  which  the  ball  may  be  thrown  so  as  to  give  a  range  of 
Ulfeet. 

If  the  angle  of  projection  be  a,  the  range,  by  Art.  105, 
2  .  962  .  sin  a  cos  a  _  96a  .  sin  2a 


9  9 

The  maximum  range  is  obtained  when  a  =  45°,  and  therefore 

=^=288  feet  =96  yards. 

Of 

When  the  range  is  144  feet,  the  angle  a  is  given  by 

962 
-- 


96»     ~3x96"2* 
.'.  2a  =  30°,  or  150°. 
/.  a =15°,  or  75°. 

Ex.  3.  A  cannon  ball  is  projected  horizontally  from  the  top  of  a 
tower,  49  feet  high,  with  a  velocity  of  200  feet  per  second.  Find 

(1)  the  time  of  flight, 

(2)  the  distance  from  the  foot  of  the  tower  of  the  point  at  which  it 
hits  the  ground,  and 

(3)  its  velocity  when  it  hits  the  ground. 

(1)  The  initial  vertical  velocity  of  the  ball  is  zero,  and  hence  «, 
the  time  of  flight,  is  the  time  in  which  a  body,  falling  freely  under 
gravity,  would  describe  49  feet. 

Hence  49  =  ^7  .  <2=16f3. 

.'.  t=i  second. 
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(2)  During  this  time  the  horizontal  velocity  is  constant,  and 
therefore  the  required  distance  from  the  foot  of  the  tower 

=  200  x£=  350  feet. 

(3)  The  vertical  velocity  at  the  end  of  £  second  =  Jx32  =  56  feet 
per  second,  and  the  horizontal  velocity  is  200  feet  per  second  ; 

/.  the  required  velocity  =  A/2002  +  562=  8^/674=207-7  feet  nearly. 

Ex.  4.  From  the  top  of  a  cliff,  80  feet  high,  a  stone  is  thrown  so 
that  it  starts  with  a  velocity  of  128  feet  per  second,  at  an  angle  of  30° 
with  the  horizon;  find  where  it  hits  the  ground  at  the  bottom  of  the 
cliff. 

The  initial  vertical  velocity  ia  128  sin  30°,  or  64,  feet  per  second, 
and  the  initial  horizontal  velocity  is  128  cos  30°,  or  64^/3,  feet  per 
second. 

Let  T  be  the  time  that  elapses  before  the  stone  hits  the  ground. 

Then  T  is  the  time  in  which  a  stone,  projected  with  vertical 
velocity  64  and  moving  with  acceleration  -  g,  describes  a  distance 
-  80  feet. 


Hence  T=5  seconds. 

During  this  time  the  horizontal  velocity  remains  unaltered,  and 
hence  the  distance  of  the  point,  where  the  stone  hits  the  ground,  from 
the  foot  of  the  cliff  =320^/3  =  about  554  feet. 

EXAMPLES.    XVIL 

1.  A  particle  is  projected  at  an  angle  a  to  the  horizon  with  a 
velocity  of  u  feet  per  second  ;  find  the  greatest  height  attained,  the 
time  of  flight,  and  the  range  on  a  horizontal  plane,  when 

(1)  w=64,  a  =  30°; 

(2)  tt  =  80,  a  =60°; 

(3)  w  =  96,  a  =  75e; 

(4)  w  =  200,  asrsin-1!. 

2.  Find  the   greatest  range  on  a  horizontal  plane  when   the 
velocity  of  projection  is  (1)  48,  (2)  60,  (3)  100  feet  per  second. 

3.  A  shot  leaves  a   gun   at   the  rate   of  500  feet  per  second  ; 
calculate  the  greatest  distance  to  which  it  could  be  projected,  and  the 
height  to  which  it  woiild  rise. 

4.  If  a  man  can  throw  a  stone  80  yards,  how  long  is  it  in  the  air, 
and  to  what  height  does  it  rise  ? 

5.  A  body  is  projected  with  a  velocity  of  80  ft.  per  sec.   in  a 
direction  making  an  angle  tan~a  3  with  the  horizon  ;   shew  that  it 
rises  to  a  vertical  height  of  90  feet,  that  its  direction  of  motion  is 
inclined  to  the  horizon  at  an  angle  of  60°  when  its  vertical  height 
above  the  ground  is  60  feet,  and  that  its  time  of  flight  is  about  4|  sees. 
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6.  A  projectile  is  fired  horizontally  from  a  height  of  9  feet  from 
the  ground,  and  reaches  the  ground  at  a  horizontal  distance  of  1000 
feet.     Find  its  initial  velocity. 

7.  A  stone  is  thrown  horizontally,  with  velocity  ijzgh,  from  the 
top  of  a  tower  of  height  h.     Find  where  it  will  strike  the  level  ground 
through  the  foot  of  the  tower.     What  will  be  its  striking  velocity? 

8.  A  stone  is  dropped  from  a  height  of  9  feet  above  the  floor  of  a 
railway  carriage  which  is  travelling  at  the  rate  of  30  miles  per  hour. 
Find  the  velocity  and  direction  of  the  particle  in  space  at  the  instant 
when  it  meets  the  floor  of  the  carriage. 

9.  A  ship  is  moving  with  a  velocity  of  16  feet  per  second,  and 
a  body  is  allowed  to  fall  from  the  top  of  its  mast,  which  is  144  feet 
high;  find  the  velocity  and  direction  of  motion  of  the  body,  (I)  at 
the  end  of  two  seconds,  (2)  when  it  hits  the  deck. 

10.  A  shot  is  fired  from  a  gun  on  the  top  of  a  cliif,  400  feet  high, 
with  a  velocity  of  768  feet  per  second,  at  an  elevation  of  30°.     Find 
the  horizontal  distance  from  the  vertical  line  through  the  gun  of  the 
point  where  the  shot  strikes  the  water. 

11.  From  the  top  of  a  vertical  tower,  whose  height  is  tyg  feet,  a 
particle  is  projected,  the  vertical  and  horizontal  components  of  its 
initial  velocity  being  6g  and  8g  respectively;  find  the  time  of  flight, 
and  the  distance  from  the  foot  of  the  tower  of  the  point  at  which  it 
strikes  the  ground. 

12.  A  gun  is  aimed  so  that  the  shot  strikes  horizontally  the  top 
of  the  spire  of  Strasburg  Cathedral,  which  is  462  feet  high;  shew 
that,  if  the  angle  of  projection  be  cot"1 5,  then  the  velocity  of  projec 
tion  is  nearly  877  feet  per  second. 

13.  Find  the  velocity  and  direction  of  projection  of  a  shot  which 
passes  in  a  horizontal  direction  just  over  the  top  of  a  wall  which  is 
60  yards  off  and  75  feet  high. 

14.  A  particle  is  projected  at  an  angle  of  elevation  sin"1!,  and 
its  range  on  the  horizontal  plane  is  4  miles ;   find  the  velocity  of 
projection,  and  the  velocity  at  the  highest  point  of  the  path. 

15.  Two  balls  are  projected  from  the  same  point  in  directions 
inclined  at  60°  and  30°  to  the  horizontal ;  if  they  attain  the  same 
height,  what  is  the  ratio  of  their  velocities  of  projection? 

What  is  this  ratio  if  they  have  the  same  horizontal  range  ? 

16.  The  velocity  of  a  particle  when  at  its  greatest  height  is  J$  of 
its  velocity  when  at  half  its  greatest  height ;  shew  that  the  angle  of 
projection  is  60°. 

17.  Find  the  angle  of  projection  when  the  range  on  a  horizontal 
plane  is  (1)  4,  (2)  4^/3  times  the  greatest  height  attained. 

18.  Find  the  angle  of  projection  when  the  range  is  equal  to  the 
distance  through  which  the  particle  would  have  to  fall  in  order  to 
acquire  a  velocity  equal  to  its  velocity  of  projection. 
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109.  Range  on  an  inclined  plane.  From  a  point 
on  a  plane,  which  is  inclined  at  an  angle  /?  to  the  horizon, 
a  particle  is  projected  with  a  velocity  u,  at  an  angle  a  with 
the  horizontal,  in  a  plane  passing  through  the  normal  to 
the  inclined  plane  and  the  line  of  greatest  slope,  to  find 
the  range  on  the  inclined  plane. 

Let  PQ   be  the  range  on  the   inclined  plane,  PT  the 


direction  of  projection,  and  QN  the  perpendicular  on  the 
horizontal  plane  through  P. 

The  initial  component  of  the  velocity  perpendicular  to 
PQ  is  u  sin  (a  —  ft),  and  the  acceleration  in  this  direction 
is  —  g  cos  13. 

Let  T  be  the  time  which  the  particle  takes  to  go  from 
P  to  Q.  Then  in  time  T  the  space  described  in  a  direction 
perpendicular  to  PQ  is  zero. 

Hence  0  --  u  sin  (a  —  (3).T—^g  cos  (3  .  T3,  and  therefore 


g       cos  (3 

During  this  time  the  horizontal  velocity  u  cos  a  remains 
unaltered  ;  hence  PN=  u  cos  a  .  I\  so  that  the  range 
PN       u  cos  a         _  2u?  cos  a  sin  (a  —  /?) 
cos  (3  =   cos  ft  '      ~~g  cos3/?          * 


^  = 
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110.  Maximum  range.  To  find  the  direction  of 
projection  which  gives  the  maximum  range  on  the  inclined 
plane,  and  to  shew  that  for  any  given  range  there  are  two 
directions  of  projection,  which  are  equally  inclined  to  the 
direction  for  maximum  range. 

From  the  preceding  article  the  range 

2uu  cos  a  sin  (a  —  ft)  u*      f  .     ,  N       .       ,       ... 

=  —  —5*5 — — '  = — ,{sm(2a-/?)-sm/?}  ...(i). 

g  cos2  ft  g  cos2  ft  l 

Now  u  and  ft  are  given ;  hence  the  range  is  a  maximum 

when  sin  (2a  —  ft)  is  greatest,  or  when  2a  —  ft  =  - . 

2t 

In  this  case  a  —  ft  =  -=  -  a,  i.e.,  the  angles  TPQ  and  LPT 
are  equal. 

Hence  The  direction  for  maximum  range  bisects  the  angle 
between  the  vertical  and  the  inclined  plane. 

Also  the  maximum  range 


Again,  the  range  with  an  angle  of  elevation  ox  is,  by  (i), 
the  same  as  that  with  elevation  a,  if 

sin  (2^  -  ft)  =  sin  (2a  -  /?), 
i.e.,  if  2a1-^  =  7r-(2a-/3, 


But  -  +  ^  is  the  elevation  which  gives  the  greatest  range. 

Hence  for  any  given  range  on  an  inclined  plane  there 
are  two  angles  of  projection,  the  two  corresponding  direc 
tions  of  projection  being  equally  inclined  to  that  for  the 
maximum  range  on  the  plane. 
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111.  Ex.  1.  From  the  foot  of  an  inclined  plane,  whose  rise  is  7  in 
25,  a  shot  is  projected  with  a  velocity  of  600  feet  per  second  at  an 
angle  of  30°  with  the  horizontal,  (1)  up  the  plane,  (2)  down  the  plane. 
Find  the  range  in  each  case. 

Let  /S  be  the  inclination  of  the  plane,  so  that 
7  24 


(i)    By  Art.  109,  the  range  in  the  first  case 

5/8/1     24_^/3     7 

6QOa  cos  30°  sin  (30°  -  /3)  _  600a       2   \2  '  25       2   '  25 
32    "  cosa/S  S   16   X  24" 

25* 
_860000  25^3(24-7^8)  750000 

~T6~~  4x576  =~T02T(8^3"7) 

=  5022  feet  approximately. 

(ii)     The  initial  velocity  perpendicular  to  the  inclined  plane  is 
Msin(30°  +  /3)  and  the  acceleration  is   -gcosp.    Hence  the  time  of 


flight,  T,  is  2  -  .    Hence,  as  in  Art.  109,  if  Bl  be  the 


range,  we  have  jRj  cos  /3  =  u  cos  30°  .  T. 


=  15275  feet  approx. 

N.B.     The  range  down  an  inclined  plane  may  also  be  obtained 
from  the  formula  of  Art.  109,  by  changing  /S  into  -  /S,  so  that  it  is 
2w2  cos  a  sin  (a  +  /S) 
g  cos2  /3 

Ex.  2.    In  the  previous  example,  find  the  greatest  range. 
The  angle  of  projection  o  must 
1 


The  range  now 


Similarly  the  greatest  range  down  the  inchned  plane  would  be 
found  to  be         — L_  ,  i.e.,  15625  feet. 
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Ex.  3.  A  particle  is  projected  at  an  angle  a.  with  the  horizontal 
from  the  foot  of  a  plane,  whose  inclination  to  the  horizon  is  /S ;  shew 
that  it  will  strike  the  plane  at  right  angles,  if  cot  ft  =  2  tan  (a  -  /S). 

Let  M  be  the  velocity  of  projection,  so  that  u  cos  (a  -  /S)  and 
w  sin  (a  -  /3)  are  the  initial  velocities  respectively  parallel  and  perpen 
dicular  to  the  inclined  plane. 

The  accelerations  in  these  two  directions  are  -  g  sin  /3  and  -  g  cos/3. 

Then,  as  in  Art.  109,  the  time,  T,  that  elapses  before  the  particle 

.    .   2ttsin(a-/9) 

reaches  the  plane  again  is .     -. 

g  cos  ft 

If  the  direction  of  motion  at  the  instant  when  the  particle  hits 
the  plane  be  perpendicular  to  the  plane,  then  the  velocity  at  that 
instant  parallel  to  the  plane  must  be  zero. 

Hence  wcos  (a-/3)  -g  sin/3  .  T=0. 

u  cos  (a  -  jS)  _  __  2u  sin  (a  -  /3) 
*"       g  sin  ft g  cos  ft 
.:  cot/3=2tan(a-/3). 

112.  Motion  upon  an  inclined  plane.  A  particle 
moves  upon  a  smooth  plane  which  is  inclined  at  an  angle  fi 
to  the  horizon,  being  projected  from  a  point  in  the  plane  with 
velocity  u  in  a  direction  inclined  at  an  angle  a  to  the  inter 
section  of  the  inclined  plane  with  a  horizontal  plane  ;  to  find 
the  motion. 

Resolve  the  acceleration  due  to  gravity  into  two  com 
ponents;  one,  <7sin/3,  in  the  direction  of  the  line  of  greatest 
slope,  and  the  other,  g  cos  (3,  perpendicular  to  the  inclined 
plane.  The  latter  acceleration  is  destroyed  by  the  reaction 
of  the  plane. 

The  particle  therefore  moves  upon  the  inclined  plane 
with  an  acceleration  g  sin  /?  parallel  to  the  line  of  greatest 
slope. 

Hence  the  investigation  of  the  motion  is  the  same  as 
that  in  Arts.  101 — 107,  if  we  substitute  "^sin/?"  for 
"g",  and  instead  of  "vertical  distances"  read  "distances 
measured  on  the  inclined  plane  parallel  to  the  line  of 
greatest  slope." 
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EXAMPLES.    XVUE. 

1.  A  plane  is  inclined  at  30°  to  the  horizon;  from  itg  foot  a 
particle  is  projected  with   a  velocity  of  600  feet  per   second  in  a 
direction  inclined  at  an  angle  of  60°  to  the  horizon;  find  the  range  on 
the  inclined  plane  and  the  time  of  flight. 

2.  A  particle  is  projected  with  velocity  F.  at  an   angle  of  75° 
to  the  horizon,  from  the  foot  of  a  plane  whose  inclination  is  30°. 
Find  where  it  will  strike  the  plane.     Find  also  the  maximum  range 
of  the  particle  on  the  inclined  plane. 

3.  A  particle  is  projected  with  velocity  64  feet  per  second  at 
an  angle  of  45°  with  the  horizon ;  find  its  range  on  a  plane  inclined 
at  80°  to  the  horizontal  and  its  time  of  flight.     Find  also  its  greatest 
range  on  the  inclined  plane  with  the  given  initial  velocity. 

4.  A  particle  is  projected  with  a  velocity  of  1280  feet  per  second 
at   an  angle  of  45°  with  the  horizontal ;   find  its  range  on  a  plane 
inclined  to  the  horizon  at  an  angle  sin-1!,  when  projected  (i)  up, 
(ii)  down,  the  plane. 

5.  The  velocity  of  projection  of  a  rifle  ball  is  800  feet  per  second. 
Find  its  greatest  range  and  the  corresponding  time  of  flight  on  planes 
inclined  to  the  horizon  at  angles  of 

(1)  45°,         (2)  60°,         (3)  ein-i^,         (4)  sin-i^- 

6.  The  greatest  range  of  a  particle,  projected  with  a  certain 
velocity,  on  a  horizontal  plane  is  5000  yards  ;  find  its  greatest  range 
on  an  inclined  plane  whose  inclination  is  45°. 

Find  also  the  greatest  range  when  the  particle  is  projected  down 
the  inclined  plane. 

7.  The  greatest  range,  with  a  given  velocity  of  projection,  on  a 
horizontal  plane  is  3000  feet ;  shew  that  the  greatest  ranges  up  and 
down  a  plane  inclined  at  30°  to  the  horizon  are  respectively  2000  and 
6000  feet. 

8.  From  a  point  on  a  plane  inclined  at  (1)  30°,  (2)  60°,  to  the 
horizon  a  particle  is  projected  at  right  angles  to  the  plane  with  a 
velocity  of  80  feet  per  second ;  find  the  range  on  the  plane  in  the  two 


*113.  A  particle  is  projected  into  t/te  air  with  a  given 
velocity  and  direction  of  projection  ;  to  skew  that  its  path  is 
a  parabola. 

As  in  Art.  101,  let  u  be  the  velocity  and  a  the  angle 
of  projection,  PP  the  horizontal  range,  A  the  highest  point 
and  A  M  the  perpendicular  on  PP.  Then,  by  Art.  104, 
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113 


Also  PM  =  horizontal  distance  described  in  time  -- 

y 


sn  a  cos  a 


Let  Q  be  any  point  on  the  path,  and  let  QN  and  QL  be 
the  perpendiculars  on  A  M  and  PP'  respectively.  Let  t  be 
the  time  from  P  to  Q. 


Then  QL  =  vertical  distance  described  in  time  t 

=  u  sin  a  .  t  —  \g&  ..............................  (3), 

and  PL=zUCOSa.t  ....................................  (4). 

Hence  from  (1)  and  (3), 


M 


q  (u  sn 

l  ( 


in  a       N9 

-')  • 


Also,  from  (2)  and  (4), 


sn  a  cos  a 


=  u  cos  a 


/u  sin  a       \ 

/.  QN*  =  w2  cos2  a  (U  Sm  a  -  A  =  w3 
V      S'  / 


a  . 


2w2  cos2  a 


L.  D. 
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Measure  AS  vertically  downwards  and  equal  to 


^ 


Hence  Q   lies  on   a   parabola  whose   axis   is    vertical, 
whose  vertex  is  at  A,  and  whose  latus  rectum 

2u?  cos3  a 


Cor.  I.  It  will  be  noted  that  the  latus  rectum,  and 
therefore  the  size,  of  the  parabola  depends  only  on  the 
initial  horizontal  velocity  and  is  independent  of  the  initial 
vertical  velocity. 

Cor.  II.  The  height  of  the  focus  S  above  the  hori 
zontal  line  through  P  =  SM  =  AM—AS 

u2  sin2  a      u*  cos2  a        u3 
= ^ jj =  —  y-  cos  2a. 

Hence,  if  a  be  less  than  45°,  this  distance  is  negative  and 
the  focus  of  the  path  is  then  situated  below  the  horizontal 
line  drawn  through  the  point  of  projection. 

^  114.  To  shew  that  the  velocity  at  any  point  is  equal 
in  'magnitude  to  that  which  would  be  acquired  by  a  particle 
in  falling  freely  through  the  height  from  the  directrix  to  the 
point. 

In  the  figure  of  Art.  113,  produce  MA  to  X,  making 
AX  equal  to  AS,  and  draw  XK  horizontal.  Then  XK  is 
the  directrix. 

I£  v  be  the  velocity  at  Q,  we  have,  by  Art.  102, 

v2  =  (u  sin  a  -  yt)3  +  (u  cos  a)2 
=  u*  —  2uy  sin  at  +  gH* 


T»  ,     TH-TT      iir  t       A  V     t*  sin*a 
But  MX-  MA  +  AX  =-- 
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2, 


and  JOT=  ^Z  =  w  sin  a  .  £ 

:.  v*  =  2g  [MX-  MN]  = 
Hence  v  is  equal  to  the  velocity  that  would  be  acquired 
in  falling  through  the  vertical  distance  from  the  directrix 
to  the  point  Q. 

EXAMPLES.    XIX. 

1.  On  the  moon  there  seems  to  be  no  atmosphere,  and  gravity 
there  is  about  one-sixth  of  that  on  the  earth.     What  space  of  country 
would  be  commanded  by  the  guns  of  a  lunar  fort  able  to  project  shot 
with  a  velocity  of  1600  feet  per  second  ? 

2.  A  tennis-ball  is  served  from  a  height  of  8  feet  ;  it  just  touches 
the  net  at  a  point  where  it  is  3  ft.  3  ins.  high  and  hits  the  service-line 
21  feet  from  the  net  ;  the  horizontal  distance  of  the  server  from  the 
foot  of  the  net  being  39  feet,  shew  that  the  horizontal  velocity  of  the 
ball  is  about  171  feet  per  second  and  find  the  angle  of  projection. 

3.  A  plane,  of  length  6  feet,  is  inclined  at  an  angle  of  30°  to 
the  horizon,  and  a  particle  is  projected  straight  up  the  plane  with 
a  velocity  of  16  feet  per  second;    find  the  greatest  height  attained 
by  the  particle  after  leaving  the  plane,  and  the  range  on  a  horizontal 
plane  passing  through  the  foot  of  the  inclined  plane. 

4.  If  a  stone  be  hurled  from  a  sling  which  has  been  swung  in 
a  horizontal  circle  of  3  feet  radius,  at  a  height  of  6  feet  from  the 
ground,  and  at  the  steady  rate  of  21  revolutions  in  2  seconds,  find  the 
range  on  the  ground. 

5.  Two  guns  are  pointed  at  each  other,  one  upwards  at  the  angle 
of  elevation  30°,  and  the   other  downwards  at  the   same   angle   of 
depression,  the  muzzles  being  100  feet  apart.     If  the  charges  leave 
the  guns  with  velocities  1100  and  900  feet  per  second  respectively, 
find  when  and  where  they  will  meet. 

6.  In  aiming-  at  a  mark  a  projectile  falls  a  ft.  short  when  the 
elevation  is  a,  and  goes  6  ft.  too  far  when  the  elevation  is  /3.     Shew 
that,  if  the  velocity  of  projection  be  the  same  in  all  cases,  the  proper 
elevation  is 

1    .  _1asin2j3  +  &sin2a 
2811  a  +  b 

7.  A  hill  is  inclined  at  an  angle  of  30°  to  the  horizon  ;   from 
a  point  on  the  hill  one  projectile  is  projected  up  the  hill  and  an 
other  down  ;   the  angle  of  projection  in  each  case  is  45°  with   the 
horizon;  shew  that  the  range  of  one  projectile  is  nearly  3|  that  of 
the  other. 

8—2 
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8.  A  particle  is  projected  from  a  point  on  an  inclined  plane  in 
a  direction  making  an  angle  of  60°  with  the  horizon  ;  if  the  range  on 
the  plane  be  equal  to  the  distance  through  which  another  particle 
would  fall  from  rest  during  the  time  of  flight  of  the  first  particle,  find 
the  inclination  of  the  plane  to  the  horizon. 

9.  From  a  point  in  a  given  inclined  plane  two  bodies  are  pro 
jected  with  the  same  velocity  in  the  same  vertical  plane  at  right 
angles  to  one  another;  shew  that  the  difference  of  their  ranges  is 
constant.    - 

10.  The  angular  elevation  of  an  enemy's  position  on  a  hill  h  feet 
high  is  /S;  shew  that,  in  order  to  shell  it,  the  initial  velocity  of  the 
projectile  must  not  be  less  than  ^^(l  +  cosec/S). 


11.  Shew  that  the  greatest  range  on  an  inclined  plane  passing 
through  the  point  of  projection  is  equal  to  the  distance  through 
which  the  particle  would  fall  freely  during  the  corresponding  time  of 
flight. 

12.  A  particle,  projected  with  velocity  u,  strikes  at  right  angles 
a  plane  through  the  point  of  projection  inclined  at  an  angle  /3  to 
the  horizon.     Shew  that  the  height  of  the  point  struck  above  the 

2ti^      sin^  8 
horizontal  plane  through  the  point  of  projection  is  —  .  ra-    , 

2u 

that  the  time  of  flight  is  -  .  ,  and  that  the  range  on  a 

g*Jl  +  3Bm*p 
horizontal  plane  through  the  point  of  projection  would  be 

ua  sin  2/3 

~ 


g    ~  1  +  3  sin2  /3* 

13.  Shew  that  four  times  the  square  of  the  number  of  seconds 
in  the  time  of  flight  in  the  range  on  a  horizontal  plane  equals  the 
height  in  feet  of  the  highest  point  of  the  trajectory. 

14.  If  the  maximum  height  of  a  projectile  above  a  horizontal 
plane  passing  through  the  point  of  projection  be  h,  and  a  be  the  angle 
of  projection,  find  the  interval  between  *the  instants  at  which  the 
height  of  the  projectile  is  h  sin2  a. 

15.  Find  the  direction  in  which  a  rifle  must  be  pointed  so  that 
the  bullet  may  strike  a  body  let  fall  from  a  balloon  at  the  instant  of 
firing  ;  find  also  the  point  where  the  bullet  meets  the  body,  supposing 
the  balloon  to  be  220  yards  high,  the  angle  of  its  elevation  from  the 
position  of  the  rifleman  to  be  30°,  and  the  velocity  of  projection  of 
the  bullet  to  be  1320  feet  per  second.     [The  balloon  if?  at  rest.] 
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16.  Two  particles  are  projected  simultaneously,  one  with  ve 
locity  F  up  a  smooth  plane  inclined  at  an  angle  of  30°  to  the  horizon, 

2V 
and  the  other  with  a  velocity  -75  at  an  elevation  of  60°.     Shew  that 

V" 

2V 
the  particles  will  be  relatively  at  rest  at  the  end  of  y-  seconds  from 

the  instant  of  projection. 

17.  The  radii  of  the  front  and  hind  wheels  of  a  carriage  are 
a  and  6,  and  c  is  the  distance  between  the  axle-trees;  a  particle  of 
dust  driven  from  the  highest  point  of  the  hind  wheel  is  observed 
to  alight  on  the  highest  point  of  the  front  wheel.     Shew  that  the 
velocity  of  the  carriage  is 


4(6-a) 

18.  Find  the  charge  of  powder  required  to  send  a  68  Ib.  shot, 
with  an  elevation  of  15°,  to  a  range  of  3000  yards,  given  that  the 
velocity  communicated  to  the  same  shot  by  a  charge  of  10  Ibs.  is 
1600  feet  per  second,  and  assuming  that  the  kinetic  energy  of  the 
shot  is  proportional  to  the  magnitude  of  the  charge. 

19.  A  body,  of  mass  2  Ibs.,  is  projected  with  a  velocity  of  20  feet 
per  second  at  an  angle  of  60°  to  the  horizon;  another  body,  of  mass 
3  Ibs.,  is  at  the  same  time  projected  from  the  same  point  with  a  velocity 
of  40  feet  per  second  at  an  angle  of  30°  to  the  horizon.    Find  to  two 
places  of  decimals  the  height  to  which  their  common  centre  of  gravity 
rises,  and  the  distance  of  the  point  at  which  it  meets  the  horizontal 
plane  through  the  point  of  projection. 

20.  A  train  is  travelling  at  the  rate  of  45  miles  per  hour,  and 
a  passenger  throws  up  a  ball  vertically  with  an  initial  velocity  of 
12  feet  per  second;  find  the  latus  rectum  of  the  path  which  it  de 
scribes.     If  the  ball  be  projected  with  the  same  velocity  at  60°  to 
the  horizontal  (1)  in  the  same  direction,  (2)  in  the  opposite  direction, 
with  the  motion  of  the  train,  find  the  latus  rectum  in  each  case. 

21.  In  a  trajectory  find  the  time  that  elapses  before  the  particle 
is  at  the  end  of  the  latus  rectum. 

22.  A  particle  is  projected  so  as  to  enter  in  the  direction  of 
its  length  a  small  straight  tube  of  small  bore  fixed  at  an  angle  of 
45°  to  the  horizon  and  to  pass  out  at  the  other  end  of  the  tube; 
shew  that  the  latera  recta  of  the  paths  which  the  particle  describes 
before  entering  and  leaving  the  tube  differ  by  ^2  times  the  length 
of  the  tube. 

23.  A  particle  is  projected  horizontally  from  the  top  of  a  tower, 
100  feet  high,  and  the  focus  of  the  parabola  which  it  describes  is 
in  the  horizontal  plane  through  the  foot  of  the  tower  j   find  the 
velocity  of  projection. 
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24.  A  particle  is  projected  with  velocity  2*Jag  BO  that  it  just 
clears  two  walls,  of  equal  height  a,  which  are  at  a  distance  2a  from 
each  other.     Shew  that  the  latus  rectum  of  the  path  is  2a,  and  that 

the  time  of  passing  between  the  walls  is  2  */-  • 

25.  Shew  that  the  locus  of  the  foci  of  all  trajectories  which  pass 
through  two  given  points  is  a  hyperbola. 

26.  If  t  be  the  time  in  which  a  projectile  reaches  a  point  P  of 
its  path,  and  t'  be  the  tune  from  P  till  it  strikes  the  horizontal  plane 
through  the  point  of  projection,  shew  that  the  height  of  P  above  the 
plane  is  \gtt'. 

27.  If  at  any  point  of  a  parabolic  path  the  velocity  be  u  and  the 
inclination  to  the  horizon  be  0,  shew  that  the  particle  is  moving  at 

u 
right  angles  to  its  former  direction  after  a  time  — = — - . 


CHAPTER  VIII. 

COLLISION  OF  ELASTIC   BODIES. 

115.  IF  a  man  allow  a  glass  ball  to  drop  from  his 
hand  upon  a  marble  floor  it  rebounds  to  a  considerable 
height,  almost  as  high  as  his  hand;  if  the  same  ball  be 
allowed  to  fall  upon  a  wooden  floor,  it  rebounds  through 
a  much  smaller  distance. 

If  we  allow  an  ivory  billiard  ball  and  a  glass  ball  to 
drop  from  the  same  height,  the  distances  through  which 
they  rebound  will  be  different. 

If  again  we  drop  a  leaden  ball  upon  the  same  floors, 
the  distances  through  which  it  rebounds  are  much  smaller 
than  in  either  of  the  former  cases. 

Now  the  velocities  of  these  bodies  are  the  same  on 
first  touching  the  floor;  but,  since  they  rebound  through 
different  heights,  their  velocities  on  leaving  the  floor  must 
be  different. 

The  property  of  the  bodies  which  causes  these  differ 
ences  in  their  velocities  after  leaving  the  floor  is  called 
their  Elasticity. 

In  the  present  chapter  we  shall  consider  some  simple 
cases  of  the  impact  of  elastic  bodies.  We  can  only  discuss 
the  cases  of  particles  in  collision  with  particles  or  planes, 
and  of  smooth  homogeneous  spheres  in  collision  with 
smooth  planes  or  smooth  spheres. 
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116.  Def.     Two  bodies  are  said  to  impinge  directly 
when  the  direction  of  motion  of  each  is  along  the  common 
normal  at  the  point  at  which  they  touch. 

They  are  said  to  impinge  obliquely  when  the  direction 
of  motion  of  either,  or  both;  is  not  along  the  common 
normal  at  the  point  of  contact. 

The  direction  of  this  common  normal  is  called  the  line 
of  impact. 

In  the  case  of  two  spheres  the  common  normal  is  the 
line  joining  their  centres. 

117.  Newton's  Experimental  Law.     Newton 
found,  by  experiment,  that,  if  two  bodies  impinge  directly, 
their  relative  velocity  after  impact  is  in  a  constant  ratio  to 
their  relative  velocity  before  impact,  and  is  in  the  opposite 
direction.     [The  experiment  is  described  in  Art.  151.] 

If  the  bodies  impinge  obliquely,  their  relative  velocity 
resolved  along  their  common  normal  after  impact  is  in  a 
constant  ratio  to  their  relative  velocity  before  impact 
resolved  in  the  same  direction,  and  is  of  opposite  sign. 

This  constant  ratio  depends  on  the  substances  of  which 
the  bodies  are  made,  and  is  independent  of  the  masses  of 
the  bodies.  It  is  generally  denoted  by  e  and  is  called 
the  Modulus  or  Coefficient  of  Elasticity,  Restitution,  or 
Resilience.  Either  of  the  two  latter  terms  is  better  than 
the  first. 

If  u  and  u'  be  the  component  velocities  of  two  bodies 
before  impact  along  their  common  normal  and  v  and  v'  the 
component  velocities  of  the  bodies  in  the  same  direction 
after  impact,  the  law  states  that  v-v'  =  -e  (u-u). 

The  value  of  e  has  widely  different  values  for  different 
bodies ;  for  two  glass  balls  e  is  -94 ;  for  two  ivory  ones  it  is 
•81 ;  for  two  of  cork  it  is  '65 ;  for  two  of  cast-iron  about 
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•66 ;  whilst  for  two  balls  of  lead  it  is  about  -20,  and  for 
two  balls,  one  of  lead  and  the  other  of  iron,  the  value  is  -13. 
Bodies  for  which  the  coefficient  of  restitution  is  zero 
are  said  to  be  "inelastic";  whilst  "perfectly  elastic" 
bodies  are  those  for  which  the  coefficient  is  unity.  Pro 
bably  there  are  no  bodies  in  nature  coming  strictly  under 
either  of  these  headings;  approximate  examples  of  the 
former  class  are  such  bodies  as  putty,  whilst  probably  the 
nearest  approach  to  the  latter  class  is  made  by  glass  balls. 

More  careful  experiments  have  shewn  that  the  ratio  of  the  relative 
velocities  before  and  after  impact  is  not  absolutely  constant,  but  that 
it  decreases  very  slightly  for  very  large  velocities  of  approach  of  the 
bodies. 

118.  Motion  of  two   smooth   bodies  perpendicular  to 
the  line  of  impact. 

When  two  smooth  bodies  impinge,  there  is  no  tangential 
action  between  them,  so  that  the  stress  between  them  is 
entirely  along  their  common  normal,  i.e.  the  line  which  is 
perpendicular  to  both  surfaces  at  their  point  of  contact. 
Hence  there  is  no  force  perpendicular  to  this  common 
normal,  and  therefore  no  change  of  velocity  in  that 
direction.  Hence  the  component  velocity  of  each  body 
in  a  direction  perpendicular  to  the  common  normal  is 
unaltered  by  the  impact. 

119.  Motion  of  two  bodies  along  the  line  of  impact. 
From  Art.  86  it  follows  that,  when  two  bodies  impinge, 

the  sum  of  their  momenta  along  the  line  of  impact  is  the 
same  after  impact  as  before. 

The  two  principles  enunciated  in  this  and  the  previous 
article,  together  with  Newton's  experimental  law,  are 
sufficient  to  find  the  change  in  the  motion  of  particles 
and  smooth  spheres  produced  by  a  collision. 

We  shall  now  proceed  to  the  discussion  of  particular  cases. 
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120.  Impact  on  a  fixed  plane.  A  smooth  sphere, 
or  particle,  whose  mass  is  m  and  whose  coefficient  of  resti 
tution  is  e,  impinges  obliquely  on  a  fixed  plane  ;  to  find  the 
cJiange  in  its  motion. 

Let  AB  be  the  fixed  plane,  C  the  point  at  which  the 


N 


sphere  impinges,  and  CN  the  normal  to  the  plane  at  C  so 
that  CN  passes  through  the  centre,  0,  of  the  sphere. 

Let  DO  and  OE  be  the  directions  of  motion  of  the 
centre  of  the  sphere  before  and  after  impact,  and  let  the 
angles  NOD  and  NOE  be  a  and  0.  Let  u  and  v  be  the 
velocities  of  the  sphere  before  and  after  impact  as  indi 
cated  in  the  figure. 

Since  the  plane  is  smooth,  there  is  no  force  parallel  to 
the  plane;  hence  the  velocity  of  the  sphere  resolved  in  a 
direction  parallel  to  the  plane  is  unaltered. 

(1). 


v  sin  u  =  u  sin  a 


By  Newton's  experimental  law,   the  relative  velocity 
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along  the  common  normal  after  impact  is  (-  e)  times  the 
relative  velocity  before  impact. 

Hence         v  cos  6  —  Q  —  —  e(—  u  cos  a  —  0). 

.*.  vcos6  =  eu  cos  a  ..................  (2). 

From  (1)  and  (2),  by  squaring  and  adding,  we  have 

v  =  u  J  sin2  a  +  ez  cos2  a, 
and,  by  division,  cot  6  —  e  cot  a. 

These  two  equations  give  the  velocity  and  direction  of 
motion  after  impact. 

The  impulse  of  the  pressure  on  the  plane  is  equal  and  opposite  to 
the  impulse  of  the  pressure  on  the  sphere,  and  is  therefore  measured 
by  the  change  of  the  momentum  of  the  sphere  perpendicular  to  the 
plane. 

Hence  the  impulse  of  the  blow=mu  cos  a  +  mv  cos  6 


Cor.  1.     If  the  impact  be  direct,  we  have  a  =  0. 
.'.  0  =  0,  and  v  =  eu. 

Hence  The  direction  of  motion  of  a  spfare,  which  im 
pinges  directly  on  a  smooth  plane,  is  reversed  and  its  velocity 
reduced  in  the  ratio  1  :  e. 

Cor.  2.  If  the  coefficient  of  restitution  be  unity,  we 
have  0  =  a,  and  v  =  u. 

Hence  When  the  plane  is  perfectly  elastic  the  angle  of 
reflexion  is  equal  to  that  of  incidence,  and  the  velocity  is 
unaltered  in  magnitude. 

Cor.  3.  If  the  coefficient  of  restitution  be  zero,  we 
have  0  —  90°,  and  v  —  u  sin  a. 

Hence  A  sphere  after  impact  with  an  inelastic  plane 
slides  along  the  plane  with  its  velocity  parallel  to  the  plane 
unaltered. 
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121.  Ex.  A  ball,  moving  with  a  velocity  of  10  feet  per  second, 
impinges  on  a  smooth  fixed  plane  at  an  angle  o/45°;  if  the  coefficient 
of  restitution  be  $,  find  the  velocity  and  direction  of  motion  of  the  ball 
after  the  impact. 

Let  its  velocity  after  the  impact  be  v  at  an  angle  6  with  the  fixed 
plane. 

Its  component  velocities  along  and  perpendicular  to  the  plane, 

before  impact,  are  each  10  x  -^ ,  i.e.,  5J2.     After  impact  its  com- 

v* 
ponent  velocities  in  the  same  two  directions  are  v  cos  6  and  v  sin  Q. 

Hence  we  have  v  cos  6  =  5^/2, 

v  sin  0  =  6.5^/2  = 

Therefore,  by  squaring  and  adding, 
v2=82,  so  that  v 

Also,  by  division,  tan  0=£,  so  that,  by  the  table  of  natural 
tangents,  0  =  38°  40'  nearly.  Hence,  after  the  impact,  the  ball  moves 
with  a  velocity  of  9'06  ft.  per  sec.  at  an  angle  of  38° 40'  with  the 
plane. 

EXAMPLES.    XX. 

1.  A  glass  marble  drops  from  a  height  of  9  feet  npon  a  horizontal 
floor;  if  the  coefficient  of  restitution  be  -9,  find  the  height  to  which  it 
rises  after  the  impact. 

2.  An  ivory  ball  is  dropped  from  a  height  of  25  feet  upon  a 
horizontal  slab ;  if  it  rebound  to  a  height  of  16  feet,  shew  that  the 
coefficient  of  restitution  between  the  slab  and  the  ball  is  '8. 

3.  A  heavy  elastic  ball  drops  from  the  ceiling  of  a  room,  and 
after  rebounding  twice  from  the  floor  reaches  a  height  equal  to  one 
half  that   of  the  ceiling;    shew  that   the   coefficient   of  restitution 
!•*» 

4.  From  a  point  in  one  wall  of  a  room  a  ball  is  projected  along 
the  smooth  floor  to  hit  the  opposite  wall  and  returns  to  the  point 
from  which  it  started;  if  the  coefficient  of  restitution  be  £,  shew  that 
the  ball  takes  twice  as  long  in  returning  as  it  took  in  going. 

5.  From  a  point  in   the  floor  of  a   room  a  ball  is  projected 
vertically  with  velocity  32^/3  feet  per  second;   if  the  height  of  the 
room  be  16  feet,  and  the  coefficients  of  restitution  between  the  ball 

and  the  ceiling  and  the  ball  and  the  floor  be  each  -^ ,  shew  that  the 

v^ 

ball,  after  rebounding  from  the  ceiling  and  the  floor,  will  again  just 
reach  the  height  of  the  ceiling. 

6.  A  ball  moving  with  a  velocity  of  8  ft.  per  sec.  impinges  at  an 
angle  of  30°  on  a  smooth  plane;   find  its  velocity  and  direction  of 
motion  after  the  impact,  the  coefficient  of  restitution  being  £. 
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7.  A  sphere  moving  with  a  velocity  of  5  ft.  per  sec.  hits  against 
a  smooth  plane,  its  direction  of  motion  being  inclined  at  an  angle 
sin-1f  (  =  36° 52')  to  the  plane;  shew  that  after  impact  its  velocity  is 
2^/5  (=4-47)  ft.  per  sec.  at  an  angle  tan-1  $  (=26°  34')  with  the  plane, 
if  the  coefficient  of  restitution  be  |. 

8.  A  ball  falls  from  a  height  of  16  feet  upon  a  plane  inclined  at 
(1)  30°,  (2)  45°,  and  (3)  60°,  to  the  horizon;   find  the  velocity  and 
direction  of  motion  after  the  impact  in  the  three  cases,  the  coefficient 
of  restitution  being  f . 

122.  Direct  impact  of  two  spheres.  A  smooth 
sphere,  of  mass  m,  impinges  directly  with  velocity  u  on 
another  smooth  sphere,  of  mass  m't  moving  in  .the  same 
direction  with  velocity  u'.  If  the  coefficient  of  restitution 
be  e,  to  find  their  velocities  after  the  impact. 

Let  v  and  v  be  the  velocities  of  the  two  spheres  after 
impact. 

By  Newton's  experimental  law,  the  relative  velocity 
after  impact  is  (—  e)  times  the  relative  velocity  before 
impact. 

.*.  v  —  v'  =  —  e(u  —  u') (1). 


Again,  the  only  force  acting  on  the  bodies  during  the 
impact  is  the  blow  along  the  line  of  centres.     Hence,  by 
Art.  119,  the  total  momentum  in  that  direction  is  unaltered. 
.'.  mv  +  mv'  ~mu  +  m'u (2). 
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Multiplying  (1)  by  m',  and  adding  to  (2),  we  have 

(m  +  m')  v  =  (m  -  em)  u  +  m'  (1  +  e)  u'. 
Again  multiplying  (1)  by  m,  and  subtracting  from  (2), 
we  have 

(m  +  m')  v'  =  m  (1  +  e)  u  +  (mf  —  ern)  u'. 

These  two  equations  give  the  velocities  after  impact. 
If  the  second  sphere  be  moving  in  a  direction  opposite 
to  that  of  the  first,  we  must  change  the  sign  of  u'. 

Also  the  impulse  of  the  blow  on  the  ball  m 

=  the  change  produced  in  its  momentum 


The  impulse  of  the  blow  on  the  other  ball  is  equal  and  opposite 
to  this. 

Cor.     If  we  put  m  —  m'  and  e  =  1,  we  have 

v  =  u,  and  v'  =  u. 

Hence  If  two  equal  perfectly  elastic  balls  impinge 
directly  they  interchange  their  velocities. 

123.  Ex.  1.  A  ball,  of  mass  8  Ibs.  and  moving  with  velocity 
4  feet  per  second,  overtakes  a  ball,  of  mass  10  Ibs.  moving  with  velocity 
2  feet  per  second  in  the  same  direction;  if  e  be  £,  find  the  velocities  of 
the  balls  after  impact. 

Let  v  and  v'  be  the  required  velocities. 
Since  the  total  momentum  is  unaltered, 


By  Newton's  Law, 

*-»'=-  J[4-2]=-l. 
Hence,  by  solving,  v  =  2£,  and  v'=3£,  feet  per  second. 

Ex.  2.  If  in  the  previous  question,  the  second  ball  be  moving  in  a 
direction  opposite  to  the  first,  find  the  velocities. 

Here  the  equations  are 

8v  +  10t/=8x4-  10x2  =  12, 
and  v-v'=-i[4-(-2)]=  -3. 

Hence,  solving,  v—  -  1  and  y'  =  2  feet  per  second  so  that  each  ball 
turns  back  after  the  impact,  since  the  velocities  are  reckoned  positively 
in  the  direction  in  which  the  first  was  going  before  impact. 
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124.  Oblique  impact  of  two  spheres.  A  smooth 
sphere,  of  mass  m,  impinges  with  a  velocity  u  obliquely  on 
a  smooth  sphere,  of  mass  mf,  moving  with  velocity  u'.  If 
the  directions  of  motion  before  impact  make  angles  a  and  (3 
respectively  with  the  line  joining  the  centres  of  the  spheres, 
and  if  the  coefficient  of  restitution  be  e,  to  find  the  velocities 
and  directions  of  motion  after  impact. 

Let  the  velocities  of  the  spheres  after  impact  be  v  and 
v'  in  directions  inclined  at  angles  6  and  <£  respectively  to 
the  line  of  centres. 

Since  the  spheres  are  smooth,  there  is  no  force  perpen 
dicular  to  the  line  joining  the  centres  of  the  two  balls,  and 
therefore  the  velocities  in  that  direction  are  unaltered. 

Hence  v  sin  6  =  u  sin  a (1), 

and  v'  sin  <£  =  u'  sin  {3  (2). 


For  the  motion  along  the  line  of  centres  we  have,  by 
Newton's  Law, 

v  cos  0  -  v'  cos  <f>  =  -  e  (u  cos  a  -  u'  cos  /3) (3). 

Again,  the  only  force  acting  on  the  spheres  during  the 
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impact  is  the  blow  along  the  line  of  centres.  Hence 
(Art.  119)  the  total  momentum  in  that  direction  is  un 
altered. 

.*.  mv  cos  6  +  m'v'  cos  <£  =  mu  cos  a  +  m'u'  cos  /?.  .  .  (4). 

The  equations  (1),  (2),   (3)  and  (4)  determine  the  un 
known  quantities  v,  v',  6  and  <£. 

Multiply  (3)  by  TO',  add  to  (4),  and  we  obtain 

f.     (m  —  em'}  u  cos  a  +  TO'  (1  +  e)  uf  cos  8 
vcosO  =  -  -  -  --  ^  -  '-  -  -  ......  (5). 

m  +  m' 

So  multiplying  (3)  by  m,  and  subtracting  from  (4),  we 
get 


m  +  m 

From  (1)  and  (5)  by  squaring  and  adding  we  obtain  v2, 
and  by  division  we  have  tan  6. 

Similarly  from  (2)  and  (6)  we  obtain  i/a  and  tan  <£. 
Hence  the  motion  is  completely  determined. 

The  impulse  of  the  blow  on  the  first  ball  =  the  change  produced  in 
its  momentum  =  m  (u  cos  a  -  v  cos  6) 

=  —  •  —  ,  (1  +  e)  (u  cos  a  -  u'  cos  /3),  on  reduction. 
m  +  m 

The  impulse  of  the  blow  on  the  other  ball  is  equal  and  opposite 
to  this. 

Cor.  1.  If  ^'  =  0,  we  have  from  equation  (2)  <£  =  0, 
and  hence  the  sphere  m'  moves  along  the  lines  of  centres. 
This  follows  independently,  since  the  only  force  on  m'  is 
along  the  line  of  centres. 

Cor.  2.     If  TO  =  TO',  and  «=  1,  we  have 

v  cos  Q  —  u'  cos  /?,  and  v'  cos  <£  =  u  cos  a. 

Hence  If  two  equal  perfectly  elastic  spheres  impinge  they 
interchange  their  velocities  in  the  direction  of  the  line  of 
centres. 
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125.  Ex.  1.  A  ball,  of  mass  5  Ibs.  and  moving  with  velocity 
15  ft.  per  sec.,  impinges  on  a  ball,  of  mass  10  Ibs.  and  moving  with 
velocity  5ft.  per  sec.;  if  their  velocities  before  impact  be  parallel  and 
inclined  at  an  angle  of  30°  to  the  line  joining  their  centres  at  the 
instant  of  impact,  find  the  resulting  motion,  tJie  coefficient  of  restitution 
being  %. 

Let  the  velocities  after  impact  be  v  and  v'  at  angles  0  and  0  to  the 
line  joining  the  centres. 

Since  the  velocities  perpendicular  to  the  line  of  centres  are 
unaltered,  we  have 

v  sin  0  =  15  sin  30°=^  ........................  (1), 

and  v'  sin  0  =  5  sin  30°  =f  ........................  (2). 

By  Newton's  Law, 

t>cos0-v'cos0=-i[15cos300-5cos30°]=-5^?  ...  (3). 

4 

Since  the  momentum  along  the  line  of  impact  is  unaltered, 


/.  v  cos  0  +  2v'  cos  0  =  25^  .....................  (4). 

Solving  (3)  and  (4),  we  have 

t>  cos  0=5^?  ..............................  (5), 

and  0*0080=5^/3  ..............................  (6). 

From  (1)  and  (5),  we  have  v  =  5J3,  and  0  =  60°. 

1  ;o 

From  (2)  and  (6),  we  have  v'  =  £v/13,  and  tan  0  =  ^-7^  =  ~  ,  so 

&\Jd  O 

that,  by  the  table  of  natural  tangents,  0  =  16°6'. 

Ex.  2.  Two  smooth  balls,  one  of  mass  double  that  of  the  other,  are 
moving  with  equal  velocities  in  opposite  parallel  directions  and  impinge, 
their  directions  of  motion  at  the  instant  of  impact  making  angles  of  30° 
with  the  line  of  centres.  If  the  coefficient  of  restitution  be  £,  find  the 
velocities  and  directions  of  motion  after  the  impact. 

Let  the  masses  of  the  balls  be  2m  and  m  and  let  the  velocities  after 
impact  be  v  and  v'  respectively  at  angles  0  and  0  to  the  line  of  centres. 

Since  the  velocities  perpendicular  to  the  line  of  centres  are 
unaltered, 

.-.  v  sin  6=u  sin  30°=|  ........................  (1), 

and  v'  sin  0  =  w  sin  30°  =  I  ........................  (2). 

L.  D.  9 
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By  Newton's  Law, 

/3 

v  cos 0-i/cos0=  -<?[MCos30°-(-wcos300)]=  -w%-  ...  (3). 

Since  the  momentum  resolved  parallel  to  the  line  of   centres 
remains  unaltered, 

.'.  2mv  cos  0  +  mv'  cos  <f>  =  2mu  cos  30°  -  mu  cos  30°, 

/Q 

^—- (4). 


/3 

Solving  (3)  and  (4),  we  have  v  cos  0=0  and  v'  cos  <f>=u  ~- . 

From  these  equations  and  (1)  and  (2),  we  obtain 
0=90°,  v=|;  0=30°,  v'  =  u. 

Hence  after  impact  the  larger  ball  starts  off  in  a  direction  perpen 
dicular  to  the  line  of  centres  with  half  its  former  velocity,  and  the 
smaller  ball  moves  as  if  it  were  a  perfectly  elastic  ball  impinging  on  a 
fixed  plane. 

EXAMPLES.    XXI. 

1.  A  sphere,  of  mass  4  Ibs.  and  moving  with  velocity  5  ft.  per 
sec.,  overtakes  a   sphere  of  mass  3  Ibs.  and  moving  with  velocity 
4  ft.  per  sec.;  if  the  impact  be  direct  and  the  coefficient  of  restitution 
be  i,  find  the  velocities  of  the  spheres  after  impact. 

2.  A  ball,  of  mass  10  Ibs.  and  moving  with  velocity  6  ft.  per  sec., 
overtakes  a  sphere,  of  mass  8  Ibs.  and  moving  with  velocity  3  ft.  per 
sec.;  if  the  impact  be  direct  and  the  coefficient  of  restitution  be  f, 
find  the  velocities  of  the  spheres  after  impact. 
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3.  A  sphere,  moving  with  velocity  12  ft.  per  sec.,  meets  an  equal 
sphere  moving  in  the  same  line  with  a  velocity  of  6  ft.  per  sec.  in 
the  opposite  direction ;  if  the  coefficient  of  restitution  be  £,  find  their 
velocities  after  the  impact. 

4.  If  a  ball  overtake  a  ball  of  twice  its  own  mass  moving  with 
one-seventh  of  its  velocity,  and  if  the  coefficient  of  restitution  between 
them  be  f ,  shew  that  the  first  ball  will,  after  striking  the  second  ball, 
remain  at  rest. 

5.  If  the  masses  of  two  balls  be  as  2  :  1,  and  their  respective 
velocities  before  impact  be  as  1  :  2  and  in  opposite  directions,  and  e 
be  J,  shew  that  each  ball  will  after  direct  impact  move  back  with  |ths 
of  its  original  velocity. 

5.  A  sphere  impinges  directly  on  an  equal  sphere  at  rest;  if  the 
coefficient  of  restitution  be  e,  shew  that  their  velocities  after  the  im 
pact  are  as  1  -  e •:  1  +  e. 

7.  A  ball,  of  mass  m  and  moving  with  velocity  u,  impinges  on  a 
ball,  of  mass  em  and  moving  with  velocity  en  in  the  opposite  direction ; 
if  the  impact  be  direct  and  e  be  the  coefficient  of  restitution,  shew 
that  the  velocity  of  the  second  ball  after  impact  is  the  same  as  that  of 
the  first  ball  before  impact. 

8.  A  ball,  of  mass  2  Ibs.,  impinges  directly  on  a  ball,  of  mass  1  lb., 
which  is  at  rest ;  find  the  coefficient  of  restitution  if  the  velocity  with 
which  the  larger  ball  impinges  be  equal  to  the  velocity  of  the  smaller 
ball  after  impact. 

9.  A  ball  of  mass  m  impinges  directly  upon  a  ball  of  mass  m^  at 
rest ;  the  velocity  of  m  after  impact  is  f  ths  of  its  velocity  before  impact 
and  the  coefficient  of  restitution  is  £  ;  compare  (i)  the  masses  of  the 
two  balls,  and  (ii)  the  velocities  of  m  and  m^  after  impact. 

10.  Three  spheres,  whose  masses  are  2  Ibs.,  6  Ibs.,  and  12  Ibs. 
respectively,  and  whose  velocities  are  12,  4,  and  2  feet  per  second 
respectively,  are  moving  in  a  straight  line  in  the  above  order.     If 
the  coefficient  of  restitution  be  unity,  shew  that  the  first  two  spheres 
will  be  brought  to  rest  by  the  collisions  which  will  take  place. 

11.  A  ball  is  let  fall  from  a  height  of  64  feet,  and  at  the  same 
instant  an  equal  ball  is  projected  from  the  ground  with  a  velocity 
of  128  feet  per  second  to  meet  it  in  direct  impact :  if  the  coefficient  of 
restitution  be  £,  find  the  times  that  elapse  after  the  impact  before 
the  balls  reach  the  ground. 

12.  An  inelastic  sphere  impinges  obliquely  on  a  second  sphere  at 
rest,  whose  mass  is  twice  its  own,  in  a  direction  making  an  angle 
of  30°  with  the  line  joining  the  centres  of  the  spheres;   shew  that 
its  direction  of  motion  is  turned  through  an  angle  of  30°. 

13.  Two  equal  balls  moving  with  equal  speeds  impinge,  their 
directions  being  inclined  at  30°  and  60°  to  the  line   joining  their 
centres  at  the  instant  of  impact;  if  the  coefficient  of  restitution  be 
unity,  shew  that  after  impact  they  are  moving  in  parallel  directions 
inclined  at  45°  to  the  line  of  centres. 

9—2 
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14.  Two  equal  balls,  moving  with  equal  velocities,  impinge;    if 
their  directions  of  motion  before  impact  make  angles  of  30°  and  90° 
respectively  with  the  line  joining  the  centres  at  the  instant  of  impact, 
and  if  the  coefficient  of  restitution  be  &,  shew  that  after  impact  the 
balls  are  moving  in  parallel  directions,  and  that  the  velocity  of  one  is 
double  that  of  the  other. 

15.  Two  equal  perfectly  elastic- balls  impinge;  if  their  directions 
of  motion  before  impact  be  at  right  angles,  shew  that  their  directions 
of  motion  after  impact  are  at  right  angles  also. 

16.  A  sphere,  moving  with  velocity  u/^f'6,  impinges  on  an  equal 
sphere,  moving  with  velocity  w,   their  directions  of  motion  before 
impact  making  angles  of  30°  and  60°  with  the  line  of  centres;  shew 
that,   if  the  coefficient  of  restitution  be  unity,  their  directions  of 
motion  after  impact  make  angles  of  GO0  and  30°  respectively  with  the 
line  of  centres. 

17.  A  sphere,  of  mass  5m  and  moving  with  velocity  13w,  impinges 
on  a  sphere,  of  mass  m  and  moving  with  velocity  5u,  their  directions 
of  motion  being  inclined  at  angles  of  sin"1^  and  sin"1!  respectively 
to  the  line  of  centres;  if  the  coefficient  of  restitution  be  J,  find  their 
velocities  and  directions  of  motion  after  the  impact. 

126.    Action  between  two  elastic  bodies  during 

their  collision.  When  two  elastic  bodies  impinge,  the 
time  during  which  the  impact  lasts  may  be  divided  into 
two  parts,  during  the  first  of  which  the  bodies  are  com 
pressing  one  another,  and  during  the  second  of  which  they 
are  recovering  their  shape.  That  the  bodies  are  compressed 
may  be  shewn  experimentally  by  dropping  a  billiard  ball 
upon  a  floor  which  has  been  covered  with  line  coloured 
powder.  At  the  spot  where  the  ball  hits  the  floor,  the 
powder  will  be  found  to  be  removed  not  from  a  geometrical 
point  only,  but  from  a  small  circle;  this  shews  that  at  some 
instant  during  the  compression  the  part  of  the  ball  in  con 
tact  with  the  floor  was  a  circle.;  it  follows  that  the  ball 
was  then  deformed  and  afterwards  recovered  its  shape. 

The  first  portion  of  the  impact  lasts  until  the  bodies 
are  instantaneously  moving  with  the  same  velocity ;  forces 
then  come  into  play  tending  to  make  the  bodies  recover 
their  shape.  The  mutual  action  between  the  bodies  during 


COLLISION  OF  ELASTIC  BODIES.          133 

the  first  portion  of  the  impact  is  often  called  "  the  force 
of  compression,"  and  that  during  the  second  portion  "the 
force  of  restitution." 

127.  It  is  easy  to  shew  that  the  ratio  of  the  impulses 
of  the  forces  of  restitution  and  compression  is  equal  to  the 
quantity  e,  which  we  have  defined  as  the  coefficient  of 
restitution. 

Consider  the  case  of  one  sphere  impinging  directly  on 
another,  as  in  Art.  122,  and  use  the  same  notation. 

Let  U  be  the  common  velocity  of  the  bodies  at  the 
instant  when  the  compression  is  finished.  Then 

m  (u  -  U)  is  the  loss  of  momentum  by  the  first  ball, 
and          m  (U—  u')  is  the  gain  by  the  second  ball. 
Hence,  if  /  be  the  impulse  of  the  force  of  compression,  we 
have  I=m(u-U)  =  m'(U-  u'), 

:.  -  +  L     u-U+U-u'  =  u-u'  ......  (1). 

m     m 

Again,  the  loss  of  momentum  by  the  first  ball  during 
the  period  of  restitution  is  m(U—v),  and  the  gain  by  the 
second  ball  is  m'  (v  —  U). 

Hence,  if  /'  be  the  impulse  of  the  force  of  restitution, 
/'  =  m(U-v)  =  m  (v'-U), 

'     U=v'-v  .........  (2). 


jf  t 

Hence,  from  (1)  and  (2).       -f  ~  —  —  , 

I      u  -  u 


##128.     Loss  of  Kinetic  Energy  by  Impact. 

Two  spJieres  of  given  masses  moving  with  given  velocities 
impinge;  to  shew  tliat  there  is  a  loss  of  kinetic  energy  and 
to  find  the  amount. 
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I.  Let  the  collision  be  direct  and  the  notation  as  in 
Art.  122. 

Then  we  have 

mv  +  m'v'  =  mu  +  m'u'  ...............  (1), 

v-v'=-e(u-u')    ............  (2). 

To  the  square  of  (1)  add  the  square  of  (2)  multiplied  by 
mm  ;  we  then  have 

(m?  +  mm')  v*  +  (m'2  +  mm)  v'* 

=  (mu  +  m'u')z  +  e*mm  (u  —  w')a, 
i.e.  (m  +  m')  (mv3  +  raV2) 

=  (mu  +  m'u'f  +  mm'  (u  —  u')*  -  (1  —  e2)  mm'  (u  —  u')* 
=  (m  +  m')  (mu*  +  m'u'*)  -  (1  -  e2)  mm'  (u  -  u')z. 

.'.  \rntf  +  imV2  =  ±mu*+  i  m'u'*  -  -  -~-    mm>  ,  (u  -  u')\ 

2     m  +  m  ^ 

Hence  the  kinetic  energy  after  impact  =  kinetic  energy 

,    »        .  1  -  e2     mm     , 

before  impact  --  -  --  ,  (u  -u  )\ 
2      m  +  ra  v 

Hence  the  loss  of  kinetic  energy  is 

1  —  e2    mm'    . 

—75  --  /  (u  ~  u  )  > 
2     m  +  m  v 

and  this  loss  does  not  vanish  unless  6  =  1,  that  is,  unless 
the  balls  are  perfectly  elastic. 

II.  Let  the  collision  be  oblique  and  the  notation  as  in 
Art.  124. 

As  in  I.,  we  have 


1  -e3    mm  , 

—  ,  (u  cos  a  —  u  cos  or,  .  .  (  o). 
2     m  +  m  v  ^'      v   ' 
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Also,  since  v  sin  0  =  u  sin  a,  and  v'  sin  <f>  =  u'  sin  /?,  we 
have 

^mv*  sina0  +  ^mVa  sins<£  =  ^mu*  sinaa 

Adding  (3)  and  (4),  we  have 

The  kinetic  energy  after  impact  =  kinetic  energy  before 

1  —  ea   mm      .  .         ~,  „ 

impact = —r  (u  cos  a  —  u  cos pr. 

2     m  +  ra  v 

Hence  we  see  that  in  any  impact,  unless  the  coefficient 
of  restitution  be  unity,  some  kinetic  energy  is  lost. 

This  missing  kinetic  energy  is  converted  into  molecular 
energy  and  chiefly  reappears  in  the  shape  of  heat. 

129.  Ex.  1.  A  particle  falls  from  a  height  h  upon  a  fixed  hori 
zontal  plane;  if  e  be  the  coefficient  of  restitution,  shew  that  the  whole 
distance  described  by  the  particle  before  it  has  finished  rebounding  is 

-z 5  h,  and  that  the  tune  that  elapses  is  .  /  —  ^ . 

1-e3  \/    g   1-e 

Let  u  be  the  velocity  of  the  particle  when  it  first  hits  the  plane, 
so  that  M3  =  2gh. 

By  Art.  120,  Cor.  1,  the  particle  rebounds  with  velocity  eu. 

The  velocity  when  it  again  hits  the  plane  is  eu,  and  the  velocity 
after  the  second  rebound  is  «%. 

Similarly  the  velocity  after  the  third,  fourth,  ...  rebounds  is  esu, 
The  height  to  which  the  particle  ascends  after  the  first,  second,  ... 


the  part 


rebounds  are         .  .  ...  i.e.,  e"H,  e'H,  M,  . 

Hence  the  whole  space  described 

=  h  +  2  (e*h  +  e*h  +  e«h  +  .  .  .  ad  inf.) 


by  summing  the  infinite  geometric  progression, 

l  +  «3 
=  hl^e*' 

Also  the  time  of  falling  originally  =./—-, 
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The  times  of  ascending  after  the  impacts  are  the  times  in  which 
the  velocities  eu,  ehi,  e*u,  ...  are  destroyed  by  gravity. 

eu  e*u  e*u  /2h  /2h 

Hence  these  times  are  —  ,  —  ,  -  —  ...  i.e.,  e  .  /  —  »  «  A.  /  —  •  .-. 

999  V  9  V  9 

Hence  the  whole  time  during  which  the  particle  is  in  motion 


Ex.  2.  From  a  point  in  a  smooth  horizontal  plane  a  particle  is 
projected  ivith  velocity  u  at  an  angle  a  to  the  horizon;  if  the  coefficient 
of  restitution  between  the  particle  and  the  plane  be  e,  shew  that  the 
distance  described  along  the  plane  before  the  particle  ceases  to  rebound 

.    w2  sin  2a 
is  --  ;  -  . 
9    l-e 

The  initial  vertical  velocity  is  u  sin  a. 

The  initial  vertical  velocities  after  the  first,  second,  ...  rebounds 
are,  as  in  the  last  example,  eu  sin  a,  e*u  sin  a,  cousin  a,  ... 

Hence  the  time  between  the  first  and  second  rebounds  is,  as  in 

Art.  105,2  e^^. 
9 

_    ,.     ,  .         -.1,1  •  «  «2w  sin  a    n  e*u  sin  a 

So  the  times  in  the  other  trajectories  are  2  —       —  ,2  --  ... 

9  9 

Hence  the  total  time  that  elapses  before  the  particle  ceases  to 
rebound 

2u  sin  a      2eu  sin  a      2«2u  sin  a 
=  ---  1  ---  1  --   —  ...  ad  inf. 
<J  9  9 


During  this  time  the  horizontal  velocity,  being  unaltered  by  the 
impacts,  is  always  wcosa. 

Hence  the  horizontal  distance  described 

2u  sin  o    1  w2  sin  2a 

=  -  •=  -  x  u  cos  a=  —  i  -  ;  . 
9       l-«  0(*~«) 

After  the  particle  has  ceased  to  rebound,  it  moves  along  the  plane 
with  constant  velocity  u  cos  a. 

EXAMPLES.    XXH. 

1.  An  elastic  particle  is  projected  against  a  vertical  wall  so  as 
to  return  after  impact  to  the  point  from  which  it  was  projected. 
If  the  angle  of  projection  be  o,  aud  the  direction  of  the  path  of  the 
particle  when  it  again  reaches  the  point  of  projection  make  an  angle 
/3  with  the  horizontal,  shew  that  taiia  =  e  tan  /3,  where  e  is  the 
coefficient  of  restitution. 
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2.  Shew  that  an  elastic  sphere  let  fall  from  a  height  of  16  feet 
above  a  fixed  horizontal  table  will  come  to  rest  in  8  seconds,   after 
describing  65  feet,  supposing  the  coefficient  of  restitution  to  be  £. 

3.  A  ball  falls  from  a  height  of  48  feet  upon  an  elastic  horizontal 
plane ;  if  the  coefficient  of  elasticity  be  J,  find  the  total  space  described 
by  the  sphere  before  it  finally  comes  to  rest,  and  the  tirne  that  elapses. 

4.  A  particle  is  projected  from  a  point  in  a  horizontal  plane  with 
a  velocity  of  64  feet  per  second  at  an  angle  of  30°  with  the  horizon ; 
if  the  coefficient  of  restitution  be  f ,  find  the  distance  described  by  it 
horizontally  before  it  ceases  to  rebound,  and  the  time  that  elapses. 

5.  A  ball  falls  vertically  for  2  seconds  and  hits  a  plane  inclined 
at  30°  to  the  horizon ;  if  the  coefficient  of  restitution  be  f ,  shew  that 
the  time  that  elapses  before  it  again  hits  the  plane  is  3  seconds. 

6.  A  perfectly  elastic  ball  is  dropped  from  the  top  of  a  tower 
of  height  h,  and  when  it  has  fallen  half-way  to  the  ground  it  strikes 
a  rigid  projecting  stone  inclined  at  45°  to  the  horizon ;  find  where  it 
will  reach  the  ground. 

7.  A  ball,  at  rest  on  a  smooth  horizontal  plane  at  the  distance  of 
one  yard  from  a  wall,  is  impinged  on  directly  by  another  equal  ball 
moving  at  right  angles  to  the  wall  with  a  velocity  of  a  yard  per 
second.     If  the  coefficients  of  restitution  between  the  balls,  and  the 
balls  and  wall,  be  each  $,  shew  that  they  will  impinge  a  second  time 
at  the  end  of  2-4  seconds,  the  radii  of  the  balls  being  of  inconsiderable 
magnitude. 

8.  Two  equal  marbles,  A  and  B,  lie  in  a   smooth  horizontal 
circular  groove  at  opposite  ends  of  a  diameter ;  A  is  projected  along 
the  groove  and  at  the  end  of  time  t  impinges  on  B\  shew  that  a 

2t 
second  impact  will  occur  at  the  end  of  time  — . 

9/  Two  marbles,  of  equal  diameter  but  of  masses  10m  and  llm, 
are  projected  from  the  same  point  with  velocities,  equal  in  magnitude 
but  opposite  in  direction,  along  a  circular  groove;  where  will  the 
second  impact  take  place  if  the  coefficient  of  restitution  be  f  ? 

10.  A  sphere,  of  mass  w,  impinges  obliquely  on  a  sphere,  of 
mass  M,  which  is  at  rest.     Shew  that,  if  m  =  eM,  the  directions  of 
motion  of  the  spheres  after  impact  are  at  right  angles. 

11.  A  sphere  impinges  on  a  sphere  of  equal  mass  which  is  at 
rest;   if  the  directions  of  motion  after  impact  be  inclined  at  angles 
of  30°  to  the  original  direction  of  motion  of  the  impinging  sphere, 
shew  that  the  coefficient  of  restitution  is  $. 

12.  A  ball  impinges  on  another  equal  ball  moving  with  the  same 
speed  in  a  direction  perpendicular  to  its  own,  the  line  joining  the 
centres  of  the  balls  at  the  instant  of  impact  being  perpendicular  to  the 
direction  of  motion  of  the  second  ball ;  if  e  be  the  coefficient  of  resti 
tution,  shew  that  the  direction  of  motion  of  the  second  ball  is  turned 

through  an  angle  tan"1  — —  . 
SI 
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13.  Two  equal  smooth  elastic  spheres,  moving  in  opposite  parallel 
directions  with  equal  speeds,  impinge  on  one  another;  if  the  inclination 
of  their  directions  of  motion  to  the  line  of  centres  be  tan"1^,  where 
«  is  the  coefficient  of  restitution,  shew  that  their  directions  of  motion 
will  be  turned  through  a  right  angle. 

14.  Two  equal  balls  are  in  contact  on  a  table ;  a  third  equal  ball 
strikes  them  simultaneously  and  remains  at  rest  after  the  impact; 
shew  that  the  coefficient  of  restitution  is  $. 

15.  The  masses  of  five  balls  at  rest  in  a  straight  line  form  a 
geometrical  progression  whose  ratio  is  2,   and   their  coefficients  of 
restitution  are  each  %.     If  the  first  ball  be  started  towards  the  second 
with  velocity  M,  shew  that  the  velocity  communicated  to  the  fifth 
is  (i)<u. 

16.  A  ball  of  given  elasticity  slides  from  rest  down  a  smooth 
inclined  plane,  of  length  Z,  which  is  inclined  at  an  angle  a  to  the 
horizon,  and  impinges  on  a  fixed  smooth  horizontal  plane  at  the  foot 
of  the  former ;  find  its  range  on  the  horizontal  plane. 

17.  A  heavy  elastic  ball  falls  from  a  height  of  n  feet  and  meets  a 
plane  inclined  at  an  angle  of  GO0  to  the  horizon;  find  the  distance 
between  the  first  two  points  at  which  it  strikes  the  plane. 

18.  An  inelastic  ball,  of  small  radius,  sliding  along  a  smooth 
horizontal  plane  with  a  velocity  of  16  feet  per  second,  impinges  on  a 
smooth  horizontal  rail  at  right  angles  to  its  direction  of  motion ;  if 
the  height  of  the  rail  above  the  plane  be  one  half  the  radius  of  the 
ball,  shew  that  the  latus  rectum  of  the  parabola  subsequently  de 
scribed  is  one  foot  in  length. 

19.  A  particle  is  projected  along  a  smooth  horizontal  plane  from 
a  given  point  A  in  it,  so  that  after  impinging  on  an  imperfectly  elastic 
vertical  plane  it  may  pass  through  another  given  point  B  of  the 
horizontal  plane ;  give  a  geometrical  construction  for  the  direction  of 
projection. 

20.  A  smooth  circular  table  is  surrounded  by  a  smooth  rim  whose 
interior  surface  is  vertical.     Shew  that  a  ball,  whose  coefficient  of 
restitution  is  «,  projected  along  the  table  from  a  point  in  the  rim  in  a 

direction  making  an  angle  tan"1  */= —   — -5  with  the  radius  through 

the  point,  will  return  to  the  point  of  projection  after  two  impacts 
on  the  rim.    Prove  also  that  when  the  ball  returns  to  the  point  of 

projection  its  velocity  is  to  its  original  velocity  as  e*  :  1. 

If  the  angle  that  its  direction  of  projection  makes  with  the  radius 

be  tan"1  «*,  shew  that  it  will  return  to  the  point  of  projection  after 
three  rebounds. 

21.  Two  elastic  particles  are  projected  simultaneously  from  a 
point  in  a  smooth  horizontal  plane ;  shew  that  their  centre  of  gravity 
will  describe  a  number  of  arcs  of  the  same  parabola  in   different 
positions. 


CHAPTER  IX. 

THE   HODOGRAPH   AND  NORMAL  ACCELERATIONS. 

130.  IN  the  following  chapter  we  shall  consider  the 
motion  of  a  particle  which  moves  in  a  curve.     It  will  be 
convenient,  as  a  preliminary,  to  explain  how  the  velocity, 
direction  of  motion,  and  acceleration  of  a  particle  moving 
in  any  manner  may  be  mapped  out  by  means  of  another 
curve. 

131.  Hodograph.     Def.     If  a,  particle  be  moving 
in  any  path  whatever,  and  if  from  any  point  0,  fixed  in 
space,  we  draw  a  straight  line  OQ  parallel  and  proportional 
to  the  velocity  at  any  point  P  of  the  path,  tJie  curve  traced  out 
by  the  end  Q  of  this  straight  line  is  called  the  hodograph  of 
the  path  of  the  particle. 

132.  Theorem.     If  the  hodograph  of  the  path  of  a 
moving  point  P  be  drawn,  then  the  velocity  of  the   corre 
sponding  point  Q  in  the  hodograph  represents,  in  magnitude 
and  direction,  the  acceleration  of  the  moving  point  P  in  its 
path. 

Let  P  and  P'  be  two  points  on  the  path  close  to  one 
another ;  draw  OQ  and  OQ'  parallel  to  the  tangents  at  P 
and  P'  and  proportional  to  the  velocities  there,  so  that  Q 
and  Q'  are  two  points  on  the  hodograph  very  close  to  one 
another. 
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Whilst  the  particle  has  moved  from  P  to  P1  its  velocity 
has  changed  from  OQ  to  OQ',  and  therefore,  as  in  Art.  27, 
the  change  of  velocity  is  represented  by  QQ'. 


,Q 


JSTow  let  P'  be  taken  indefinitely  close  to  P,  so  that 
QQ'  becomes  an  indefinitely  small  portion  of  the  arc  of  the 
hodograph. 

If  T  be  the  time  of  describing  the  arc  PP'J  then,  by 
Art.  28,  the  acceleration  of  P_  ^ange  of  velocity  in  time  r 

T 

= =  velocity  of  Q  in  the  hodograph. 

Hence  the  velocity  of  Q  in  the  hodograph  represents, 
in  magnitude  and  direction,  the  acceleration  of  P  in  the 
path. 

133.  Examples.  1.  The  hodograph  of  a  point  describing  a 
circle  with  uniform  speed  is  another  circle  which  the  corresponding 
point  describes  with  uniform  speed.  For,  in  this  case,  since  the 
magnitude  of  the  velocity  of  P  is  constant,  the  line  OQ  is  constant  in 
length,  and  therefore  Q  always  lies  on  a  circle  whose  centre  is  O. 
Also,  since  the  point  P  describes  its  circle  uniformly,  the  tangent  at 
P  turns  through  equal  angles  in  equal  times,  and  therefore  the  line 
OQ  turns  through  equal  angles  in  equal  times. 

2.  The  hodograph  of  a  point  describing  a  straight  line  with  con 
stant  acceleration  is  a  straight  line,  which  the  corresponding  point 
describes  with  constant  velocity.  For,  in  this  case,  the  line  OQ  is 
always  drawn  in  a  fixed  direction  and  the  velocity  of  Q,  being  equal  in 
magnitude  to  the  constant  acceleration  of  P,  is  also  constant. 
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Normal  Acceleration. 

134.  We  have  learnt  from  the  First  Law  of  Motion 
that  every  particle,  once  in  motion  and  acted  on  by  no 
forces,  continues  to  move  in  a  straight  line  with  uniform 
velocity.     Hence  it  will  not  describe  a  curved  line  unless 
acted  upon  by  some  external  force.     If  it  describe  a  curve 
with  uniform  speed,  there  can  be  no  force  in  the  direction 
of  the  tangent  to  its  path,  or  otherwise  its  speed  would  be 
altered,  and  so  the  only  force  acting  on  it  is  normal  (that 
is,  perpendicular)  to  its  path.     If  its  speed  be  not  constant, 
there  must  in  addition  be  a  tangential  force. 

In  the  following  articles  we  shall  investigate  the  simple 
case  of  the  normal  acceleration  of  a  particle  moving  in  a 
circle  with  constant  speed. 

135.  Theorem.     If  a  particle  describe  a  circle  of 
radius  r  with  uniform  speed  v,  to  shew  that  its  acceleration 

is  -  directed  toward  the  centre  of  the  circle. 


"^ 

O' 


Let  P  and  P'  be  two  consecutive  positions  of  the  moving 
particle  and  Q  and  Q'  the  corresponding  points  on  the  hodo- 
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graph.  Since  the  speed  of  P  is  constant,  the  line  O'Q 
is  of  constant  length,  and  therefore  the  point  Q  moves 
on  a  circle  whose  radius  is  v ;  also  the  angle  QO'Q'  is  equal 
to  the  angle  between  the  tangents  at  P  and  P'  and  there 
fore  is  equal  to  the  angle  POP'. 

Hence  the  arc  QQ'  :  the  arc  PF  ::  O'Q  :  OP  ::  v  :  r. 

Also  the  velocities  of  Q  and  P  are  proportional  to  the 
arcs  QQ'  and  PP. 

Hence  the  velocity  of  Q  in  the  hodograph  :  v  ::  v  :  r. 

•2 

.*.  velocity  of  Q  =  —  . 

But  the  point  Q  is  moving  in  a  direction  perpendicular 
to  O'Q  and  therefore  parallel  to  PO  ;  also  the  acceleration 
of  the  point  P  is  equal  to  the  velocity  of  Q  (Art.  132). 

Hence  the  acceleration  of  P  is  —  in  the  direction  PO. 

r 

If  the  speed  v  be  not  constant  but  variable  it  can  be  shewn 
(Elementary  Dynamics,  Art.  157)  that  the  normal  acceleration  is 

still  v-. 
r 

Cor.  1.  If  a)  be  the  angular  velocity  of  the  particle 
about  the  centre  0,  we  have  v  =  ro>,  and  the  normal  accele 
ration  is  therefore  wV. 

Cor.  2.  The  force  required  to  produce  the  normal 
acceleration  is  m—  ,  where  in  is  the  mass  of  the  particle. 

136.  Without  the  use  of  the  hodograph,  a  proof  of  the  very 
important  theorem  of  the  last  article  can  be  given  as  follows. 

Let  P'  be  a  point  on  the  circle  very  close  to  P.  Draw  the  tangent 
P'T  at  P'  to  meet  the  tangent,  Px,  at  P  in  T. 

Join  P  and  Pf  to  the  centre,  0,  of  the  circle. 

Since  the  angles  at  P  and  F  are  right  angles,  a  circle  will  go 
through  the  points  O,  P,  T  and  P',  and  hence  /  P'Tx 
=  supplement  of  P'ZT=POP'=0. 
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Let  v  be  tbo  speed  in  the  circle,  and  let  T  be  the  time  of  describing 
the  arc  PP'. 

In  time  T  a  velocity  parallel  to  PO  has  been  generated  equal  to 
v  sin  e. 

Hence  the  acceleration  in  the  direction  PO  = (when  T,  and 

therefore  0,  is  taken  very  small) 

_v.e_v  arc  PP'  _  v  arc  PP' 
~~^r~r'     OP     ~r'      T 


But,  since  v  is  the  speed  in  the  circle,  therefore  -  - =v. 

Hence  the  required  acceleration  =  —  . 

As  in  Art.  135,  Cor.  1,  this  acceleration  is  equal  to  rw3,  where  w  is 
the  angular  velocity. 

Also  the  force  towards  the  centre  must  be  m  — . 

r 

137.  The  force  spoken  of  in  the  preceding  articles, 
which  is  required  to  cause  the  normal  acceleration  of  a 
body,  may  be  produced  in  many  ways. 

For  example,  the  body  may  be  tethered  by  a  string, 
extensible  or  inextensible,  to  a  fixed  point. 

Again,  the  force  may  be  caused  by  the  pressure  of  a 
material  curve  by  means  of  which  the  body  is  constrained 
to  move  in  a  curve ;  for  example,  a  train  may  be  made  to 
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describe  the  curved  portion  of  a  railway  line  by  means  of 
the  pressure  of  the  rails  on  the  flanges  of  its  wheels. 

The  force  may  also  be  of  the  nature  of  an  attraction 
such  as  exists  between  the  sun  and  earth,  and  which  com 
pels  the  earth  to  describe  a  curve  about  the  sun. 

138.  When  a  man  whirls  in  a  circle  a  mass  tied  to 
one  end  of  a  string,  the  other  end  of  which  is  in  his  hand, 
the  tension  of  the  string  exerts  the  necessary  force  on  the 
body  to  give  it  the  required  normal  acceleration.     But,  by 
the  third  law  of  motion,  the  string  exerts  upon  the  man's 
hand  a  force  equal  and  opposite  to  that  which  it  exerts 
upon  the  particle  ;   these  two  forces  form  the  action  and 
reaction  of  which  Newton  speaks.     It  appears  to  the  man 
that  the  mass  is  trying  to  get  away  from  his  hand.     For 
this  reason  a  force,  equal  and  opposite  to  the  force  neces 
sary  to  give  the  particle  its  normal  acceleration,  has  been 
called    "its   centrifugal   force."     This   is   however  a  very 
misleading  term  ;  it  seems  to  imply  that  the  force  belongs 
to  the  mass  instead  of  being  an  external  force  acting  on 
the  mass.     A  somewhat  less  misleading  term  is  "centri 
petal  force."     We  shall  avoid  the  use  of  either  expression  ; 
the  student  who  meets  with  them   in  the  course  of   his 
reading  will  understand  that  either  means  "the  force  which 
must  act  on  the  mass  to  give  it  the  acceleration  normal  to 
the  curve  in  which  it  moves." 

139.  Ex.  1.     A  particle,  of  mass  3  Ibs.,  moves  on  a  smooth  table 
with  a  velocity  of  4  feet  per  second,  being  attached  to  a  fixed  point  on 
the  table  by  a  string  of  lenyth  5  feet;  find  the  tension  of  the  string. 

Here  v=4,  and  r=5. 

Therefore,  by  Art.  135,  the  acceleration  toward  the  fixed  point  is 
i'2     .        10 
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Hence  the  tension  of  the  string 

16     48  ,     48  3 

=  3  x  —  =  —  poundals=  wt.  of    —     ,  i.e.,  -     ,  of  a  pound. 


Ex.  2.  A  particle,  of  mass  m,  moves  on  a  horizontal  table  and  is 
connected  by  a  string,  of  length  I,  with  a  fixed  point  on  the  table  ;  if 
the  greatest  weight  that  the  string  can  support  be  that  of  a  mass  of  M 
pounds,  find  the  greatest  number  of  revolutions  per  second  that  the 
particle  can  make  without  breaking  the  string. 

Let  n  be  the  required  number  of  revolutions,  so  that  the  velocity 
of  the  mass  is  n  .  2trl. 


Therefore  the  tension  of  the  string  =  m  .  —  -  —  poundals. 

Hence  Mg  =  4mTrWl,  so  that  n  =  i  (^\  . 

If  the  number  of  revolutions  were  greater  than  this  number,  the 
tension  of  the  string  would  be  greater  than  the  string  could  exert,  and 
it  would  break. 

EXAMPLES.    XXIII. 

1.  A  string  is  3  feet  long,  and  has  one  end  attached  to  a  fixed 
point  on  a  smooth  horizontal  table;  if  a  mass  of  5  Ibs.  tied  at  the 
other  end  of  the  string  describe  uniformly  a  horizontal  circle  with 
speed  6  feet  per  second,  find  the  tension  of  the  string. 

2.  A  string  is  4  feet  long  and  can  just  support  a  weight  of  9  Ibs.  ; 
a  mass  of  8  Ibs.  is  tied  at  its  end  and  revolves   uniformly  on  a 
horizontal  table,  the  other  end  of  the  string  being  attached  to  a  fixed 
point  on  the   table;    find  the  greatest  number  of  revolutions  per 
minute  that  can  be  made  by  the  string  without  its  breaking. 

3.  A  string,  5  feet  long,  can  just  sustain  a  weight  of  20  Ibs.  ;  if 
the  revolving  mass  be  5  Ibs.,  determine  the  greatest  number  of  com- 
plete  revolutions  that  can  be  made  in  one  minute  by  the  string  with 
out  its  breaking. 

4.  A  string,  2£  feet  long,  has  a  mass  of  one  pound  attached  to  one 
end  and  the  other  end  is  attached  to  a  fixed  point;  if  the  mass  be 
whirled  round  in  a  horizontal  circle,  whose  centre  is  the  fixed  point, 
and  if  the  resulting  tension  of  the  string  be  equal  to  the  weight  of 
5  pounds,  shew  that  the  string  is  making  about  76  revolutions  per 
minute. 

5.  The  tension  of  a  string,  one  end  of  which  is  fixed  and  to  the 
other  end  of  which  is  attached  a  mass  which  revolves  uniformly,  is  9 
times  the  weight  of  the  revolving  mass  ;  find  the  velocity  of  the  mass 
if  the  length  of  the  string  be  2  feet. 

6.  With  what  number  of  turns  per  minute  must  a  mass  of  10 
grammes  revolve  horizontally  at  the  end  of  a  string,  half  a  metre  in 
length,  to  cause  the  same  tension  in  the  string  as  would  be  caused  by 
a  mass  of  one  gramme  hanging  vertically  ? 

L.  D.  10 
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7.  A  locomotive  engine,  of  mass  10  tons,  moves  on  a  curve,  of 
radius  600  feet,  with  a  velocity  of  30  miles  per  hour;    what  force 
tending  toward  the  centre  of  the  curve  must  be  exerted  by  the  rails 
BO  that  this  may  be  the  case? 

8.  If,  in  the  previous  question,  the  mass  of  the  engine  be  12  tons, 
its  velocity  60  miles  per  hour,  and  the  radius  of  the  curve  400  yards, 
what  is  the  required  force? 

140.  The  Conical  Pendulum.  If  a  particle  be 
tied  by  a  string  to  a  fixed  point  0,  and  move  so  that  it 
describes  a  circle  in  a  horizontal  plane,  the  string  describing 
a  cone  whose  axis  is  the  vertical  line  through  0,  then  the 
string  and  particle  together  are  called  a  conical  pendulum. 

When  the  motion  is  uniform,  the  relations  between  the 
velocity  of  the  particle  and  the 
length  and  inclination  of  the 
string  are  easily  found. 

Let  P  be  the  particle  tied 
by  a  string  OP,  of  length  I,  to 
a  fixed  point  0.  Draw  PN 
perpendicular  to  the  vertical 
through  0.  Then  P  describes 
a  horizontal  circle  with  N  as 
centre  [dotted  in  the  figure]. 

Let  T  be  the  tension  of  the 
string,  a  its  inclination  to  the 
vertical,  and  v  the  velocity  of 
the  particle. 

By  Art.  135,  the  acceleration  of  P  in  the  direction  PN 

2 

is  -7777- ,  and  hence  the  force  in  that  direction  must  be 

v2 

m 7— — . 
I  sin  a 

Now  the  only  forces  acting  on  the  particle  are  the 
tension,  Tt  of  the  string  and  the  weight,  mg,  of  the 
particle. 
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Since  the  particle  has  no  acceleration  in  a  vertical 
direction,  the  forces  acting  upon  it  in  that  direction  must 
balance,  and  hence  we  have 

T'cos  a  =  mg (1). 

Also  T  sin  a  is  the  only  force  in  the  direction  PNt  and 


hence  ^Fsina^y— -. — (2). 

I  sin  a 

From  (1)  and  (2),  we  have  ~-  -  =  -^— . 

I  sin2  a      cos  a 

If  the  particle  make  n  revolutions  per  second,  then 
v  =  n .  2-n-PN  =  '2irnl  sin  a. 

.*.  4:ir'-n2l=— - — ,  that  is,  cosa=  .    „  OT (3). 

cos  a  larvn 

Hence,  by  (1),          T  =  ±mir*nH  poundals (4). 

Hence  the  tension  of  the  string  :  weight  of  the  particle 

The  equations  (3)  and  (4)  give  a  and  T. 
The  time  of  revolution  of  the  particle 
2irl  sin  a 


and  therefore  varies  as  the  square  root  of  the  depth  of  the 
particle  below  the  fixed  point. 

Hence  it  follows  that,  for  a  governor  of  a  steam  engine  rotating 
60  times  per  minute,  the  height  is  about  9 '78  inches;  for  one  making 
100  revolutions  per  minute  the  height  is  3 '52  inches;  this  latter 
height  is  too  small  for  practical  purposes  except  for  extremely  small 
engines. 

141.  Motion  of  bicycle  rider  on  a  circular  path.  When  a 
man  is  riding  a  bicycle  on  a  curved  path  he  always  inclines  his  body 
inwards  towards  the  centre  of  his  path.  By  this  means  the  reaction 
of  the  ground  becomes  inclined  to  the  vertical.  The  vertical  com 
ponent  of  this  reaction  balances  his  weight,  and  the  horizontal 
component  tends  towards  the  centre  of  the  path  described  by  the 
centre  of  inertia  of  the  man  and  his  machine,  and  supplies  the 
necessary  normal  acceleration. 

10—2 
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142.  Motion  of  a  railway  carriage  on  a  curved  portion  of  the 
railway  line.  When  the  rails  are  level,  the  force  to  give  the  carriage 
the  necessary  acceleration  toward  the  centre  of  curvature  of  its  path 
is  given  by  the  action  of  the  rails  on  the  flanges  of  the  wheels  with 
which  the  rails  are  in  contact.  In  order,  however,  to  ayoid  the  large 
amount  of  friction  that  would  be  brought  into  play,  and  the  conse 
quent  wearing  away  of  the  rails,  the  outer  rail  is  generally  raised  so 
that  the  floor  of  the  train  is  not  horizontal.  The  necessary  inclina 
tion  of  the  floor,  in  order  that  there  may  be  no  action  on  the  flanges, 
may  be  easily  found  as  follows. 

Let  v  be  the  velocity  of  the  train,  and  r  the  radius  of  the  circle 
described  by  its  centre  of  inertia  G. 


Let  the  figure  represent  a  section  of  the  carriage  in  the  vertical 
plane  through  the  line  joining  its  centre  of  inertia  to  the  centre,  0, 
of  the  circle  which  it  is  describing,  and  let  the  section  meet  the  rails 
in  the  points  A  and  B. 

[The  wheels  are  omitted  for  the  convenience  of  the  figure.] 

Let  R  and  S  be  the  reactions  of  the  rails  perpendicular  to  the  floor 
AB,  and  let  6  be  the  inclination  of  the  floor  to  the  horizon. 

The  resolved  part,  (R  +  S)  sin  0,  of  the  reactions  in  the  direction 
GO  supplies  the  force  necessary  to  cause  the  acceleration  towards  the 
centre  of  the  curve. 

/.  (R+S)smd  =  m      ........................  (1). 


Also  the  vertical  components  of  the  reactions  balance  the  weight. 

g  ........................  (2). 


From  (1)  and  (2),  tan  6=—,  giving  the  inclination  of  the  floor. 

If  the  width  AB  be  given,  we  can  now  easily  determine  the  height 
of  the  outer  rail  above  the  inner;  for  it  is  equal  to  AB  sin  6. 
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It  will  be  noted  that  the  height  through  which  the  outer  rail  must 
be  raised  in  order  that  there  may  be  no  pressure  on  the  flanges 
depends  on  the  velocity  of  the  train.  In  practice  the  height  is 
adjusted  so  that  there  is  no  pressure  for  trains  moving  with  moderate 
velocities.  For  trains  moving  with  higher  velocities,  the  pressure  of 
the  rails  on  the  flanges  supplies  the  additional  force  required. 

143.  Rotating  sphere.  A  smooth  hollow  sphere  is  rotating  with 
uniform  angular  velocity  w  about  a  vertical  diameter ;  to  shew  that  a 
heavy  particle  placed  inside,  and  rotating  with  it,  will  only  remain 
resting  against  the  side  of  the  sphere  at  one  particular  level,  and  that, 
if  the  angular  velocity  fall  short  of  a  certain  limit,  the  particle  will 
only  rest  at  the  lowest  point  of  the  sphere. 

Let  AB  be  the  axis  of  rotation  of  the  sphere,  A  being  the  highest 
point,  and  let  0  be  the  centre ;  let  P  be  the  position  of  the  particle 
when  in  relative  equilibrium  and  PN  the  perpendicular  on  AB. 

Now  P  describes  a  circle  about  N  as  centre  with  angular  velocity 
w,  and  therefore  the  force  towards  N  must  be  ww2 .  PN,  or  wiw2a  sin  6, 
where  a  is  the  radius  of  the  sphere  and  0  the  angle  FOB. 


B 


The  horizontal  component  of  the  normal  reaction,  R,  at  P  supplies 
this  horizontal  force,  and  the  vertical  component  balances  the  weight 
of  the  particle. 

Hence  R  sin  0  =  mw2a  sin  0  (1), 

and  RcosQ=mg  (2). 

From  equation  (1)  we  have,  either  sin  0  =  0,  or  R  =  muPa. 

Substituting  for  R  in  (2),  we  have 

4- .  ..»(»). 


Hence  the  particle  is  either  at  the  lowest  point,  or  at  a  point 
determined  by  equation  (3). 
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The  value  of  6  given  by  (3)  is  impossible  unless  0<w2a,  i.e.,  unless 

the  angular  velocity  w  is  greater  than  (  -  )    .     If  the  angular  velocity 

be  less  than  this  quantity,  the  only  position  of  relative  rest  of  the 
particle  is  at  the  lowest  point  of  the  sphere. 

EXAMPLES.    XXIV. 

1.  A  mass  of  4  pounds  is  tied  at  the  end  of  a  string,  of  length 
3  feet,  and  revolves  as  a  conical  pendulum,  the  string  being  always 
inclined  to  the  vertical  at  an  angle  of  45°  ;  find  the  tension  of  the 
string  and  the  velocity  of  the  particle. 

2.  Shew  that  the  inclination  to  the  vertical  of  the  string  of  a 
conical  pendulum,  when  the  string  is  20  inches  long  and  the  pendulum 
revolves  200  times  per  minute,  is 

cos-1  -5,  i.e.,  about  87°  30'. 


3.  A  string,  of  length  four  feet,  and  having  one  end  attached  to  a 
fixed  point  and  the  other  to  a  mass  of  40  pounds,  revolves,  as  a  conical 
pendulum,  30  times  per  minute;  shew  that  the  tension  of  the  string 

is  IGOir2  poundals,  and  that  its  inclination  to  the  vertical  is  cos-1  (-3  ), 

i.e.,  about  35°  51'. 

4.  A  heavy  particle  which  is  suspended  from  a  fixed  point  by  a 
string,  one  yard  long,  is  raised  until  the  string,  which  is  kept  tight, 
makes  an  angle  of  60°  with  the  vertical,  and  is  then  projected  hori 
zontally  in  the  direction  perpendicular  to  the  vertical  plane  through 
the  string  ;  find  the  velocity  of  projection  so  that  the  particle  may 
move  in  a  horizontal  plane. 

5.  A  railway  carriage,  of  mass  2  tons,  is  moving  at  the  rate  of 
60  miles  per  hour  on  a  curve  of  770  feet  radius  ;   if  the  outer  rail 
be  not  raised  above  the  inner,  shew  that  the  lateral  pressure  on  the 
rails  is  equal  to  the  weight  of  about  1408  pounds. 

6.  A  train  is  travelling  at  the  rate  of  40  miles  per  hour  on  a 
curve,  the  radius  of  which  is  a  quarter  of  a  mile.     If  the  distance 
between  the  rails  be  five  feet,  find  how  much  the  outer  rail  must 
be  raised  above  the  inner,  so  that  there  may  be  no  lateral  pressure  on 
the  rails. 

7.  A  train  is  travelling  at  th'e  rate  of  30  miles  per  hour  on  a 
curve  the  radius  of  which  is  400  yards.     If  the  distance  between  the 
rails  be  five  feet,  find  how  much  the  outer  rail  must  be  raised  above 
the  inner  so  that  there  may  be  no  lateral  pressure  on  the  rails. 

8.  A  railway  carriage,  without  flanges  to  its  wheels,  moves  on 
a  circular  curve  ;  find  to  what  height  the  outer  rail  must  be  raised 
above  the  inner  if  the  radius  of  the  curve  be  1320  feet,  the  breadth 
between  the  rails  6  feet,  and  the  carriage  have  a  velocity  of  45  miles 
per  hour. 
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9.  A  mass  is  hung  from  the  roof  of  a  railway  carriage  by  means 
of  a  string,  six  feet  long  ;  shew  that,  when  the  train  is  moving  on 
a  curve  of  radius  100  yards  at  the  rate  of  30  miles  per  hour,  the 
mass  will  move  from  the  vertical  through  a  distance  of  1  foot  2£  inches 
approximately. 

10.  A  bowl,  3  inches  deep,  is  made  from  a  spherical  surface 
whose  radius  is  6  inches  and  is  made  to  rotate  about  its  vertical  axis. 
Find  the  greatest  number  of  revolutions  which  it  can  make  in  a 
minute,  if  a  particle  can  rest  on  its  surface  without  being  thrown  out. 

11.  If  26  be  the  vertical  angle  of  a  smooth  hollow  cone,  whose 
axis  is  vertical  and  vertex  downwards,  shew  that  the  distance  from 
its  axis  of  a  body,  moving  in  a  circle  on  its  surface  and  making 
n  revolutions  per  second,  is 

g  cot  6 


12.  The  sails  of  a  windmill  are  about  29  feet  long,  and  revolve 
10  times  per  minute  ;  shew  that  a  mass  attached  to  the  outer  end 
of  one  of  these  sails  and  under  the  influence  of  gravity  will,  at  the 
highest  point  of  its  course,  experience  no  reaction  from  the  sail. 

13.  A  heavy  particle  is  connected  by  an  inextensible  string, 
3  feet  long,  to  a  fixed  point,  and  describes  a  circle  in  a  vertical  plane 
passing  through  the  fixed  point,  making  600  revolutions  per  minute  ; 
neglecting  the  small  variations  in  the  speed  of  the  particle,  find  the 
ratios  of  the  tensions  of  the  string  in  its  two  vertical  positions  and  in 
its  horizontal  position. 

14.  Two  particles,  of  the  same  mass,  are  fastened  respectively 
to  the  middle  point  and  one  extremity  of  a  weightless  string,  and  are 
laid  upon  a  smooth  table,  the  other  end  of  the  string  being  fastened 
to  a  point  in  the  table. 

If  the  string  be  pulled  tight,  and  the  particles  be  so  projected  that 
they  always  remain  in  a  straight  line,  shew  that  the  tensions  in  the 
two  portions  of  the  string  are  as  3  :  2. 

15.  A  train,  moving  in  a  straight  line  with  velocity  v,  comes  to  a 
curve  of  radius  r;  shew  that  the  mean  slope  of  the  surface  of  the 
water  in  a  fixed  tumbler  carried  by  the  train,  or  the  mean  deflection 
of  a  plummet  attached  by  a  short  cord,  will  be 

tan-i-. 
9? 

16.  A  particle,  of  mass  m,  is  fastened  by  a  string,  of  length  I,  to  a 
point  at  a  distance  b  above  a  smooth  table  ;  if  the  particle  be  made  to 
revolve  on  the  table  n  times  per  second,  find  the  pressure  on  tho  table. 
What  is  the  greatest  value  of  n,  so  that  the  particle  may  remain  in 
contact  with  the  table  ? 

17.  A  wet  open  umbrella  is  held  with  its  handle  upright  and 
made  to  rotate  about  it  at  the  rate  of  14  revolutions  in  33  seconds. 
If  the  rim  of  the  umbrella  be  a  circle  of  one  yard  in  diameter,  and  its 
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height  above  the  ground  be  four  feet,  shew  that  the  drops  shaken  off 
from  the  rim  meet  the  ground  in  a  circle  of  about  five  feet  in  diameter. 
If  the  mass  of  a  drop  be  -01  of  an  ounce,  shew  that  the  force  necessary 
to  keep  it  attached  to  the  umbrella  is  about  -021  of  a  poundal  and  is 
inclined  at  an  angle  tan"1  &  to  the  vertical. 

18.  A  particle,  of  mass  w,  on  a  smooth  table  is  fastened  to  one 
end  of  a  fine  string  which  passes  through  a  email  hole  in  the  table 
and  supports  at  its  other  end  a  particle  of  mass  2?n,  the  particle  m 
being  held  at  a  distance  c  from  the  hole.     Find  the  velocity  with 
which  m  must  be  projected,  so   that  it   may  describe  a  circle  of 
radius  c. 

19.  Two  masses,  m  and  m',  are  placed  on  a  smooth  table  and 
connected  by  a  light  string  passing  through  a  small  ring  fixed  to  the 
table.     If  they  be  projected  with  velocities  v  and  v'  respectively  at 
right  angles  to  the  portions  of  the  string,  which  is  initially  tight,  find 
the  ratio  in  which  the  string  must  be  divided  at  the  ring,  so  that  both 
particles  may  describe  circles  about  the  ring  as  centre. 

20.  Two  masses,  m  and  m',  are  connected  by  a  string,  of  length  c, 
which  passes  through  a  small  ring ;  find  how  many  revolutions  per 
second  the  smaller  mass,  m',  must  make,  aa  a  conical  pendulum,  in 
order  that  the  greater  mass  may  hang  at  rest  at  a  distance  a  from  the 
ring. 

21.  A  string,  passing  through  a  small  hole  in  a  smooth  hori 
zontal  table,  has  a  small  sphere,  of  mass  m,  attached  to  each  end  of 
it ;  the  upper  sphere  revolves  in  a  circle  on  the  table  when  suddenly 
it  strikes  an  obstacle  and  loses  half  its  velocity ;  find  what  diminution 
must  be  made  in  the  mass  of  the  lower  sphere,  so  that  the  upper  one 
may  continue  rotating  in  a  circle. 

22.  A  string  PAQ  passes  through  a  hole  A  in  a  smooth  table, 
the  portion  AP  lying  on  the  table,  and  AQ  being  at  an  angle  of  45° 
to  the  vertical,  and  below  the  table,  so  that  P  and  Q  are  in  the 
same  vertical  line.     If  masses  be  attached  at  P  and  Q  and,  the 
strings  being  stretched,  be  each  projected  horizontally,  find  the  ratio 
of  the  masses,  so  that  the  plane  PAQ  may  always  be  vertical  and  the 
angle  PAQ  always  45°.     If  the  string  be  four  feet  in  length,  find  the 
time  of  revolution. 

23.  A  body,  of  mass  m,  moves   on   a  horizontal   table  being 
attached   to   a   fixed   point   on   the  table    by  an    extensible    string 
whose  modulus  of  elasticity  is  X ;  given  the  original  length  a  of  the 
string,  find  the  velocity  of  the  particle  when  it  is  describing  a  circle  of 
radius  r. 

24.  A  particle  is  attached  to  a  point  A  by  an  elastic  string,  whose 
modulus  of  elasticity  is  twice  the  weight  of  the  particle  and  whose 
natural  length  is  I,  and  whirled  so  that  the  string  describes  the  surface 
of  a  cone  whose  axis  is  the  vertical  line  through  A.     If  the  distance 
below  A  of  the  circular  path  during  steady  motion  be  J,  shew  that  the 
velocity  of  the  particle  must  be 


CHAPTER  X. 

MOTION   ON  A   SMOOTH   CURVE    UNDER  THE  ACTION 
OF   GRAVITY. 

144.  THE. general  case  of  the  motion  of   a  particle, 
constrained  to  move  on  a  given   curve  under  any  given 
forces,  is  beyond  the  scope  of  the  present  book ;    so  also 
is   the   motion  of   a  particle  constrained  to  move  under 
gravity  on  a  given  curve. 

There  is  one  proposition,  however,  relating  to  the 
motion  of  a  particle  under  gravity  which  we  can  prove 
in  an  elementary  manner,  and  which  is  very  useful  for 
determining  many  of  the  circumstances  of  the  motion. 

145.  Theorem.     If  <a  particle  slide  down  an  arc  of 
any  smooth  curve  in  a  vertical  plane,  and  if  u  be  its  initial 
velocity  and  v  its  velocity  after  sliding  through  a  vertical 
distance  h,  to  shew  that  v2  =  u*  4-  lyh. 

Let  A  be  the  point  of  the  curve  from  which  the  particle 
starts,  and  B  the  point  whose  distance  from  J,  measured 
vertically,  is  h.  Draw  AM  and  BN  horizontal  to  meet  any 
vertical  line  in  M  and  N. 

Let  P  and  Q  be  two  points  on  the  curve,  very  close  to 
one  another,  and  draw  PM  and  QS  perpendicular  to  MN. 
Then  PQ  is  very  approximately  a  small  portion  of  a  straight 
line.  Draw  Q  V  vertical  to  meet  PR  in  V. 
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The   acceleration   at   P   along   PQ   is  g  cos  VQP  and 
hence,  if  vp  and  VQ  be  the  velocities  at  P  and  #,  we  have 
vj  =  vp*  +  2g  cos  VQP .  PQ  =  vp*  +  2g .  VQ. 


i.e.  the  change  in  the  square  of  the  velocity  is  due  to  the 
vertical  height  between  P  and  Q.  Since  this  is  true  for 
every  element  of  arc,  it  is  true  for  the  whole  arc  AB. 


M 


Hence  the  change  in  the  square  of  the  velocity  in  passing 
from  A  to  R  is  that  due  to  the  vertical  height  ht  so  that 
•y2  =  it3  +  %gh. 

146.  The  theorem  in  the  preceding  article  may  be  deduced 
directly  from  the  Principle  of  the  Conservation  of  Energy. 

For,  since  the  curve  is  smooth,  the  reaction  of  the  arc  is  always 
perpendicular  to  the  direction  of  motion  of  the  particle.  Hence,  by 
Statics,  Art.  196,  no  work  is  done  on  the  body  by  the  pressure  of  the 
curve.  The  only  force  that  does  work  is  the  weight  of  the  particle. 

Hence,  since  the  change  of  energy  ia  equal  to  the  work  done,  we 
have 

i  mu2  -  i  mu'2  =  work  done  by  the  weight  =  mgh. 


147.  If,  instead  of  sliding  down  the  smooth  curve,  the 
particle  be  started  along  it  with  velocity  u>  so  that  it  moves 
upwards,  the  velocity  v  when  its  vertical  distance  from  the 
starting  point  is  h  is,  similarly,  given  by  the  equation 
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Hence  the  velocity  of  the  particle  will  not  vanish  until 
it  arrives  at  a  point  of  the  curve  whose  vertical  height 

u? 
above  the  point  of  projection  is  —  . 

It  will  be  noticed  that  the  height  to  which  the  particle 
will  ascend  is  independent  of  the  shape  of  the  constraining 
curve,  nor  need  it  continually  ascend.  The  particle  may 
first  ascend,  then  descend,  then  ascend  again,  and  so  on; 
the  point  at  which  it  comes  to  rest  finally  will  be  at  a 

u* 

height  —  above  the  point  at  which  its  velocity  is  u. 
*9 

It  follows  that,  if  a  particle  slide  from  rest  upon  a  smooth 
arc,  it  will  come  to  rest  when  it  is  at  the  same  vertical 
height  as  the  starting  point.  An  approximate  example  is 
the  Switch-back  railway  in  which  the  car  almost  rises  to 
the  same  height  as  that  of  the  point  at  which  it  started. 
The  slight  difference  between  theory  and  experiment  is 
caused  by  the  resistance  of  the  air  and  the  friction  of  the 
rails  which,  although  small,  are  not  quite  negligible. 

The  expression  for  the  velocity  when  the  particle  is  at 
a  vertical  distance  h  from  the  starting  point  is  the  same, 
whether  the  particle  be  at  that  instant  ascending  or  de 
scending. 

148.  The  theorem  is  true,  not  only  of  motion  under 
gravity,  but  also  in  any  case  of  the  motion  of  a  particle 
on  a  smooth  curve  under  the  action  of  a  constant  force 
in  a  constant  direction,  e.g.  in  the  case  of  motion  on  a 
smooth  inclined  plane,  if  we  substitute  for  "#"  the  ac 
celeration  caused  by  the  forces. 

It  is  also  true  if  we  substitute  for  the  constraining 
curve  an  inextensible  string  fastened  to  a  fixed  point,  or 
a  weightless  rod  which  is  always  normal  to  the  path  of  the 
particle. 
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We  cannot,  in  general,  find  the  time  of  describing  any 
given  arc  without  the  use  of  the  Differential  Calculus. 

149.    Motion  on  the  outside  of  a  vertical  circle. 

A  particle  slides  from  rest  at  the  highest  point  down  ike  out 
side  of  the  arc  of  a  smooth  vertical  circle  ;  to  shew  that  it 
will  leave  the  curve  when  it  has  described  vertically  a  distance 
equal  to  one  third  of  the  radius. 

Let  0  be  the  centre,  and  A  the  highest  point  of  the 
circle.  Let  v  be  the  velocity  of 
the  particle  when  at  a  point  P  of 
the  curve,  R  the  pressure  of  the 
curve  there,  and  r  the  radius  of 
the  circle.  Draw  PN  perpendi 
cular  to  the  vertical  radius  OA, 
and  let  AN=  h. 

Then     v3  =  2g  .  AN  =  2gh. 

The  force  along  PO  is 

mg  cos  6  -  R, 
where  6  is  the  angle  POA. 

v9 
But  the  force  along  PO  must,  by  Art.  135,  be  m.  — 

/.  m  —  =  mg  cos  6  —  R, 

r  ^2-1         r  r-h      2gh~] 

.  .  R  =  m  \  a  cos  0  -  -     \  =  m\  Q  - 

L  r  J         L      r          r  J 

r-3h 


Now  R  vanishes,  arid  change?  its  sign,  when  3h  =  r,  ».«., 

when  h  =  -z.     The  particle  will  then  leave  the  curve,  and 
o 

describe  a  parabola  freely  ;  for,  to  make  it  continue  on  the 
circle,  the  pressure  R  would  have  to  become  a  tension  ;  but 
this  is  impossible  since  the  curve  cannot  pull  the  particle. 
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150.  Motion  in  a  vertical  circle.  A  particle,  of 
mass  m,  is  suspended  by  a  string,  of  length  r,  from  a  fixed 
point  and  hangs  vertically.  It  is  then  projected,  with  velo 
city  u,  so  that  it  describes  a  vertical  circle;  to  find  the  tension 
and  velocity  at  any  point  of  the  subsequent  motion,  and  to 
find  also  the  condition  that  it  may  just  make  complete  re 
volutions. 

Let  0  be  the  point  to  which  the  string  is  attached,  and 
QA  the  vertical  line  through  0. 

Let  v  be  the  velocity  of  the 
particle  at  any  point  P  of  its 
path,  and  T  the  tension  of  the 
string  there. 

Let  PN  be  drawn  perpendi 
cular  to  OA,  let  AN=h,  and  let 
the  angle  POA  be  0. 

Then,  by  Art.  145, 

v*s=u*  —  2gh (1). 

•  -y2 
Also,  by  Art.  135,  m  —  =  force  at  P  along  the  normal, 

PO,  to  the  path  of  the  particle. 

.'.  m  -  =  T  -  mg  cos  9  =  T-  mg  ^^, 


r  r 

These  two  equations  give  the  velocity  of  the  particle, 
and  the  tension  of  the  string,  at  any  point  of  the  path. 

The  particle  will  not  reach  the  highest  point  B  if  the 
tension  of  the  string  become  negative ;  for  then,  in  order 
that  the  particle  might  continue  revolving  in  a  circle,  the 
pull  of  the  string  would  have  to  change  into  a  push,  and 
this  is  impossible  in  the  case  of  a  string. 
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Hence  the  particle  will  just  make  complete  revolutions 
if  the  tension  vanish  at  the  highest  point,  where  h  =  2r. 

This,  from  (2),  is  the  case  if 

w2  +  $r(r_6r)  =  0, 
i.e.,  if  u?  =  5gr. 

Hence,  for  complete  revolutions,  u  must  not  be  less 
than  Jbyr. 

When  u  =  Jbgr,  the  tension  at  the  lowest  point,  by  (2), 

bar  +  rq 
=  m  -  -  -  =  Qmg  poundals. 

Hence  the  string  must,  at  the  least,  be  able  to  bear  a 
weight  equal  to  six  times  the  weight  of  the  body. 

^151.  Newton's  Experimental  Law.  By  using  the  theorem 
of  Art.  145,  we  can  shew  how  Newton  arrived  at  his  law  of  impact  as 
enunciated  in  Art.  117. 

We  suspend  two  spheres,  of  small  dimensions,  by  parallel  strings, 
whose  lengths  are  so  adjusted  that  when  hanging  freely  the  spheres 
are  just  in  contact  with  their  centres  in  a  horizontal  line. 

One  ball,  A,  is  then  drawn  back,  the  string  being  kept  tight,  until 
its  centre  is  at  a  height  h  above  its  original  position  and  is  then  allowed 
to  fall.  Its  velocity  v  on  hitting  the  second  ball  B  is  tj2gh. 

Let  v'  and  v"  be  the  velocities  of  the  spheres  immediately  after  the 
impact,  and  h'  and  h"  the  heights  to  which  they  rise  before  again 
coming  to  rest,  so  that 
v' 


The  sphere  A  may  either  rebound,  remain  at  rest,  or  follow 
after  B. 

Taking  the  former  case  the  relative  velocity  after  impact  is 
-  (t/+v"),  i.e.,  -  V%  W  +  Jh"). 

Also  the  relative  velocity  before  impact  was  *j2y  .  Jh. 

We  should  find  that  the  ratio  of  (^/h'  +  Jh")  to  Jh  would  be  the 
same  whatever  be  the  value  of  h  and  the  ratio  of  the  mass  of  A  to 
that  of  B,  and  that  it  would  depend  simply  on  the  substances  of 
which  the  masses  consist. 

We  have  only  considered  one  of  the  simpler  cases.  By  carefully 
arranging  the  starting  points  and  the  instants  of  starting  from  rest, 
both  spheres  might  be  drawn  aside  and  allowed  to  impinge  BO  that  at 
the  instant  of  impact  both  were  at  the  lowest  points  of  their  path. 
The  law  enunciated  by  Newton  would  be  found  to  be  true  in  all  cases. 
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EXAMPLES.    XXV. 

1.  A  particle,  of  mass  5  Ibs.,  bangs  at  the  end  of  a  string,  3  feet 
long,  the  other  end  of  which  is  attached  to  a  fixed  point ;  if  it  be 
projected  horizontally  with  a  velocity  of  25  feet  per  second,  find  the 
velocity  of  the  particle  and  the  tension  of  the  string,  when  the  latter 
is  (1)  horizontal,  and  (2)  vertically  upwards. 

2.  In  the  previous  question,  find  the  least  velocity  of  projection 
that  the  particle  may  be  able  to  make  complete  revolutions,  and  the 
least  weight  that  the  string  must  be  able  to  bear. 

3.  A  body,  of  mass  m,  is  attached  to  a  fixed  point  0  by  a  string 
of  length  3  feet ;  it  is  held  with  the  string  horizontal  and  then  let 
fall ;  find  its  velocity  when  the  string  becomes  vertical,  and  also  the 
tension  of  the  string  then. 

4.  A  smooth  hoop,  of  diameter  9  feet,  is  placed  in  a  vertical 
plane,  and  a  bead  slides  on  the  hoop  starting  from  rest  at  the  highest 
point  of  the  hoop ;  find  its  velocity, 

(1)  at  the  lowest  point, 

(2)  at  the  end  of  a  horizontal  diameter, 

(3)  when  it  has  described  one-third  of  the  vertical  distance  to  the 
lowest  point, 

(4)  when  it  has  described  one-third  of  the  arcual  distance  to  the 
lowest  point. 

5.  A  heavy  particle  is  attached  by  a  string,  10  feet  long,  to  a 
fixed  point,  and  swung  round  in  a  vertical  circle.     Find  the  tension 
and  velocity  at  the  lowest  point  of  the  circle,  so  that  the  particle  may 
just  make  complete  revolutions. 

6.  A  cannon,  of  mass  12  cwt.,  rests  horizontally,  being  supported 
by  two  vertical  ropes,  each  of  length  9  feet,  and  projects  a  ball  of 
mass  36  Ibs. ;  if  the  cannon  be  raised  through  2-25  feet  by  the  recoil, 
find  the  initial  velocity  of  the  ball,  and  the  tension  of  the  ropes  at  the 
instant  of  discharge  and  at  the  instant  when  the  cannon  first  comes  to 
rest. 

7.  A  small  heavy  ring  can  slide  upon  a  cord,  34  feet  long,  which 
has  its  ends  attached  to  two  fixed  points,  A  and  J5,  in  the  same 
horizontal  line  and  30  feet  apart.     The  ring  starts — the  string  being 
tight— from  a  point  of  the  string  distant  5  feet  from  A ;  shew  that, 
when  it  has  described  a  length  of  the  cord  equal  to  3  feet,  its  velocity 
will  be  10 '12  feet  per  second  nearly. 

8.  A  particle  slides  down  the  arc  of  a  vertical  circle ;  shew  that 
its  velocity  at  the  lowest  point  varies  as  the  chord  of  the  arc  of 
descent. 

9.  A  particle  runs  down  the  outside  of  a  smooth  vertical  circle, 
starting  from  rest  at  its  highest  point ;  find  the  latus  rectum  of  the 
parabola  which  it  describes  after  leaving  the  surface. 
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10.  A  ball,  of  mass  m,  is  just  disturbed  from  the  top  of  a  smooth 
vertical  circular  tube,  and  runs  down  the  interior  of  the  tube  im 
pinging  on  a  ball,  of  mass  2m,  which  is  at  rest  at  the  bottom  of  the 
tube ;  if  the  coefficient  of  restitution  be  $,  find  the  height  to  which 
each  ball  will  rise  in  the  tube  after  the  impact. 

11.  Two  equal  ivory  balls  are  suspended  by  parallel  threads,  so 
that  they  are  in  contact,  and  so  that  the  line  joining  their  centres  is 
horizontal,  and  two  feet  below  the  points  of  attachment  of  the  threads. 
Determine  the  coefficient  of  restitution  between  the  balls  when  it  is 
found  that,  by  allowing  one  ball  to  start  from  a  position  when  its 
thread  is  inclined  at  60°  to  the  vertical,  it  causes  the  other  ball  after 
impact  to  rise  through  a  vertical  distance  of  6|  inches. 

12.  A  circular  arc,  subtending  30°  at  its  centre,  is  fixed  in  a 
vertical  plane  so  that  its  highest  point  is  in  the  same  horizontal 
plane  with  its  centre,  and  a  smooth  particle  slides  down  this  curve 
starting  from  rest  at  its  highest  point.     Shew  that  the  latus  rectum 
of  the  parabola,  which  it  describes  after  leaving  the  curve,  is  half  the 
radius  of  the  circular  arc. 

13.  A  weightless  inextensible  string,  of  length  2Z,  is  fastened  at 
its  extremities  to  two  points  A  and  B  in  the  same  horizontal  line,  at 
a  distance  I  apart,  and  supports  a  body  (7,  of  mass  m,  tied  to  its 
middle  point.    If  C  be  projected  perpendicular  to  the  plane  AGB 
with  double  the  velocity  requisite  for  it  to  describe  a  complete  circle, 
find  the  greatest  and  least  tension  of  the  strings. 

If  one  portion  of  the  string  be  cut  when  G  is  halfway  between  its 
highest  and  lowest  points,  find  the  subsequent  motion. 

14.  A  smooth  tube,  in  the  form  of  7  sides  of  a  regular  octagon 
each  of  whose  sides  is  a,  is  placed  so  that  one  extreme  side  is  lowest 
and  horizontal  and  the  other  extreme  side  is  vertical ;  an  inelastic 
particle  is  just  placed  inside  and  connected  by  a  string  passing  through 
the  tube  with  an  equal  particle  hanging  vertically ;  find  the  velocity 
of  the  particles  when  the  first  leaves  the  tube. 

15.  Shew  that  the  effect  of  the  rotation  of  the  earth  is  to  lessen 
the  apparent  weight  of  a  body  at  the  equator  by  -%\9  of  itself,  the 
earth  being  assumed  to  be  a  sphere  of  radius  4000  miles. 

Shew  also  that  the  apparent  weight  of  a  train  at  the  equator, 
which  is  travelling  east  at  the  rate  of  a  mile  per  minute,  is  decreased 
by  about  -004  of  itself. 

16.  A  particle  slides  down  a  smooth  curve,  through  a  vertical 
height  h,  and  thus  acquires  sufficient  velocity  to  run  completely  round 
the  inside  of  a  vertical  circle  of  radius  r  (as  in  the  centrifugal  railway) ; 
prove  that  2h  must  be  greater  than  5r. 
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152.  Theorem.  If  a  point  Q  describe  a  circle  with 
uniform,  angular  velocity,  and  if  P  be  always  the  foot  of  the 
perpendicular  drawn  from  Q  upon  a  fixed  diameter  AOA' 
of  the  circle,  to  shew  that  the  acceleration  of  P  is  directed 
towards  the  centre,  0,  of  the  circle  and  varies  as  the  distance 
of  P  from  0,  and  to  find  the  velocity  of  P  and  its  time 
of  describing  any  space. 


Let  a  be  the  radius  of  the  circle,  and  let  the  angle  QOA 
be  6.     Draw  QT  the  tangent  at  Q  to  meet  OA  in  T. 


i,  D. 
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Let  a)  be  the  constant  angular  velocity  with  which  the 
point  Q  describes  the  circle. 

The  velocity  and  acceleration  of  P  are  the  same  as  the 
resolved  parts,  parallel  to  AO,  of  the  velocity  and  accele 
ration  of  Q. 

By  Art.  135,  Cor.  I.,  the  acceleration  of  Q  is  aw2 
towards  0. 

Hence  the  acceleration  of  P  along  PO  —  aw2  cos  0  =  a>2.  OP, 
and  therefore  varies  as  the  distance  of  P  from  the  centre 
of  the  circle. 

Also  the  velocity  of  P 

=  aw  cos  QTO  =  aw  sin  0  =  <o  .  PQ  =  <o  Ja*—x*, 
where  OP  is  x. 

This  velocity  is  zero  at  A  and  A',  and  greatest  at  0. 

Also  the  acceleration  vanishes,  and  changes  its  sign,  as 
the  point  P  passes  through  0. 

The  point  P  therefore  moves  from  rest  at  A,  has  its 
greatest  velocity  at  0,  comes  to  rest  again  at  A',  and  then 
retraces  its  path  to  A. 

Also  the  time  in  which  P  describes  any  distance  AP 
=  time  in  which  Q  describes  the  arc  AQ 

6      1 

«=-  —  -  COS~M  - 

0)          00 

Hence  the  time  from  A  to  A'  =  -  cos"^-  1)  =  -. 

(!)  U) 

2?r 
Also  the  time  from  A  to  A'  and  back  again  to  A  =  —  . 

O) 

153.     Simple  Harmonic   Motion.     Def.     If  a 

point  move  in  a  straight  line  so  tJiat  its  acceleration  is  always 
directed  towards,  and  varies  as  its  distance  from,  a  fixed 
point  in  the  straight  line,  tJie  point  is  said  to  move  with 
simple  harmonic  motion. 
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The  point  P  in  the  previous  article  moves  with  simple 
harmonic  motion. 

From  the  results  of  the  previous  article  we  see,  by 
equating  w2  to  /x,  that  if  a  point  move  with  simple  harmonic 
motion,  starting  from  rest  at  a  distance  a  from  the  fixed 
centre  0,  and  moving  with  acceleration  /x  .  OP,  then 

(1)  its  velocity  when  at  a  distance  x  from  0  is 


(2)  the  time  that  has  elapsed  when  the  point  is  at  a 


distance  x  from  0  is 


1         _,aj 

-T-  COS    *  - 

Jv>  a 


and  (3)  the  time  that  elapses  before  it  is  again  in  its  initial 

...  .        27T 

position  is  — r- . 

Jp 

The  range,  OA  or  OA',  of  the  moving  point  on  either 
side  of  the  centre  0  is  called  the  Amplitude  of  the  motion. 

The  time  that  elapses  from  any  instant  till  the  instant 
in  which  the  moving  point  is  again  moving  through  the 
same  position  with  the  same  velocity  and  direction  is  called 
the  Periodic  Time  of  the  motion. 

It  will  be  noted  that  the  periodic  time,  *—  ,  is 
independent  of  the  amplitude  of  the  motion. 

154.     Extension  to  motion  in  a  curve. 

Suppose  that  a  moving  point  P  is  describing  a  portion, 
AOA',  of  a  curve  of  any  shape,  starting  from  rest  at  A 
and  moving  so  that  its  tangential  acceleration  is  always 
along  the  arc  towards  0  and  equal  to  p .  arc  OP,  then  the 
preceding  proposition  is  true  with  slight  modifications. 

For  let  O'B  be  a  straight  line  equal  in  length  to  the 

11—2 
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arc  OA,  and  let  P'  be  a  point  describing  it  with  acceleration 
p .  O'P';  also  let  O'P'  =  arc  OP. 

Since  the  acceleration  of  Pf  in  its  path  is  always  the 
same  as  that  of  P,  the  velocities  acquired  in  the  same 
time  are  the  same,  and  the  times  of  describing  the  same 
distances  are  the  same. 


O'  P'  B 


'A 

Hence 

(1)  The  velocity  of  P  =  the  velocity  of  P 


(2)  The  time  from  AtoP  =  time  from  B  to  F 


-  1 

COS  TT         =  —-  COS 


TTT^  —j-  -  -pr-r     , 

0  B  )      Jn  \arc  OA) 

and  (3)  The  time  from  A  to  -4'  and  back  again  --  —r~. 

155.  Ex.  I.  ^4  jjoint  moves  with  simple  harmonic  motion  whose 
period  is  4  seconds;  if  it  start  from  rest  at  a  distance  of  4  feet  from  the 
centre  of  its  path,  find  the  time  that  elapses  before  it  has  described 
2  feet  and  the  velocity  it  ha*  then  acquired. 

If  the  acceleration  be  /*  times  the  distance,  we  have  —,-  =4. 


When  the  point  has  described  2  feet  it  is  then  at  a  distance  of 
2  feet  from  the  centre  of  its  motion. 
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Hence,  by  Art.  153  (2),  the  time  that  has  elapsed 

1          .  x     1         .  /2\      2      ir     2 
=  -7-  cos~l  -  =  -  cos"1  1  -  1  =  -  x  -  =  -  second. 
,Jli,          a     TT  \4j      TT     3      3 

2 

Also,  by  Art.  153  (1),  the  velocity  it  has  acquired 


(o*^*2)  =  A/  (^ 


-  2a)  =  TT  v/3  feet  per  second. 


Ex.  2.  A  point  starts  from  rest  at  a  distance  of  16  feet  from  the 
centre  of  its  path  and  moves  with  simple  harmonic  motion;  if  in  its 
initial  position  the  acceleration  be  4  ft.-sec.  units,  find  (1)  its  velocity 
when  at  a  distance  of  8  feet  from  the  centre  and  when  passing  through 
the  centre,  and  (2}  its  periodic  time. 

(1)  Let  the  acceleration  be  /*  times  the  distance. 
Then  juxlG  =  4,  i.e.  /*=£. 

Hence,  by  Art.  153  (1).  ita  velocity  when  at  a  distance  of  8  feet 
from  the  centre  =  *J±  (1  G2  -  82)  =  />/48  =  4  ^3  feet  per  second. 

Also  its  velocity  when  passing  through  the  centre 
=  A/4  .  102=8  feet  per  second. 

(2)  Its  periodic  tiiue=  -r-=47r  =  about  12f  seconds. 

Ex.  3.  A  mass  of  12  Ibs.  is  hanging  by  a  light  spiral  spring  which 
stretches  one  inch  for  each  pound-weight  of  tension.  If  tlie  upper  end 
of  the  spring  be  instantaneously  raised  four  inches  and  then  held  fastt 
find  the  amplitude  and  period  of  the  subsequent  motion  of  the  mass. 

Let  I  feet  be  the  length  of  the  spring  when  the  mass  is  hanging 
at  rest;  let  a  feet  be  its  unstretched  length  and  X  the  modulus  of 
elasticity. 

By  Statics,  Art.  215,  since  the  weight  of  the  mass  must  be  equal 
to  the  tension  of  the  spring,  we  have 


(1). 


Also,  since  tbe  spring  stretches  1  inch  for  each  pound-  weight  of 
tension,  we  have 


(2). 


When  the  end  is  raised  let  its  new  position  be  0  and  let  A  be  a 
point  at  a  depth  I  below  0. 
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When  the  mass  is  at  a  distance  x  below  A  the  force  acting  on  it 


--— y-   -ia»-x^--x^.iv<i). 

=X-  =  120.a;,  by  (2). 
a 

Hence  its  acceleration  =  120 . «  4- 12 = # . «. 

Its  motion  is  therefore  simple  harmonic  motion  about  the  point  A 
as  centre. 

The  time  of  a  complete  oscillation =-7-  seconds,  by  Art.  153  (3), 
=s-y-_  =  l'll  sees,  nearly. 

N/ 

Also,  since  the  mass  was  initially  at  rest  at  a  depth  of  4  inches 
below  A,  its  amplitude  is  4  inches  above  and  below  A. 
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1.  A  particle  moves  in  a  straight  line  with  simple  harmonic 
motion ;   find  the  time  of  an  oscillation  from  rest  to  rest  when 

(1)  the  acceleration  at  a  distance  2  feet  is  4  ft.-sec.  units; 

(2)  the  acceleration  at  a  distance  3  inches  is  9  ft.-sec.  units; 

(3)  the  acceleration  at  a  distance  one  foot  is  7r3  ft.-sec.  units. 

2.  In  each  of  the  cases  in  the  previous  example,  find  the  velocity 
when  the  point  is  passing  through  the  centre  of  its  path,  the  am 
plitude  of  the  motions  being  respectively  2  feet,  3  inches,  and  one 
foot. 

3.  A  particle  moves  in  a  straight  line  with  simple  harmonic 
motion,  and  its  periods  of  oscillation  are  (1)  2,  (2)  ^,  and  (3)  TT  seconds, 
respectively;  the  amplitude  of  its  motion  in  each  case  is  one  foot; 
find  the  velocity  of  the  particle  when  moving  through  the  centre  of 
its  path. 

4.  A  point,  moving  with  simple  harmonic  motion,  has  a  velocity 
of  4  feet  per  second  when  passing  through  the  centre  of  its  path,  and 
its  period  is  v  seconds;  what  is  its  velocity  when  it  has  described  one 
foot  from  the  position  in  which  its  velocity  is  zero  ? 

5.  A  point  moves  with  simple  harmonic  motion;   if,  when  at 
distances  of  3  and  4  feet  from  the  centre  of  its  path,  its  velocities 
are  8  and  6  feet  per  second  respectively,  find   its  period  and  its 
acceleration  when  at  its  greatest  distance  from  the  centre. 
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6.  A  mass  of  one  gramme  vibrates  through  a  millimetre  on  each 
side  of  the  middle  point  of  its  path  256  times  per  second ;  assuming 
its  motion  to  be  simple  harmonic,  shew  that  the  maximum  force  upon 
the  particle  is  ^V  (5127r)a  dynes. 

7.  A  horizontal  shelf  moves  vertically  with   simple  harmonic 
motion,  whose  complete  period  is  one  second;  find  the  greatest  am 
plitude  in  centimetres  that  it  can  have,  so  that  objects  resting  on  the 
shelf  may  always  remain  in  contact  with  it. 

8.  An  elastic  string,  of  negligible  weight,  of  which  the  unstretched 
length  is  I  and  the  modulus  of  elasticity  the  weight  of  n  ounces,  is 
suspended  by  one  end  and  has  a  mass  of  m  ounces  attached  to  the 
other ;  shew  that  the  time  of  a  vertical  oscillation  of  the  mass  is 


9.  A  rod  AB  is  in  motion  so  that  the  end  B  moves  with  uniform 
speed  u  in  a  circle  whose  centre  is  (7,  whilst  the  end  A  moves  in  a 
straight  line  passing  through  G.  If  AB=sBG=a,  and  AC=x,  shew 

v/4tt2   _   yfi 

that  the  velocity  of  A  is  u  %• ,  and  that  it  moves  with  simple 

harmonic  motion. 

PENDULUMS, 

156.  Simple  pendulum.     A  particle  tied  to  one 
end  of  a  string,  the  other  end  of  which  is  fixed,  and  which 
oscillates  in  a  vertical  circle  having  the  fixed  point  as  centre, 
is  called  a  simple  pendulum. 

The  time  of  oscillation  depends  on  the  angle  through 
which  the  string  swings  on  each  side  of  the  vertical. 

If  however  this  angle  of  oscillation  be  small,  we  shall 
shew  in  the  next  article  that  the  time  of  oscillation  of  the 
pendulum  is  approximately  constant. 

157.  Theorem.     If  a  particle  be  tied  by  a  string  to 
a  fixed  point,  and  allowed  to  oscillate  through  a  small  angle 
about  the  vertical  position^  to  stow  that  the  time  of  a  complete 

oscillation  is  2ir     I  - ,  where  I  is  ttie  length  of  the  string. 
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Let    0   be   the  fixed  point,  OA  a  vertical  line,  AP  a 
portion  of  the  arc  described  by 
the   particle,  and  let  the   angle 
AOP  be  6. 

If   PT  be  the  tangent  at  P 
meeting  OA  in  T,  the  acceleration 
of  the  bob  along  PT 
=  g  sin  0 
—  y6y  approximately,  if  6  be  small 

= f  x  arc  AP. 

i 

The  acceleration  along  the  tangent  to  the  path  there 
fore  varies  as  the  arcual  distance  from  the  lowest  point. 

It  follows  that  the  motion  is  harmonic  and  hence,  by 
Art.  154  (3),  the  time  of  a  complete  oscillation  is  indepen 
dent  of  the  extent  of  the  oscillation,  and  equals 

27T  .          „  ll_ 

V  ff' 


.e. 


158.  Seconds  Pendulum.  A  seconds  pendulum  is 
one  which  vibrates  from  rest  to  rest  (i.e.  makes  half  a  com 
plete  oscillation)  in  one  second. 

Hence,  if  I  be  its  length,  we  have 


.'.  1  =  —*  feet. 

7T 

Since  g  varies  at  different  points  of  the  earth's  surface, 
we  see  that  the  length  of  the  seconds  pendulum  is  not  the 
same  at  all  points  of  the  earth. 

For  an  approximate  value,  putting  g  —  32-2  and  7r  =  ^p, 
we  have 

I  =  3-26  feet  -  39-12  inches. 
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If  we  use  the  centimetre-second  system  we  have,  by  putting  0=981, 
Z=99'3  centimetres. 

For  the  latitude  of  London  more  accurate  values  are  39-13929... 
inches  and  99 -413...  centimetres. 

169.  Ex.  Find  the  length  of  a  pendulum  which  will  oscillate 
56  times  in  55  seconds. 

The  time  of  oscillation  is  -^  seconds.  Hence,  if  I  be  the  length 
of  the  pendulum,  we  have 

55_         /T_22       ll_ 
56-7r  V  9~  7  V  32  J 


32      16 ' 

x  -„  -  =  -j-  feet  =  37$  inches. 
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[In  the  following  example*,  TT  may  be  taken  to  be  2T*.] 

1.  If  0  =  32-2,  what  is  the  length  of  a  pendulum  vibrating  in 
2-5  seconds? 

2.  The  time  of  a  complete  vibration  at  a  given  place  of  a  pen 
dulum  64  metres  long  is  16  seconds;  shew  that  the  value  of  g  there 
is  987  cm.-sec.  units. 

3.  A  pendulum,  3  feet  long,  is  observed  to  make  700  oscillations 
in  671  seconds;  find  approximately  the  value  of  g. 

4.  Given  that  the  length  of  a  seconds  pendulum  is  39*12  inches, 
find  the  lengths  of  the  pendulums  which  will  vibrate  in  (1)  half  a 
second,  (2)  one  quarter  of  a  second,  (3)  2  seconds. 

5.  How  many  oscillations  will  a  pendulum,  of  length  53-41  centi 
metres,  make  in  242  seconds  at  a  place  where  g  is  981  ? 

6.  Shew  that  a  pendulum,  one  mile  in  length,  would  oscillate  in 
40  seconds  nearly. 

7.  A  pendulum,  of  length  37'8  inches,  makes  183  beats  in  three 
minutes  at  a   certain  place;   find  the   acceleration   due  to  gravity 
there. 

8.  How  many  oscillations  will  a  pendulum,  of  length   4    feet, 
make  in  one  day? 

9.  A  pendulum,  450  feet  long,  has  been  suspended  in  the  Eiffel 
tower;    prove  that  it  makes   a  complete   oscillation  in  about  23£ 
seconds. 
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1 6O.  The  result  of  Art.  157,  although  not  mathematically  accurate, 
is  very  approximately  so.  If  the  angle  a  through  which  the  pendulum 
swings  on  each  side  of  the  vertical  be  5°,  the  result  is  within  one-two 
thousandth  part  of  the  accurate  result,  so  that  a  pendulum  which 
beats  seconds  for  very  small  oscillations  would  lose  about  40  seconds 
per  day,  if  made  to  vibrate  through  5°  on  each  side  of  the  vertical. 

161.  The  simple  pendulum  of  which  we  have  spoken 
is  idealistic.     In  practice,  a  pendulum  consists  of  a  wire 
whose  mass,  although  small,  is  not  zero  and  a  bob  at  the 
end  which  is  not  a  particle.     Whatever  be  the  shape  of 
the  pendulum,  the  simple  pendulum  which  oscillates  in  the 
same  time  as  itself  is  its  simple  equivalent  pendulum. 

The  discussion  of  the  connection  between  a  rigid  body 
and  its  simple  equivalent  pendulum  is  not  within  the  range 
of  this  book.  We  may,  however,  mention  that  a  uniform 
rod,  of  small  section,  swings  about  one  end  in  the  same 
time  as  a  simple  pendulum  of  two-thirds  its  length. 

162.  Acceleration  due  to  gravity.    Newton  discovered, 
as  a  fundamental  law  of  nature,  that  every  particle  attracts 
every  other  particle  with  a  force  which  varies  directly  as 
the  product  of  the  masses  and  inversely  as  the  square  of  the 
distance  between  them. 

From  this  fact  it  can  be  shewn,  as  in  any  treatise 
dealing  with  Attractions,  that  a  sphere  attracts  any  particle 
outside  itself  just  as  if  the  whole  mass  of  the  sphere  were 
collected  at  its  centre,  and  hence  that  the  acceleration 
caused  by  its  attraction  varies  inversely  as  the  square  of 
the  distance  of  the  particle  from  the  centre. 

Similarly  the  attraction  on  a  particle  inside  the  earth 
can  be  shewn  to  vary  directly  as  its  distance  from  the 
centre  of  the  earth. 

Hence,  if  gl  be  the  value  of  gravity  at  a  height  h  above 
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the  earth's  surface,  g  the  value  at  the  surface,  and  r  the 
earth's  radius,  then  gl  :  g  ::  ,       ^>g  :  —3t 

so  that  <7i  = 

So,  if  #2  t>e  tne  value  at  tlie  bottom  of  a  mine  of  depth 

r  —  d 

d,  we  have  g3=g  -  —  .     The  value  of  g  is  therefore  greater 

at  the  earth's  surface  than  either  outside  or  inside  the  earth. 
163.    We  shall  now  investigate  the  effect  on  the  time  of  oscillation 
of  a  simple  pendulum  due  to  a  small  change  in  the  value  of  g,  and 
also  the  effect  due  to  a  small  change  in  its  length. 

If  a  pendulum,  of  length  I,  make  n  complete  oscillations  in  a  given 
time,  to  shew  that 

(1)  If  g  be  changed  to  g  +  G,  the  number  of  oscillations  gained 
.    n   G 

T?' 

(2)  If  the  pendulum  be  taken  to  a  height  h  above  the  earth's  surface, 
the  number  of  oscillations  lost  is  n-,  where  r  is  the  radius  of  the 
earth, 

(3)  If  it  be  taken  to  the  bottom  of  a  mine  of  depth  d,  the  number 

.    .  .   nd 
lost  is  g  - , 

(4)  If  its  length  be  changed  to  1  +  L,  the  number  lost  is  ^  T . 

2  I 

Let  T  be  the  original  time  of  oscillation,  T'  the  new  time  of 
oscillation,  and  n'  the  new  number  of  oscillations  in  the  given  time, 
so  that 

nT=n'T'. 


(1)    In  this  case  T=2TrJlJg  and  T' 

Hence  *  *  f*  ~  \J    +~g'~l  +  2~g~  '  approximately, 

(  using  the  Binomial  Theorem  and  neglecting  squares  of  —  )  . 


Hence  the  number  of  oscillations  gained  =  n'-n=-  —  . 

2  g 

Bo,  if  g  become  g  -  Gt  the  number  lost  is  ?  -  . 
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(2)    If  g  -  G  be  the  value  of  gravity  at  a  height  h,  we  have 
g-G 

~T  = 


.Therefore   O  =  g  —t  and  hence,  as  in  (1),   the  number  of  os 


cillations  lost  is  n  -. 
r 


(3)  If  0  -  G  be  the  value  at  a  depth  d,  we  have  g  -  G  :  g  ::  r  -  d  :  r, 

so  that  the  number  of  oscillations  lost  =  -  —  =  -  - 

2  g      2  r 

(4)  When  the  length  I  of  the  pendulum  is  changed  to  l  +  L,  we 
have 


-i_!    IL 

•~27 

Hence  the  number  of  oscillations  lost  =  n  -  n'  =  -  —  . 

2  I 

164.  Ex.  1.  A  pendulum,  which  beats  second*  at  the  surface  of 
the  earth,  is  carried  to  the  top  of  a  mountain  5  miles  high;  find  the 
number  of  seconds  it  will  lose  in  a  day. 

Let  g  and  g,  be  the  accelerations  due  to  gravity  at  the  sea-level 
and  the  top  of  the  mountain  respectively. 

Then  a  •  a  ••  — 

'yi"  400Q2  '  40052' 

g  _  /4005\2_  /801\a 


Since  the  pendulum   beats   seconds   at  the   earth's  surface,  we 
have 

I  =  T  *J\  (I)- 

Also,  if  T  be  the  time  of  oscillation  at  the  top  of  the  mountain, 
we  have 


Dividing  (2)  by  (1),  we  have 

_801 
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Hence  the  number  of  beats  in  a  day  at  the  top  of  the  mountain 


:  86400  f  1  -  —  J  approximately 


=  80400-108. 
Hence  the  number  of  beats  lost  is  108. 

Ex.  2.  A  faulty  seconds  pendulum  loses  20  seconds  per  day  ;  find 
the  required  alteration  in  its  length,  so  that  it  may  keep  correct 
time. 

The  pendulum  beats  86380  times  in  86100  seconds,  so  that  its  time 

8640 

of  oscillation  is  -7    ,-  seconds.    Hence,  if  I  be  its  length, 
ouoo 


8638 


/l- 

V  9 


Let  l  +  x  be  the  true  length  of  the  seconds  pendulum  at  the  place, 
Then 


Subtracting  the  square  of  (1)  from  the  square  of  (2),  we  have 


8640\»          x 


32  x  49      4  49 

'  -484-  8640=-  1217270  *"*= 

Hence  the  pendulum  must  be  shortened  by  -018  inch. 

165.  From  Article  163  it  follows  that  the  height  of 
a  mountain,  or  the  depth  of  a  mine,  could  be  found  by 
finding  the  number  of  oscillations  lost  by  a  pendulum 
which  beats  seconds  on  the  surface  of  the  earth. 
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166.  The  value  of  g  has  been  most  accurately  found 
by  means  of  timing  the  oscillation  of  a  pendulum.     This 
may  be  done  as  follows. 

The  pendulum  on  which  we  experiment  is  set  swinging 
in  front  of  a  clock,  whose  pendulum  we  know  to  be  beating 
true  seconds,  and  they  are  started  so  that  they  are  both 
vertical  at  the  same  instant,  and  the  time  is  carefully 
noted  at  which  they  are  again  both  vertical  together  and 
moving  in  the  same  direction;  we  then  know  that  the 
pendulum  has  gained  (or  lost)  one  complete  oscillation  on 
the  seconds  pendulum.  Suppose,  for  example,  that  they 
coincide  at  the  end  of  300  seconds,  and  that  our  pendulum 
has  been  swinging  more  slowly  than  the  seconds  pendulum, 
then  in  that  time  the  seconds  pendulum  has  made  150 
complete  oscillations,  and  the  other  pendulum  149,  so  that 
the  time  of  its  complete  oscillation  would  be  -J££  seconds. 

The  time  of  an  oscillation  may  be  found  much  more 
accurately  by  finding  the  time  that  would  elapse  before 
the  experimental  pendulum  had  lost  a  large  number,  say 
20,  oscillations,  and  then  taking  the  average. 

The  length  of  the  simple  equivalent  pendulum  corre 
sponding  to  our  experimental  pendulum  may  be  then 
measured,  and  the  value  of  g  then  determined  by  means 

of  the  formula  T  =  2?r  .  /- . 
V  g 

167.  Verification  of  the  law  of  gravity  by  means  of  the 
moon's  motion.     We  may  she^y  roughly  the  truth  of  the 
law  of  gravitation,  by  finding  the  time  that  the  moon  would 
take  to  travel  round  the  earth,  on  the  assumption  that  it  is 
kept  in  its  orbit  by  means  of  the  earth's  attraction. 

Let /be  the  acceleration  of  the  moon  due  to  the  earth's 
attraction ;  then,  since  the  distance  between  the  centres  of 
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the  two  bodies  is  roughly  60  times  the  earth's  radius,  we 
have/:  g  ::  ~t  :  ~ ,  so  that/=<7/3600. 

Let  v  be  the  velocity  of  the  moon  round  the  earth,  so 
that 

t>»/60r=/=  0/3600. 


Hence  the  periodic  time  of  the  moon 

/  nf\ 

=  2?r  x  GOr-H  v=2ir.  60  x  .  / —  seconds. 
V     g 

Taking  the  radius  of  the  earth  to  be  4000  miles,  and  g 
as  32 -2,  this  time  is  27 '4  days,  and  this  is  approximately 
the  observed  time  of  revolution. 


EXAMPLES.    XXVHI. 

1.  A  pendulum  which  beats  seconds  at  Greenwich,  where  g  =  32-2, 
is  taken  to  another  place  where  it  loses  20  seconds  per  day  ;  find  the 
value  of  g  at  the  latter  place. 

2.  A  seconds  pendulum,  which  gains  10  seconds  per  day  at  one 
place,  loses  10  seconds  per  day  at  another  ;  compare  the  accelerations 
due  to  gravity  at  the  two  places. 

3.  Assuming  the  values  of  g  in  foot-second  units  at  the  equator 
and  the  north  pole  to  be  32-09  and  32*25  respectively,  find  how  many 
seconds  per  day  would  be  gained  at  the  north  pole  by  a  pendulum 
which  would  beat  seconds  at  the  equator. 

4.  A  clock  with  a  seconds  pendulum  loses  9  seconds  per  day; 
find  roughly  the  required  alteration  in  the  length  of  the  pendulum. 

5.  A  clock  gains  five  seconds  per  day;  shew  how  it  may  be  made 
to  keep  correct  time. 

6.  If   a    pendulum    oscillating    seconds    be    lengthened  by  its 
hundredth  part,  find  the  number  of  oscillations  it  will  lose  in  a 
day. 


7.  A  simple  seconds  pendulum  is  lengthened  by  ^th  inch;  find 
the  number  of  seconds  it  will  lose  in  24  hours. 

8.  A  simple  pendulum  performs  21  complete  vibrations  in  44 
seconds;  on  shortening  its  length  by  47  '6875  centimetres  it  performs 
21  complete  vibrations  in  33  seconds  ;  find  the  value  of  g. 
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9.  A  simple  seconds  pendulum  consists  of  a  heavy  ball  suspended 
by  a  long  and  very  fine  iron  wire  ;  if  the  pendulum  be  correct  at  a 
temperature  0°  C.,  find  how  many  seconds  it  will  gain,  or  lose,  in 
24  hours  at  a  temperature  of  20°  C.,  given  that  the  iron  expands  by 
•000233  of  its  length  owing  to  this  rise  of  temperature. 

10.  If  a  seconds  pendulum  lose  10  seconds  per  day  at  the  bottom 
of  a  mine,  find  the  depth  of  the  mine  and  the  number  of  seconds  that 
the  pendulum  would  lose  when  halfway  down  the  mine. 

11.  A  clock,  which  at  the  surface  of  the  earth  gains  10  seconds  a 
day,  loses  10  seconds  a  day  when  taken  down  a  mine  ;  compare  the 
accelerations  due  to  gravity  at  the  top  and  bottom  of  the  mine  and 
find  its  depth. 

12.  If  a  seconds  pendulum  be  carried  to  the  top  of  a  mountain 
half  a  mile  high,  how  many  seconds  will  it  lose  per  day,  assuming 
the  earth's  centre  to  be  4000  miles  from  the  foot  of  the  mountain, 
and  by  how  much  must  it  be  shortened  so  that  it  may  beat  seconds  at 
the  summit  of  the  mountain? 

13.  Shew  that  the  height  of  a  hill  at  the  summit  of  which 
a  seconds  pendulum  loses  n  beats  in  24  hours  is  approximately  245  .  n 
feet. 

14.  A  balloon  ascends  with  a  constant  acceleration  and  reaches 
a  height  of  900  feet  in  one  minute.     Shew  that  a  pendulum  clock, 
which  has  a  seconds  pendulum  and  is  carried  in  the  balloon,  will  gain 
at  the  rate  of  about  28  seconds  per  hour. 

15.  A  cage-lift  is  descending  with  unit  acceleration;  shew  that  a 
pendulum  clock,  which  has  a  seconds  pendulum  and  is  carried  with 
it,  will  lose  at  the  rate  of  about  56  seconds  per  hour. 

16.  Shew  that  a  seconds  pendulum  would,    if  carried  to  the 
moon,  oscillate  in  2J  seconds,  assuming  the  mass  of  the  earth  to 
be  81  times  that  of  the  moon,  and  that  the  radius  of  the  earth  is  4 
times  that  of  the  moon. 

17.  A  railway  train  is  moving  uniformly  in  a  circular  curve  at 
the  rate  of  60  miles  per  hour,  and  in  one  of  the  carriages  a  seconds 
pendulum  is  observed  to  beat  121  times  in  2  minutes.     Shew  that 
the  radius  of  the  curve  is  about  1317  feet. 

18.  A  particle  would  take  a  time  t  to  move  down  a  straight  tube 
from  the  surface  of  the  earth  (supposed  to  be  a  homogeneous  sphere) 
to  its  centre;  if  gravity  were  to  remain  constant  from  the  surface  to 
the  centre,  it  would  take  a  time  if  ;  shew  that 

t  :  H  ::  * 


19.  A  simple  pendulum  swings  under  gravity  in  such  a  manner 
that,  when  the  string  is  vertical,  the  force  which  it  exerts  on  the 
bob  is  twice  its  weight;  shew  that  the  greatest  inclination  of  the 

string  to  tho  vertical  is  -  . 


CHAPTER  XIL 

UNITS  AND   DIMENSIONS. 

168.  WHEN  we  wish  to  state  the  magnitude  of  any 
concrete  quantity  we  express  it  in  terms  of  some  unit  of 
the  same  kind  as  itself,  and  we  have  to  state,  (1),  what  is 
the  unit  we  are  employing,  and,  (2),  what  is  the  ratio  of 
the  quantity  we  are  considering  to  that  unit.  This  latter 
ratio  is  called  the  measure  of  the  quantity  in  terms  of 
the  unit.  Thus,  if  we  wish  to  express  the  height  of  a 
man,  we  may  say  that  it  is  six  feet.  Here  a  foot  is  the 
unit  and  six  is  the  measure.  We  might  as  well  have  said 
that  he  is  2  yards,  or  72  inches,  high. 

The  measure  will  vary  according  to  the  unit  we  employ. 
The  measure  of  any  quantity  multiplied  into  the  unit 
employed  is  always  the  same  (e.g.,  2  yards  =  6  feet  =  72 
inches). 

Hence,  if  k  and  k'  be  the  measures  of  a  physical  quantity 
when  the  units  used  are  denoted  by  [K]  and  [AT'],  we  have 


and  hence  [K]  :  [JC]  ::      :    r, 

K      K 

so  that,  by  the  definition  of  variation,  we  have  [Kl  «  y  ,  i.e., 

Ic 

the  unit  in  terms  of  which  any  quantity  is  measured  varies 
inversely  as  tJte  measure  and  conversely. 

L.  D.  12 
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169.  A  straight  line  possesses  length  only,  and  no 
breadth  or  thickness,  and  hence  is  said  to  be  of  one 
dimension  in  length. 

An  area  possesses  both  length  and  breadth,  but  no 
thickness,  and  is  said  to  be  of  two  dimensions  in  length. 
The  unit  of  area  usually  employed  is  that  whose  length 
and  breadth  are  respectively  equal  to  the  unit  of  length. 
Hence  if  we  have  two  different  units  of  length  in  the 
ratio  X  :  1,  the  two  corresponding  units  of  area  are  in  the 
ratio  X2  :  1,  so  that,  if  [,4]  denote  the  unit  of  area  and 
[Z]  the  unit  of  length,  then 

[A]~[£f. 

For  example,  12  inches  make  1  foot,  but  141  (i.e.,  122)  square 
inches  make  one  square  foot. 

A  volume  possesses  length,  breadth,  and  thickness,  and 
is  said  to  be  of  three  dimensions  in  length.  The  unit  is 
that  volume  whose  length,  breadth,  and  thickness  are  each 
equal  to  the  unit  of  length.  As  in  the  case  of  areas,  it 
follows  that,  if  [  T]  denote  the  unit  of  volume,  then 

[F]  «[.£]'. 

Since  the  units  of  area  and  volume  depend  on  that  of 
length,  they  are  said  to  be  derived  units,  whilst  the  unit 
of  length  is  called  a  fundamental  unit. 

Another  fundamental  unit  is  the  unit  of  time,  usually 
denoted  by  \T\  A  period  of  time  is  of  one  dimension  in 
time. 

The  third  fundamental  unit  is  the  unit  of  mass,  denoted 
by  \M"\.  Any  mass  is  said  to  be  of  one  dimension  in  mass. 

These  are  the  three  fundamental  units ;  all  other  units 
depend  on  these  three,  and  are  therefore  derived  units. 
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170.  Tn  Art.  9  we  defined  the  unity  of  velocity  to  be 
the  velocity  of  a  point  which  describes  a  unit  of  length  in 
a  unit  of  time.     Hence  if  the  unit  of  length,  or  the  unit 
of  time,  or  both,  be  'altered,  the  unit  of  velocity  will,  in 
general,  bo  altered. 

For  example,  let  the  units  of  length  and  time  be  changed 
from  a  foot  and  a  second  to  2  feet  and  3  seconds.  The 
new  unit  of  velocity  is  the  velocity  of  a  point  which  de 
scribes  2  feet  in  3  seconds,  i.e.,  which  describes  \  foot  in 
one  second,  i.e.,  is  equal  to  frds  of  the  original  unit  of 
velocity. 

Similarly,  since  a  body  is  moving  with  unit  acceleration 
when  the  change  in  its  velocity  per  unit  of  time  is  equal  to 
the  unit  of  velocity,  it  follows  that  the  unit  of  acceleration 
depends  on  the  units  of  velocity  and  time,  i.e.,  it  depends 
ultimately  upon  the  units  of  length  and  time. 

Again,  the  unit  of  force  is,  by  Art.  61,  that  force  which 
in  the  unit  of  mass  produces  the  unit  of  acceleration. 
Hence  the  unit  of  force  is  altered  when  either  the  unit 
of  force,  or  the  unit  of  acceleration,  or  both,  are  altered. 
Hence  the  unit  of  force  depends  ultimately  upon  the  units 
of  length,  time,  and  mass. 

171.  Theorem.     To  shew  that  the  unit  of  velocity 
varies  directly  as  tlie,  unit  of  length,  and  inversely  as  the 
unit  of  time. 

In  one  system  let  the  units  of  length,  time,  and  velocity 
be  denoted  by  [Z],  [T],  and  [F],  and  in  a  second  system  by 
[Tf],  and  [7'];  also  let 

m[Z],  and  [T']=n[T\ 

12—2 
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Then  a  body  is  said  to  be  moving 

with  the  original  unit  of  velocity 

when  it  describes  a  length  [L]  in  time  [T]  ; 

therefore  with  velocity  m  [F] 

when  it  describes  a  length  m  [L]  in  time  [T]  \ 

therefore  with  velocity  -  [  V] 

when  it  describes  a  length  m  [L]  in  time  n  [T]  ; 

therefore  with  velocity  -  [  F] 

when  it  describes  a  length  [//]  in  time  [T'}. 

But  it  is  moving  with  velocity  [F']  when  it  describes  a 
length  [L']  in  time  [T']. 

~ 


.  rn.rn  ... 
J    p]  ' 

..[^]  . 
..[r]. 

hence,  by  the  definition  of  variation, 


172.  Theorem.  To  shew  that  the  unit  of  acceleration 
varies  directly  as  the  unit  of  length,  and  inversely  as  tJie 
square  of  the  unit  of  time. 

Take  the  units  of  length  and  time  as  before,  and  let 
[F]  and  [F']  denote  the  corresponding  units  of  acceleration. 

Then  a  body  is  said  to  be  moving 

with  the  original  unit  of  acceleration 

when  a  vel.  of  [L]  per  [T]  is  added  on  per  [T]  ; 
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therefore  with  acceleration  m  [7'7] 

when  a  vel.  of  m  [L]  per  [T]  is  added  on  per  [T]  ; 


therefore  with  acceleration  — 

n 


when  a  vel.  of  m  [L]  per  n  [T]  is  added  on  per  [T]  ; 


therefore  with  acceleration  -5 


when  a  vel.  of  m  [L]  per  n  [T]  is  added  on  per  n  [T]  j 


therefore  with  acceleration  —  „ 


when  a  veL  of  [L']  per  [T']  is  added  on  per  [  7"]. 
But  now  the  body  is  moving  with  the  new  unit  of  accele 
ration 


.'.  [F]  :  [f]  ::  m  :  n> 


Hence,  by  the  definition  of  variation, 


173.  Ex.  1.  If  the  units  of  length  and  time  be  changed  from  a 
foot  and  a  second  to  100  feet  and  50  seconds  respectively,  find  in  what 
ratio  the  units  of  velocity  and  acceleration  are  changed. 

The  new  unit  of  velocity  is  a  velocity  of  100  feet  per  50  seconds, 
i.e.,  a  velocity  of  2  feet  per  second.  Hence  the  new  unit  of  velocity  is 
twice  the  original  unit  of  velocity. 

Again  a  body  is  moving  with  the  new  unit  of  acceleration 
when  a  velocity  of  100  feet  per  50  seconds  is  added  on  per  50  sees., 
*.«.,  ........................    2   feet  per   1  sec  ......................  per  50  sees., 

»•«•!  ........................  T&  feet  per  second         ...............  per  seo. 

Hence  the  new  unit  of  acceleration  is  ^th  of  the  original  unit  of 
acceleration. 
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Otherwise  thus;  Taking  the  same  notation  as  in  Arts.  171  and 
172,  we  have 

[1/1  =  100  [L],    and    [2tf]  =  50[T]. 


BO  that  the  new  units  of  velocity  and  acceleration  are  respectively 
double  and  one  twenty-fifth  of  the  original  units. 

Ex.  2.  Find  the  measure  of  the  acceleration  due  to  gravity  in  the 
yard-minute  syste?nt  assuming  its  value  in  the  foot-second  system  to 
be  32-2. 

In  a  falling  hody  a  velocity  of  32-2  ft.  per  see.  is  added  on  per  sec., 

.-.    .......................................  00x32-2  ft.  per  minute  is  added  on 

per  sec., 
/  ........................................  G02x  32-2  ft.  per  minute  is  added  on 

per  min., 

.........................................  -^-x32'2  yds.  per  minute  is  added 

o 

on  per  minute. 

/.  the  required  measure  =  -  ^  -  =38640. 
o 

This  may  be  more  concisely  put  as  follows: 
Let  x  be  the  new  measure  ;  then 


38640,  as  before. 


Ex.  3.  If  the  acceleration  of  a  falling  body  be  taken  as  the  unit  of 
acceleration,  and  the  velocity  generated  in  a  falling  body  in  one  minute 
as  the  unit  of  velocity,  find  the  units  of  length  and  time. 

Using  the  same  notation  as  in  Arts.  171  and  172,  the  same  accele 
ration  is  in  the  two  systems  represented  by 

82.  [F]  and 


a  =  32  .  [L]  [T]-»  .....................  (1). 

In  ft.-sec.  units  the  velocity  generated  in  one  minute  =  60  x  32. 

Hence    60  x  32  .  [F]  and    1  .  [  V]   represent   the    same  velocity. 
Hence 

(2). 
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Dividing  the  square  of  equation  (2)  by  (1),  we  have 


Hence,  from  (2), 

fZ1]  =  60~x32  L£  J  =  60x32  X  (         32' 
/.  [F]  -  CO  [T]  =  GO  seconds  =  one  minute. 

EXAMPLES.    XXIX. 

1.  If  the  unit  of  length  be  one  mile,  and  the  unit  of  time  one 
minute,  find  the  units  of  velocity  and  acceleration. 

2.  If  the  unit  of  length  be  one  mile,  and  the  unit  of  time  4 
seconds,  find  the  units  of  velocity  and  acceleration. 

3.  If  the  unit  of  velocity  be  a  velocity  of  30  miles  per  hour,  and 
the  unit  of  time  be  one  minute,  find  the  units  of  length  and  accele 
ration. 

4.  If  the  unit  of  acceleration  be  that  of  a  freely  falling  body,  and 
the  unit  of  time  be  5  seconds,  shew  that  the  unit  of  velocity  is  a 
velocity  of  160  ft.  per  sec. 

5.  What  must  be  the  unit  of  length,  if  the  acceleration  due  to 
gravity  be  represented  by  14,  and  the  unit  of  time  be  five  seconds? 

6.  If  the  unit  of  velocity  be  a  velocity  of  3  miles  per  hour,  and 
the  unit  of  time  one  minute,  find  the  unit  of  length. 

7.  If  the  acceleration  of  a  falling  body  be  the  unit  of  accelera 
tion,  and  the  velocity  acquired  by  it  in  5  seconds  be  the  unit  of 
velocity,  shew  that  the  units  of  length  and  time  are  800  feet  and 
6  seconds  respectively. 

8.  What  is  the  measure  of  the  acceleration  due  to  gravity, 

(1)  when  a  foot  and  half  a  second  are  the  units  of  length  and  time, 

(2)  when  the  units  are  a  mile  and  eleven  seconds, 

(3)  when  the  units  are -10  yards  and  10  minutes  respectively? 

9.  Find  the  measure  in  the  centimetre-minute  system  of  the 
acceleration  due  to  gravity,  assuming  a  metre  to  be  39'37  inches. 

10.  The   acceleration   produced  by  gravity  being  32  in  ft.-sec. 
units,  find  its  measure  when  the  units  are  rafonr  °f  an  h°ur  and  a 
centimetre,  given  1  centimetre  =  '0328  ft. 

11.  If  the  area  of  a  ten  acre  field  be  represented  by  100,  and 
the  acceleration  of  a  heavy  falling  particle  by  58|,  find  the  unit  of 
time. 
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174.  Dimensions.  Def.  When  we  say  that  the 
dimensions  of  a  physical  quantity  are  a,  /?,  and  y  in  length, 
time,  and  mass  respectively,  we  mean  that  tlie  unit  in  terms 
of  which  tlie  quantity  is  measured  varies  as 


Thus  the  results  of  Arts.  171  and  172  are  expressed  by 
saying  that  the  dimensions  of  the  unit  of  velocity  are  1  in 
length  and  -  1  in  time  ;  while  those  of  the  unit  of  accele 
ration  are  1  in  length  and  —  2  in  time. 

The  cases  in  Arts.  171  and  172  have  been  fully  written 
out,  but  the  results  may  be  obtained  more  simply  as  in  the 
following  article. 

175.  (1)  Velocity.  Let  v  denote  the  numerical 
measure  of  the  velocity  of  a  point  which  undergoes  a  dis 
placement  whose  numerical  measure  is  s,  in  a  time  whose 
numerical  measure  is  t,  so  that 


If  [£],  [T],  and  [F]  denote  the  units  of  length,  time, 
and  velocity  respectively,  we  have,  as  in  Art.  168, 


1 


Hence  [H 

(2)  Acceleration.  Let  v  denote  the  velocity  ac 
quired  by  a  particle  moving  with  acceleration  f  for  time  tt 
so  that 
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If  [F]  denote  the  unit  of  acceleration,  we  have 


Hence  [F]  ec  [  V]  [T}~*  «  [L]  [T]-*. 

(3)  Density.  Let  d  be  the  density  of  a  body  whose 
mass  is  m  and  volume  u,  so  that  m  =  du. 

If  \D~\  and  [47]  denote  the  units  of  density  and  volume, 
we  have 


If  the  body  be  very  thin,  so  that  it  may  be  considered 
as  a  surface  only,  we  see  similarly  that  the  unit  of  surface 
density 


So,  if  the  body  be  such  that  its  breadth  and  thickness  may 
be  neglected,  (so  that  it  is  a  material  line  only),  we  have 
unit  of  linear  density  oc  \M"\  ]f\~l. 

(4)     Force.     If  p  be  the  force  that  would  produce 
acceleration  f  in  mass  m,  we  have   p  =  mf. 
Hence,  if  [T3]  denote  the  unit  of  force,  we  have 


(5)     Momentum.     If  k  be  the  momentum  of  a  mass 
m  moving  with  velocity  v,  we  have 

k  =  mv. 
Hence,  if  [K]  denote  the  unit  of  momentum, 
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(G)     Impulse.     If  i  be  the  impulse  of  a  force  p  acting 
for  time  t,  we  have 

i=pt. 

Hence,  if  [/]  denote  the  unit  of  impulse, 


so    that    an    impulse    is    of    the   same   dimensions    as    a 
momentum. 

(7)     Kinetic  Energy.     If  e  be  the  kinetic  energy  of 
a  mass  in  moving  with  velocity  vt  we  have 


Hence,  if  [£]  denote  the  unit  of  kinetic  energy, 


(8)     Work.     If  w  be  the  work  done  when  a  force  p 
moves  its  point  of  application  through  a  distance  «,  then 

w  =  ps. 
Hence,  if  [IF]  denote  the  unit  of  work, 


Hence  work  and  kinetic  energy  are  of  the  same  dimensions. 
(9)     Power  or  Rate  of  work.     If  h  be  the  power  at 
which  work  w  is  done  in  time  t,  then 

*  =  !?  =  «*-. 

Hence,  if  [77]  denote  the  unit  of  power, 


(10)  Angular  velocity.  If  o>  be  the  angular  ve 
locity  of  a  point  which  moves  with  velocity  v  in  a  circle  of 
radius  r,  we  have 

u>  =  -  =  vr~l       (Art.  26). 

T 

Hence,  if  [O]  denote  the  unit  of  angular  velocity,  then 
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176.    Ex.  1.    If  the  unit  of  mass  be  112  lbs.t  the  unit  of  length 
one  mile,  and  the  unit  of  time  one  minute,  find  the  unit  of  force. 

The  unit  of  force  is  (Art.  61)  the  force  which   in  unit  mass 
produces  unit  acceleration, 

i.e.,  which  in  112  Ibs.  produces  an  acceleration  of  1  mile  per  min. 

per  min., 

{.«.,    in    112    Ibs  .....................................  gQ  mile  per  sec.  per 

min., 

».«.,    in    112    Ibs  .....................................      2  mile  per  see.  per 


i.c.,    in    112    Iba  ...................  '.  .................  —  ^~  ft.  per  sec. 

per  sec., 

17GO  x  3  x  112  „ 
i.«.,    in      1       Ib  .....................................  --  gQli  -  ft  per 

sec.  per  sec. 

1760x3x112 
Hence  the  new  unit  of  force  =  -     ----  poundals 


=  164^  poundals  =wt.  of  about  5^  Ibs. 
Otherwise  thus:  By  Art.  175  (4),  we  have 


.  as  before. 


Ex.  2.  The  kinetic  energy  of  a  body  expressed  in  the  foot-pound- 
second  system  is  1000;  find  its  value  in  the  metre-gramme-minute 
system,  having  given  1  /oot  =  30'5  cnw.,  and  1  Z&.=450  grammes,  ap 
proximately. 

Let  x  be  the  measure  in  the  new  system,  so  that 

*[£']=  1000  [E], 

i.e.t    x  [M']  [I/]2  [r]-a=  1000  [If]  [L]a  [T]~*. 
But     [M]=450[il/'],    |Z]  =  -305[L'],     and    [T 
/.  x  =  1000  x  450  x  [-30a]3  x  60a 
=  150,700,500. 
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Ex.  a.  If  the  unit  of  velocity  be  12  feet  per  second,  the  unit  of 
acceleration  24  foot-second  unite,  and  the  unit  of  force  20  ponndals, 
what  are  the  unit*  of  mass,  length,  and  time? 

Find  also  the  corresponding  unit  of  wwk. 
The  unit  of  velocity  [V]  is  equal  to  12  [F]. 

[Z/][r]-i  =  12[L][r]-i  ........................  (1). 

The  unit  of  acceleration  [.F']  is  equal  to  24  [F]. 

.'.   [L'][T']-2=24[L][r]-2  .....................  (2). 

The  unit  of  force  [P*]  is  equal  to  20  [P]. 

/.  m[L'][rr2=20[M][L][r]-'  ...............  (3). 

Dividing  (2)  by  (1),  we  have 


'5  second. 
Dividing  the  square  of  (1)  by  (2),  we  have 

103 

[L']=^[LJ 
Dividing  (3)  by  (2),  we  have 


Hence  the  required  units  of  mass,  length,  and  time,  are 
I  lb.,    6  feet,    and    J  sec. 

Also,  by  Art.  175  (8),  we  have 

[IP]  _  [M'][l/P[r]-*  _  5  /1\  -* 

\W]~  [M][L]2m~a  -6XW  XV2>/ 

''  [IF]=  120  foot-poundals. 


6 


EXAMPLES.    XXX. 

1.  If  39  inches  be  the  unit  of  length,  3  seconds  the  unit  of  time, 
and  1  cwt.  the  unit  of  mass,  find  the  unit  of  force. 

2.  If  the  units  of  mass,  length,  and  time  be  10  Ibs.,  10  feet,  and 
10  seconds  respectively,  find  the  units  of  force  and  work. 

3.  If  the  unit  of  length  be  2  feet,  what  must  be  the  unit  of  time 
in  order  that  one  pound-weight  may  be  the  unit  of  force,  the  unit  of 
mass  being  one  pound  ? 
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4.  If  the  unit  of  mass  be  1  cwt.,  the  unit  of  force  the  weight 
of  one  ton,  and  the  unit  of  length  one  mile,  shew  that  the  unit  of 
time  is  £^33  seconds. 

5.  If  the  unit  of  velocity  be  a  velocity  of  one  mile  per  minute, 
the  unit  of  acceleration  be  the  acceleration  with  which  this  velocity 
would  be  acquired  in  5  minutes,  and  the  unit  of  force  be  equal  to  the 
weight  of  half  a  ton,  find  the  units  of  length,  time,  and  mass. 

6.  If  a  hundredweight  be  the  unit  of  mass,  a  minute  the  unit  of 
time,  and  the  unit  of  force  the  weight  of  a  pound,  and  the  unit 
of  length. 

7.  If  the  unit  of  force  be  equal  to  the  weight  of  5  ounces,  the 
unit  of  time  be  one  minute,  and  a  velocity  of  60  feet  per  second  be 
denoted  by  9 ;  find  the  units  of  length  and  mass. 

8.  If  5£  yards  be  the  unit  of  length,  a  velocity  of  one  yard  per 
second  the  unit  of  velocity,  and  6  poundals  the  unit  of  force,  what  is 
the  unit  of  mass  ? 

9.  Taking  as  a  rough  approximation  1  foot  =  30-5  cms.,  lib.  =  453 
grammes,  and  the  acceleration  of  a  falling  body  =  32  ft.-sec.  units,  shew 
that 

(i)  1  Poundal  =  13816  Dynes, 

<ii)  1  Foot-Poundal= 421403  Ergs, 

(in)  1  Erg  =  7-416  x  10~8  Foot-Pounds, 

(iv)  1  Horse-Power = 7-416  x  109  Ergs  per  see. 

10.  In  two  different  systems  of  units  an  acceleration  is  repre 
sented  by  the   same  number,  whilst  a  velocity  is  represented   by 
numbers  in  the  ratio  1:8;  compare  the  units  of  length  and  time. 

If  further  the  momentum  of  a  body  be  represented  by  numbers  in 
the  ratio  5  :  2,  compare  the  units  of  mass. 

11.  If  the  units  of  length,  velocity,  and  force  be  each  doubled, 
shew  that  the  units  of  time  and  mass  will  be  unaltered,  and  that 
of  energy  increased  in  the  ratio  1 :  4. 

12.  If  the  unit  of  time  be  one  hour,  and  the  units  of  mass  and 
force  be  the  mass  of  one  hundredweight  and  the  weight  of  a  pound 
respectively,  find  the  units  of  work  and  momentum  in  absolute  units. 

13.  Find  a    system    of    units  such    that   the  momentum  and 
kinetic  energy  of  a  mass  of  4  Ibs.,  moving  with  a  velocity  of  6  feet 
per  second,  may  each  be  numerically  equal  to  unity,  and  such  that 
the  unit  of  force  may  be  the  weight  of  one  pound. 

14.  If  the  unit  of  acceleration  be  that  of  a  body  falling  freely, 
the  unit  of  velocity  the  velocity  acquired  by  the  body  in  5  seconds 
from  rest,  and  the  unit  of  momentum  that  of  one  pound  after  falling 
for  10  seconds,  find  the  units  of  length,  time,  and  mass. 
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15.  If  the  unit  of  work  be  that  done  in  lifting  one  hundredweight 
through  three  yards,    the  unit  of  momentum   that   of  a  mass   of 
one  pound  which  lias  fallen  vertically  4  feet  under  gravity,  and  the 
unit  of  acceleration  three  times  that  produced  by  gravity,  find  the 
units  of  length,  time,  and  mass. 

16.  Find  the  units  of   length,  time,  and  mass  supposing  that 
when  a  force  equal  to  the  weight  of  a  gramme  acts  on  the  mass  of 
16  grammes  the  acceleration  produced  is  the  unit  of  acceleration, 
that  the  work  done  in  the  first  four  seconds  is  the  unit  of  work, 
and   that  the  force  is  doing  work  at  unit  rate  when  the  body  is 
moving  at  the  rate  of  90  cms.  per  second. 

17.  The  velocity  of  a  train  running  at  the  rate  of  60  miles  per 
hour  is  denoted  by  8,  the  resistance  the  train  experiences  and  which 
is  equal  to  the  weight  of  1600  Ibs.  is  denoted  by  10,  and  the  number 
of  uuits  of  work  done  by  the  engine  per  mile  by  10.     Find  the  units 
of  length,  time,  and  mass. 

18.  In  a  certain  system  of  absolute  units  the  acceleration  pro 
duced  by  gravity  in  a  body  falling  freely  is  denoted  by  3,  the  kinetic 
energy  of  a  600  pound  shot  moving  with  velocity  1600  feet  per  second 
is  denoted  by  100,  and  its  momentum  by  10;  find  the  units  of  length, 
time,  and  mass. 

19.  If  the  kinetic  energy  of  a  train,  whose  mass  is  100  tons 
and  whose  velocity  is  45  miles  per  hour,  be  denoted  by  11,  whilst 
the  impulse  of  the  force  required  to  bring  it  to  rest  is  denoted  by  5, 
and  40  horse-power  by  15,  find  the  units  of  length,  time,  and  mass, 
and  shew  that  the  acceleration  due  to  gravity  is  denoted  by  2016, 
assuming  its  measure  in  foot-second  units  to  be  32. 

20.  If  the  unit  of  force  be  the  weight  of  one  pound,  what  must 
be  the  unit  of  mass  so  that  the  equation  P=w/may  still  be  true? 

Verification  of  formulae  by  means  of  counting 
the  .dimensions. 

177.  Many  formulae  and  results  may  be  tested  by 
means  of  the  dimensions  of  the  quantities  involved.  Sup 
pose  we  have  an  equation  between  any  number  of  physical 
quantities.  Then  the  sum  of  the  dimensions  in  each  term 
of  one  side  of  the  equation  in  length,  time,  and  mass 
respectively  must  be  equal  to  the  corresponding  sums  on 
the  other  side  of  the  equation.  For  suppose  that  the 
dimensions  in  length  of  one  side  of  the  equation  differed 
from  the  corresponding  dimensions  on  the  other  side  of 
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the  equation  ;  then,  on  altering  the  unit  of  length,  the  two 
members  of  the  equation  would  be  altered  in  different 
ratios  and  would  be  no  longer  equal  ;  this  however  would 
be  clearly  absurd  ;  for  two  quantities  which  are  equal  must 
have  the  same  measures  whatever  (the  same)  unit  is  used. 
For  example,  if  two  sums  of  money  are  the  same,  their 
measures  must  be  the  same  whether  we  express  the  amounts 
in  pounds,  shillings,  or  pence. 

178.  Much  information  may  be  often  easily  obtained 
by  considering  the  dimensions  of  the  quantities  involved. 
Thus  the  time  of  oscillation  of  a  simple  pendulum  (which 
consists  of  a  mass  m  tied  by  means  of  a  light  string  of 
length  I  to  a  fixed  point)  may  be  easily  shewn  to  vary  as 

-.     For,  assuming  the  time  of  oscillation  to  be  inde 

pendent  of  the  arc  of  oscillation,  the  only  quantities  that 
can  appear  in  the  answer  are  m,  I,  and  g.  Let  us  assume 
the  time  of  oscillation  to  vary  as  ma'lBgy. 

The  dimensions  of  this  quantity  expressed  in  the  usual 
way  are 


/ 


or 

Now  the  answer  is  necessarily  of  one  dimension  in  time, 
and  of  none  in  mass,  or  length.     Ifence  we  have 


a=0,  /J+y  =  0,  and  -2y=l. 

.'.  y  =  -J   and  0=J, 
and  the  time  of  oscillation  therefore  oc     /-.      [Art.  157.] 
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Table  of  Dimensions  and  Values  of 
Fundamental  Quantities. 

Dimensions  in 
Physical  Quantity  Mass          Length          Tivie 

Volume  density  1  -  3 

Surface  density  1  —  2 

Line  density  1  —  1 

Velocity  1  - 1 

Acceleration  1  —  2 

Force  1  1  -  2 

Momentum  1  1  - 1 

Impulse  1  1  —  1 

Kinetic  energy  1  2  —  2 

Power  or  Rate  of  work         1  2  -  3 

Angular  velocity  —  1 

Values  of  "g." 

Place  Ft.-sec.  units.  Cm.-fec,  units. 

The  equator  32-091  978-10 

Latitude  45°  32-17  980-61 

Paris  32-183  980'94 

London  32-191  98M7 

North  Pole  32-252  983-11 

Length  of  the  seconds  pendulum  at  London 

=  39-139  inches  =  99-413  centimetres. 
1  centimetre         =  -39370  inches  =  -032809  feet. 
1  foot  =  30-4797  centimetres. 

1  gramme  =  15-432  grains  =  -0022046  Ib. 

1  Ib.  =453-59  grammes. 

1  dyne  =  weight  of  T|T  gramme  approx. 

1  poundal  =13825  dynes. 

1  foot-poundal       =421390  ergs. 


MISCELLANEOUS    EXAMPLES. 


1.  A  particle  falls  freely  from  the  top  of  a  tower,  and  during  the 
last  second  of  its  motion  it  falls  fjths  of  the  whole  height;  what  is  the 
height  of  the  tower  ? 

2.  A  man  ascends  the  Eiffel  Tower  to  a  certain  height  and  drops 
a  stone.     He  then  ascends  another  100  feet  and  drops  another  stone. 
The  latter  takes  half  a  second  longer  than  the  former  to  reach  the 
ground.     Neglecting  the  resistance  of  the  air,  find  the  elevation  of 
the  man  when  he  dropped  the  first  stone  and  the  time  it  took  to 
drop. 

3.  A  bullet  moving  with  a  velocity  of  1200  ft.  per  sec.  has  this 
velocity  reduced  to  one-half  after  penetrating  one  inch  into  a  target. 
Assuming  the  resistance  to  be  uniform,  how  far  will  it  penetrate  before 
its  velocity  is  destroyed  ? 

4.  Two  scale-pans,  each  of  mass  7  ozs.,  are  connected  by  a  light 
inextensible  string  which  passes  over  a  smooth  pulley.    If  a  mass 
of  5  ozs.  be  placed  in  one  pan  and  one  of  8  ozs.  in  the  other,  find  the 
pressures  of  the  masses  on  the  scale-pans. 

5.  Two  equal   masses,   attached   by  an   inextensible  weightless 
thread  which  passes  over  a  light  pulley,  hang  in  equilibrium.     Shew 

that  the  tension  of  the  thread  is  unaltered  when  -th  of  its  mass  is 

n 

added  to  one,  and -  th  of  its  mass  removed  from  the  other. 

71  +  £l 

6.  A  weightless  string,   of  length   a,   with   masses  m   and  3?/t 
attached  to  its  ends  is  placed  on  a  smooth  horizontal  table  perpen 
dicular  to  an  edge  with  the  mass  m  just  over  the  edge.     If  the  height 
of  the  table  above  the  inelastic  floor  be  also  a,  shew  that  the  mass  3m 
will  strike  the  floor  at  a  distance  a  from  the  mass  m. 

7.  A  particle  falling  under  gravity  describes  100  feet  in  a  certain 
second ;  how  long  will  it  take  to  describe  the  next  100  feet,  the  resist 
ance  of  the  air  being  neglected  ? 

If  owing  to  resistance  it  takes  *9  sec.,  find  the  ratio  of  the  resist 
ance  (assumed  to  be  constant)  to  the  weight  of  the  particle. 

L.   D.  13 
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8.  The  bob  of  a  simple  pendulum  is  held  so  that  the  string 
is  horizontal  and  stretched,  and  is  then  let  go.     Shew  that  during 
the  subsequent  motion  the  tension  of  the  string  varies  as  the  vertical 
distance  of  the  bob  below  its  initial  position. 

9.  A  particle  hanging  vertically  from  a  fixed  point  by  means  of 
a  string  of  length  r  is  projected  horizontally  with  velocity  \/Qgr. 
Shew  that  the  tension  of  the  string  when  the  particle  is  at  the  end  of 
a  horizontal  diameter  is  to  its  tension  when  the  particle  is  at  the 
highest  point  as  4  :  1. 

10.  A  locomotive  engine  draws  a  load  of  m  Ibs.  up  an  incline  of 
inclination  a  to  the  horizon,  the  coefficient  of  friction  being  /*.     If, 
starting  from  rest  and  moving  with  uniform  acceleration,  it  acquires 
a  velocity  v  in  t  seconds,  shew  that  the  average  horse-power  at  which 

the  engine  has  worked  is  ^TT^  I  —  h  /*  cos  a  +  sin  a    • 


11.  A  body  is  thrown  up  in  a  lift  with  a  velocity  u  relative  to  the 
lift  and  the  time  of  flight  is  found  to  be  t.    Shew  that  the  lift  is 

moving  up  with  an  acceleration  --  -  . 

12.  The  smoke  from  a  steamer  which  is  sailing  due  north  extends 
in  the  direction  E.S.E.,  whilst  that  from  another  sailing  with  the 
same  velocity  due  south  extends  in  the  direction  N.N.E.;  shew  that 
the  wind  blows  in  the  direction  N.E.  with  a  velocity  equal  to  that  of 
the  steamer. 

13.  A  horse  gallops  round  a  circus,  whose  radius  is  60  feet,  with 
a  velocity  of  15  miles  per  hour;  shew  that  the  least  value  of  the 
coefficient  of  friction  between  his  hoofs  and  the  ground  is  about  £. 

14.  A  slip-carriage  is  detached  from  a  train  and  brought  to  rest 
in  n  minutes  during  which  time  it  described  a  distance  of  s  feet.- 
Assuming  the  retardation  to  be  uniform,  find  the  velocity  with  which 
the  train  was  moving  when  the  carriage  was  slipped. 

15.  A  ship  sailing  south-east  sees  another  ship,  which  is  steam 
ing  at  the  same  rate  as  itself,  and  which  always  appears  to  be  in  a 
direction   due   east  and  to  be    always    coming  nearer.      Find  the 
direction  of  the  motion  of  the  second  vessel. 

16.  A  perfectly  elastic  particle  is  projected  with  velocity  v  at  an 
elevation  6.     A  smooth  plane  passes  through  the  point  of  projection 
and  is  inclined  at  an  angle  a  to  the  horizon.     Shew  that  the  particle 
will  return  to  the  point  of  projection  provided  cot  a  cot  (6  -  a)  is  an 
integer. 
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17.  A  particle  moves  from  rest  in  a  straight  line  with  alternate 
acceleration  and  retardation  of  magnitudes  /  and  /'  during  equal 
intervals  of  time  t  ;  at  the  end  of  2n  such  intervals  prove  that  the 

<»& 
space  it  has  described  is  ^-  [(2n  +  l)/-  (2w-  1)/']. 

18.  A  particle  is  placed  upon  a  rough  horizontal  plate  (coefficient 
of  friction  /*)  at  a  distance  a  from  a  vertical  axis  about  which  the 
plate  can  rotate  ;  find  the  greatest  number  of  revolutions  per  minute 
which  the  plate  can  make  without  the  particle  moving  relatively  to 
the  plate. 

19.  A  cannon  ball  has  a  range  R  on  a  horizontal  plane.    If  h  and 
h'  are  the  greatest  heights  in  the  two  paths  for  which  this  is  possible, 
prove  that  R  =  4 


20.  Find  the  greatest  angle  through  which  a  person  can  oscillate 
on  a  swing,  the  ropes  of  which  can  just  support  twice  the  person's 
weight  when  at  rest. 

21.  Two  masses,  m  and  m',  are  connected  by  a  string  of  given 
length  passing  through  a  small  smooth  ring  which  turns  freely  about 
a  vertical  axis.     The  particle  m'  is  made   to  rotate  with  angular 
velocity  w  in  a  horizontal  circle,  so  that  the  particle  m  remains  at 
rest  hanging  freely  from  the  ring.     Shew  that  the  distance  of  m'  from 

,,  mg 

the  ring  is  —f-^  • 
w'w3 

22.  Two  inelastic  balls  of  equal  size,  but  of  masses  m  and  m',  lie 
in  contact  on  a  smooth  table.      The  former   receives  a  blow  in   a 
direction   through  its   centre  making  an   angle  a  with  the  line  of 
centres.     Shew  that  the  kinetic  energy  of  the  balls  is 

m'  (m  +  m'  sin2  a) 

m(m'  +  m  sin2  a) 

of  what  it  would  have  been  if  the  balls  had  been  interchanged  and  m' 
had  received  the  blow. 

23.  A  heavy  particle  projected  with  velocity  u  strikes  at  an  angle 
of  45°  an  inclined  plane  of  angle  /3  which  passes  through  the  point  of 
projection.     Shew  that  the  vertical  height  of  the  point  struck  above 

the  point  of  projection  is  -  .-—  1+Acot£— 
g  2 


24.  An  elastic  body  is  projected  from  a  given  point  with  a  given 
velocity  V  and  after  hitting  a  vertical  wall  returns  to  the  point  from 
which  it  started.  Shew  that  the  distance  of  the  point  from  the  wall 

e     V1 

must  be  less  than    -   ---  ,  where  e  is  the  coefficient  of  restitution. 
1  +  e    g 

13—2 
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25.  Two  particles,  of  masses  TO  and  ?ra',  are  moving  in  parallel 
straight  lines  at  a  distance  a  apart  with  given  velocities  v  and  v'  \  the 
particles  are  connected  by  a  string   of   such  a  length  that  at  the 
instant  when  it  becomes  taut  it  is  inclined  at  an  angle  a  to  the  two 
parallel  straight  lines  ;  assuming  that  v  >  v',  shew  that  the  impulsive 

tension  on  the  string  at  the  instant  it  tightens  is  —  —  ;  (v  -  v')  cos  a. 

26.  A  smooth  wedge,  of  mass  M,  is  placed  on  a  horizontal  plane 
and  a  particle,  of  mass  m,  slides  down  its  slant  face  which  is  inclined 
at  an  angle  o  to  the  horizon.     Shew  that  the  acceleration  of  m  relative 

to  the  plane  face  is  —^  -  ^—  .  g  sin  a. 
M+msm^a   * 

27.  A  particle  is  placed  on  the  face  of  a  smooth  wedge  which 
can  slide  on  a  horizontal  table  ;  find  how  the  wedge  must  be  moved  in 
order  that  the  particle  may  neither  ascend  nor  descend.    Also  find  the 
pressure  between  the  particle  and  the  wedge. 

28.  A  particle,  of  mass  TOJ  ,  is  fastened  to  one  end  of  a  string,  and 
one  of  mass  7na  to  the  middle  point,  the  other  end  of  the  string  being 
fastened  to  a  fixed  point  on  a  smooth  horizontal  table.     The  particles 
are  then  projected  so  that  the  two  portions  of  the  string  are  always 
in  the  same  straight  line  and  so  that  the  particles  describe  horizontal 
circles  ;  shew  that  the  tensions  of  the  two  portions  of  the  string  are  as 


29.  At  one  end  of  a  light  string  passing  over  a  small  fixed  pulley 
a  weight  of  3  Ibs.  is  suspended  and  a  light  pulley  is  suspended  at  the 
other  end.     Over  this  pulley  another  light  string  passes  with  weights 
of  2  Ibs.  and  1  Ib.  suspended  at  its  ends.     The  whole  system  is  let  go 
from  a  position  of  rest  ;  find  the  pressure  on  the  fixed  pulley  while  the 
system  is  moving  and  find  the  acceleration  of  the  greatest  weight. 

30.  In  a  system  of  three  movable  weightless  pulleys  in  which  all 
the  strings  are  attached  to  a  beam,  the  highest  string  after  passing 
over  a  fixed  pulley  has  a  mass  of  3  Ibs.  attached  to  it,  and  the  lowest 
pulley  has  a  mass  of  28  Ibs.  hung  on  to  it.    Shew  that  the  larger  mass 

will  descend  with  an  acceleration  of  ^-=  . 

55 

31.  Two   straight  railways  converge  to  a  level  crossing  at  an 
angle  a,  and  two  trains  are  moving  towards  the  crossing  with  velocities 
u  and  v.     If  a  and  b  are  the  initial  distances  of  the  trains  from  the 
crossing,  shew  that  their  least  distance  apart  will  be 

(av  -  bu)  sin  a 
//wa  +  va  -  2uv  cos  a 
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32.  If  the  distance  between  two  moving  points  at  any  time  be  a, 
if  V  be  their  relative  velocity,  and  if  u  and  v  be  the  components  of  V 
respectively  in  and  perpendicular  to  the  direction  of  a,  shew  that 

their  distance  when  they  are  nearest  to  one  another  is  -^  ,  and  that  the 
time  that  elapses  before  they  arrive  at  their  nearest  distance  is  =^ . 

33.  Two  particles,  of  masses  M  and  M+  m,  are  connected  by  a  light 
string  and  placed  near  one  another  on  a  smooth  table  ;  on  the  string 
slides  a  light  smooth  pulley,  supporting  a  mass  H,  which  is  placed 
just  over  the  edge  of  the  table  ;   find  the  resulting  acceleration  of 
the  pulley. 

34.  Iu  the  system  of  pulleys  where  each  string  is  attached  to  the 
bar  which  supports  the  weight,  if  there  be  two  movable  pulleys  of 
negligible  mass  and  the  power  be  quadrupled,  shew  that  the  weight 

will  ascend  with  acceleration  -^  . 
20 

35.  A  string,  one  end  of  which  is  fixed,  has  slung  on  it  a  mass 
of  3  Ibs.  and  then  passes  over  a  smooth  pulley  and  has  a  mass  of  1  Ib. 
attached  to  its  other  end ;  shew  that  the  larger  mass  descends  with 

acceleration  |  and  that  the  tension  of  the  string  is  If  Ibs.  wt. 

36.  A  cyclist,  riding  at  a  speed  F,  overtakes  a  pedestrian  who  can 
move  at  a  speed  not  greater  than  v,  the  two  travelling  along  parallel 
tracks  at  a  distance  d  apart.     Shew  that  if  the  cyclist  rings  his  bell 

when  at  a  distance  less  than  —  d,  he  may  safely  maintain  his  speed 
and  keep  to  his  course  regardless  of  the  behaviour  of  the  pedestrian. 

37.  A  boy  throws  a   stone  into  the  air  with  velocity   V  at  an 

elevation  a  :  after  an  interval  of  time  — =-= =j — =  he  throws 

<7[Pcosa+F'cosa'] 

another  with  velocity  V  at  an  elevation  a';  shew  that  the  second 
stone  will  strike  the  first. 

38.  A  shot,  of  mass  m,  penetrates  a  thickness  t  of  a  fixed  plate 
of  mass  M;  if  M  be  free  to  move,  and  the  resistance  be  supposed 

uniform,  shew  that  the  thickness  penetrated  is  — - —  t. 

39.  A  string  sustains  a  mass  P  at  one  end,  then  passes  over  a 
fixed  pulley,  then  under  a  movable  pulley  to  which  a  mass  E  is 
attached,  and  then  over  a  fixed  pulley  and  is  attached  to  a  mass  Q  at 
its  other  end.    Assuming  the  masses  of  the  string  and  pulleys  to  be 
negligible,  and  that  the  parts  of  the  string  not  in  contact  with  the 
pulleys  are  vertical,  find  the  acceleration  of  It  and  the  tension  of  the 
string. 


198  DYNAMICS. 

40.  A  wedge  of  mass  M  can  slide  on  a  smooth  horizontal  plane, 
and  the  wedge  has  a  face  inclined  at  an  angle  a  to  the  horizontal. 
Initially  the  wedge  is  at  rest  and  a  particle  of  mass  m  is  projected 
directly  up  the  inclined  face.  If  the  particle  rise  to  a  height  h  above 
the  point  of  projection,  shew  that  the  velocity  of  projection  is 

M+m 


41.  A  particle  is  at  rest  on  a  rough  plane  (coefficient  of  friction  ji) 
inclined  to  the  horizon  at  an  angle  o.     The  plane  is  moved  hori 
zontally  with  a  constant  acceleration  /  in  a  direction  away  from  the 
particle ;  prove  that  the  particle  will  remain  at  rest  relative  to  the 

aq  cos  a  -  a  sin  a 

plane  if  /  <  — —. . 

cosa  +  /t  sin  a 

42.  A  regular  hexagon  stands  with  one  side  on  the  ground  and 
a  particle  is  projected  so  as  just  to  graze  its  four  upper  vertices.    Shew 
that  the  velocity  of  the  particle  on  reaching  the  ground  is  to  its  least 
velocity  as  >/31  to  ^/S. 

43.  In  order  to  raise  a  weight  which  is  half  as  much  again  as  his 
own  a  man  fastens  a  rope  to  it  and  passes  the  rope  over  a  smooth 
pulley;  he  then  climbs  up  the  rope  with  an  acceleration  relative 

60 
to  the  rope  of  -y.     Shew  that  the  weight  rises  with  acceleration 

|,  and  find  the  tension  of  the  rope. 

44.  A  wedge  of  mass  M  and  angle  a  can  move  freely  on  a  smooth 
horizontal  plane ;  a  smooth  sphere  of  mass  m  strikes  it  in  a  direction 
perpendicular  to  its  inclined  face  and  rebounds.     Shew  that  the  ratio 
of  the  velocities  of  the  sphere  just  before  and  just  after  the  impact  is 

M+m  sin2  a  :eM-m  sin2  a, 
where  e  is  the  coefficient  of  restitution. 

45.  Over  a  smooth  light  pulley  is  passed  a  string  supporting  at 
one  end  a  weight  of  mass  4  Ibs.  and  at  the  other  a  pulley  of  mass  1  Ib. 
A  string  with  masses  2  Ibs.  and  3  Ibs.  attached  to  its  ends  passes  over 
the  second  pulley;  shew  that  the  acceleration  of  the  4  Ibs.  mass  is 

w 

46.  A  string,  of  natural  length  a,  is  stretched  on  a  smooth  table 
between  two  fixed  points  at  a  distance  na  apart  and  a  particle  of  mass 
m  is  attached  to  the  middle  point  of  the  string ;  the  particle  is  then 
displaced  towards  one  of  the  fixed  points  through  a  distance  not 

exceeding  ^—  a  and  then  liberated;  shew  that  it  will  perform  oscilla 
tions  in  a  period  which  is  independent  of  n  and  of  the  distance 
through  which  it  is  displaced. 
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47.  If  the  unit  of  kinetic  energy  be  that  of  5  Ibs.  which  has  fallen 
50  feet  from  rest,    the  unit    of   momentum   the  momentum   thus 
generated,  and  the  unit  of  length  the  distance  through  which  the 
particle  has  fallen,  find  the  unit  of  time. 

48.  A  particle  P  moves  in  a  circle,  of  which  OA  is  a  diameter, 
and  07  is  drawn  perpendicular  to  the  tangent  at  P.     Shew  that  the 
velocity  of  Y  relative  to  P  is  equal  to  the  velocity  of  P. 

49.  Two  men,  of  masses  M  and  M+ m,  start  simultaneously  from 
the  ground  and  climb  with  uniform  vertical  accelerations  up  the  free 
ends  of  a  weightless  inextensible  rope  which  passes  over  a  smooth 
pulley  at  a  height  h  from  the  ground.     If  the  lighter  of  the  two  men 
reach  the  pulley  in  t  sees.,  shew  that  the  heavier  cannot  get  nearer  to 

.,  ,,  m 

it  than 


J/  +  mL2 

50.  A  train,  of  mass  M,  is  travelling  with  uniform  velocity  on 
a  level  line ;  the  last  carriage,  whose  mass  is  m,  becomes  uncoupled 
and  the  driver  discovers  it  after  travelling  a  distance  I  and  shuts  off 
steam.     Shew  that  when  both  parts  come  to  rest  the  distance  between 

them  is  — - —  I,  if  the  resistance  to  motion  be  uniform  and  propor 
tional  to  the  weight,  and  the  pull  of  the  engine  be  constant. 

51.  A  small  smooth  pulley  of  mass  M  is  lying  on  a  smooth  table; 
a  light  string  passes  round  the  pulley  and  has  masses  m  and  m' 
attached  to  its  ends,  the  two  portions  of  the  string  being  perpendicular 
to  the  edge  of  the  table  and  passing  over  it  so  that  the  masses 
hang  vertically ;  shew  that  the  acceleration  of  the  pulley  is 


M 

52.  Shew  that,  if  the  effect  of  a  horizontal  wind  on  a  projectile 
be  an  acceleration  /  in  the  direction  of  the  wind  and  the  effect  of  the 
resistance  of  the  air  be  neglected,  the  latus-rectum  of  the  path  of 
a  particle  projected  with  velocity  v  at  an  angle  a  to  the  horizon  in 
the  same  vertical  plane  as  the  direction  of  the  wind  is 

2v2  (g  cos  a  +  /sin  a)2 


53.    A  particle  lies  on  a  smooth  horizontal  table  at  the  foot  of 
a  smooth  wedge  of  angle  a  and  height  h,  and  the  wedge  is  made 
to  move  along  the  table  with  constant  acceleration  /.     If  /  >  g  tan  o, 
prove  that  the  particle  will  ascend  the  plane.     Shew  also  that  if  the 
wedge  moves  in  this  way  for  time  £,  and  then  moves  with  constant 
velocity  equal  to  that  gained,  the  particle  will  just  reach  the  top  if 
2_         2#7i  sec  a 
~/(/cosa-<7sina)* 
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54.  Weights  of  10  and  2  Ibs.  hanging  by  vertical  strings  balance 
on  a  wheel  and  axle.    If  a  mass  of  1  Ib.  be  added  to  the  smaller  weig'nt, 
find  the  acceleration  with  which  it  will  begin  to  descend,  and  the 
tension  of  each  rope,  neglecting  the  mass  of  the  wheel  and  axle. 

55.  In   the   differential   wheel-and-axle  c  is  the  radius  of  the 
wheel,  and  a  and  b  the  radii  of  the  two  parts  of  the  axle.     A  weight  P 
attached  to  the  wheel-rope  just  keeps  the  system  in  equilibrium  ;  if  P 
be  doubled,  prove  that  it  descends  with  acceleration 

2c 


the  mass  of  the  wheel  and  axle  being  neglected. 

56.  A  perfectly  elastic  particle  is  projected  with  a  velocity  v  in  a 
vertical  plane  through  a  line  of  greatest  slope  of  an  inclined  plane  of 
elevation  a  ;  if  after  striking  the  plane  it  rebounds  vertically,  shew 
that  it  will  return  to  the  point  of  projection  at  the  end  of  time 


57.  Two  pulleys,  each  of  mass  M,  are  connected  by  a  string 
hanging  over  a  smooth  fixed  pulley ;  a  string  with  masses  2m  and  3m 
at  its  ends  is  hung  over  one  pulley,  and  one  with  masses  m  and  4m 
over  the  other.    If  the  system  is  free  to  move,  shew  that  the  accelera 
tion  of  either  pulley  is  •—  . 
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58.  A  rough  vertical  circle,  carrying  a  bead,  turns  in  its  own 
plane  about  its  centre  with  uniform  angular  velocity  greater  than 


where  a  is  the  radius  and  /*  is  the  coefficient  of  friction.    Shew  that 
the  bead  will  never  slip. 

59.  A  particle  is  projected  along  the  inside  of  a  vertical  hoop 
from  its  lowest  point  with  such  a  velocity  that  it  leaves  the  hoop  and 
returns  to  the  point  of  projection  again.    Find  the  velocity  of  pro 
jection  and  determine  where  the  particle  leaves  the  hoop. 

60.  A  particle  which  hangs  from  a  fixed  point  by  a  string  of 
length  a  is  projected  horizontally  from  the  position  of  equilibrium 
with  a  velocity  due  to  a  height  a  +  b.     If  2b  <  3a,  shew  that  the  string 
will  be  loose  for  a  time  t  given  by  the  equation 
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61.  A  heavy  particle  is  attached  to  one  end  of  an  elastic  string, 
the  other  end  of  which  is  fixed.  The  modulus  of  elasticity  of  the 
string  is  equal  to  the  weight  of  the  particle.  The  string  is  drawn 
vertically  down  till  it  is  four  times  its  natural  length,  and  then  is  let 
go.  Shew  that  the  particle  will  return  to  this  point  in  time 


where  a  is  the  unstretched  length  of  the  string. 

62.  Two  men,  A  and  B,  each  of  mass  ra,  sit  in  loops  at  the  ends 
of  a  light  flexible  rope  passing  over  a  smooth  pulley,  A  being  h  feet 

higher  than  B.     In  .B's  hands  is  placed  a  ball,  of  mass  —  ,  which  he 

instantly  throws  up  to  A,  so  that  it  just  reaches  him.  Prove  that 
by  the  time  A  has  caught  the  ball  he  has  moved  up  through  tlie 
distance  ^  h,  and  that  he  will  cease  ascending  when  he  has  ascended 
a  total  height  of  /&  h. 

63.  A  smooth  ring,  of  mass  M,  is  threaded  on  a  string  whose 
ends  are  then  placed  over  two  smooth  fixed  pulleys  with  masses  m  and 
m'  tied  on  to  them  respectively,  the  various  portions  of  the  string 
being  vertical.     The  system  being  free  to  move,  shew  that  the  ring 
will  remain  at  rest  if 

1=1+1. 

M      m     m' 

64  A  particle,  of  mass  m,  is  placed  on  the  face  of  a  smooth 
wedge,  of  mass  M,  which  moves  along  a  smooth  horizontal  table 
being  pulled  horizontally  by  a  string  which,  after  passing  over  a 
smooth  pulley  carries  a  mass  M  '  hanging  vertically,  the  motions  being 
all  in  a  vertical  plane  passing  through  a  line  of  greatest  slope.  Shew 
that  the  acceleration  of  m  relative  to  the  wedge  is 
(M  +  M'  +  m)  sin  a  +  M  '  cos  a 


where  a  is  the  inclination  of  the  face.    Find  also  the  pressure  of  m  on 
the  wedge. 

65.  A  smooth  wedge  is  free  to  move  on  a  horizontal  plane  in  the 
direction  of  the  projection  of  the  lines  of  greatest  slope  and  is  held 
whilst  a  particle  is  projected  up  its  face  in  a  direction  inclined  to  the 
lines  of  greatest  slope,  and  is  then  immediately  released.     Shew  that 
the  track  of  the  particle  on  the  plane  is  a  parabola. 

66.  A  perfectly  elastic  ball  is  thrown  from  the  foot  of  a  plane 
inclined  at  an  angle  a  to  the  horizon.     If  after  striking  the  plane  at 
a  distance  I  from  the  point  of  projection  it  rebounds  and  retraces  its 
former  path,  shew  that  the  velocity  of  projection  is 


A?  (1  +  3  sin8  a) 
V         2  sin  a 
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67.  A  heavy  mass  M,  which  can  slide  along  a  straight  horizontal 
bar  is  attached  to  a  fixed  point  at  a  distance  c  from  the  bar  by  a  spiral 
spring  of  natural  length  a  less  than  c  such  that  a  mass  ra  hung  on  to 
it  will  stretch  it  by  a  length  e  ;  shew  that  the  time  of  a  small  oscilla 
tion  of  H  along  the  bar,  when  it  is  slightly  disturbed,  will  be 

27r  f      Mec      1* 
\mg(c-a)l    ' 

68.  A  railway  carriage  is  travelling  on  a  curve  of  radius  r  with 
velocity  v ;  if  h  be  the  height  of  the  centre  of  inertia  of  the  carriage 
above  the  rails  (which  are  at  the  same  horizontal  level)  and  2a  be  the 
distance  between  them,  shew  that  the  carriage  will  upset  if 


69.  A  wedge  of  mass  M  rests  with  a  rough  face  in  contact  with 
a  horizontal  table  and  with  another  face  which  is  smooth  inclined  at 
an  angle  a  to  the  table.     The  angle  of  friction  between  the  wedge  and 
the  table  is  e.     A  particle  of  mass  m  slides  down  the  smooth  face. 
Find  the  condition  that  the  wedge  may  move;  and  prove  that,  if 
it  move,  its  acceleration  is 

m  cos  a  sin  (a  -  e)  -  M  sin  e 
If  cos  «  +  msin  a  sin  (a-e) 

70.  A  window  is  supported  by  two  cords  passing  over  pulleys  in 
the  frame-work  of  the  window  (which  it  loosely  fits),  the  other  ends  of 
the  cords  being  attached  to  weights  each  equal  to  half  the  weight  of 
the  window.    One  cord  breaks  and  the  window  descends  with  accelera 
tion  /.    Shew  that  the  coefficient  of  friction  between  the  window  and 

frame- work  is  ^— ?  .  ? ,  where  a  is  the  height  and  6  the  breadth  of  the 

9+J  * 
window. 


ANSWERS  TO   THE   EXAMPLES. 


L    (Pages  11—13.) 

4.    100  feet.  5.     120°. 

7.  At  an  angle  cos1"1  (-£),  i.e.  126°  52'  with  the  current;  per 
pendicular  to  the  current  so  that  his  resultant  direction  makes  an 
angle  tan"1!,  i.e.  59°  2',  with  the  current. 

8.  4  ^/3  miles  per  hour ;  12  miles  per  hour. 

9.  At  an  angle  of  150°  with  AB  produced;   it  will  strike  X  at 
right  angles  at  the  end  of  fifteen  minutes. 

10.  At  an  angle  of  cos"1  ( -  ^)  with  the  direction  of  the  car's 
motion. 

11.  v/29  at  an  angle  of  elevation  of  tan"1  £  with  a  horizontal  line 
which  is  inclined  at  tan-1  $  north  of  east. 

12.  U/3-l)w;  (v/e-V^.  13.    60°. 
14.     14  at  an  angle  cos"1  ^  with  the  greatest  velocity. 

II.    (Pages  17—19.) 

1.  55  ft.  per  sec.  at  an  angle  tan"1  ( -  f )  with  the  direction  of  the 
train's  motion. 

2.  20  miles  per  hour  at  an  angle  tan"1  f  west  of  north. 

3.  15  miles  per  hour  north-east. 

4.  10  miles  per  hour  towards  the  south-east. 

5.  39  miles  per  hour  in  a  direction  cos"1  &  north  of  east. 

6.  32T\  miles  per  hour. 

7.  2  fJ2  miles  per  hour  at  45°  to  the  vertical. 

8.  7^/5-2^/2  miles  per  hour.     Draw  OA  (=14)  towards  the  east 
and  OB  ( =  7)  towards  the  south-east  and  complete  the  parallelogram 
OABC.     Then  OC  is  the  required  direction. 

10.     5 ^  sees.  12.     At  12. 45p.m.;    15*9  miles. 

13.  24  minutes;    6  miles. 

14.  2^3.  ft.  per  sec.   at  tan"1 f  with  BA ;   3  feet  at  the  end  of 
Iff  seconds. 

16.  4  J2  miles  per  hour  towards  the  south-east. 

17.  Towards  the  east.  18.    3u  and  v. 
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III.  (Pages  21—23.)    ' 

1.  -  —  radians  per  sec.     2.     ST  radians  per  sec. ;  50?  ft.  per  sec. 

3.     —^  ft.  per  sec. ;      -^-.  radians  per  sec.  4.    1  :  20  :  360. 

uUU  loUU 

5.    2f  miles  per  hour.  6.         ~     V.         8.        %~- . 

10.  60^3  (  =  103-9)  miles  per  hour  at  ±30°  to  the  horizon. 

11.  *•£  radians  per  sec. ;    30  miles  per  hour. 

12.  22  radians  per  sec. ;    30  miles  per  hour. 

13.  20  miles  per  hour;  10  miles  per  hour  at  ±60°  to  the  horizon; 
10^3  miles  per  hour  at  ±30°  to  the  horizon. 

IV.  (Pages  24,  25.) 

2.  5  miles  per  hour  in  a  direction  tan-1 £  north  of  west. 

3.  5  ft.  per  sec.  at  120°  with  its  original  velocity. 

4.  20X/2-V/2  ft.  per  sec.  towards  N.N.W. 

5.  12  ft.  per  sec.  at  120°  with  its  original  direction. 


V.    (Pages  31,  32.) 

1.  (1)     17  ft.  per  sec.;    47£feet.       (2)    0;24£feet. 
(3)     -ft;  l/T^ecs.      (4)     3  ft.  per  sec. ;  6  seca. 

2.  40  ft.  per  sec.;  400  feet.  3.     40  sees. 

4.  20  ft.-sec.  units.  5.     10  sees.;  150  cms. 

6.  In  50  sees.;  25  metres.  7.     18  ft. -see.  units. 

8.  10  ft.  per  sec.;   -  \  ft.-sec.  unit. 

9.  19  ft.  per  sec.;  3  ft.-sec.  units;  60£  ft. 

10.    5  sees.;  12|  ft.  11.     16  ft.-sec.  units;  30  ft.  per  sec. 

12.    30  ft.  per  sec. ;   -2  ft.-sec.  units.  13.     30ft. 

14.  o .        0~    »  an^        o        secs*  respectively. 
o  o  o 

15.  In  2  sees,  at  10  ft.  from  0.  16.    Yes. 

2  i    /2 
17.    Its  displacement  is  *j6l  +  42^/2 1  ft.  at  an  angle  tan-1      ^ 

north  of  east. 
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VI.    (Pages  36,  37.) 

1.  25  ft.  ;  £  sec.  and  2£  sees. 

2.  (i)  In  ft  sec.;    (ii)  in  1J  sees.     3.    In  U  and  2|  sees.;  50ft. 

4.  (1)    1000ft.;    (2)4^/10860.     (3)  60  ft.  per  seo.  upwards. 

5.  432  ft.  6.    44  sees.  7.    2  sees,  or  5£  sees 
8.    545  cms.  per  sec.;  £  see.  9.     10  '2  sees. 

10.  218  metres;  6f  sees.  11.    32-18. 
12.    900  ft.  ;  ?i  sees.  13.     100  ft. 
14.    400ft.  15.     144ft. 

16.  256  ft.  per  sec.  ;  1024  ft. 

17.  t  =  5;  64ft.  per  sec.  18.  784ft. 
19.  1120  ft.  per  sec.  20.  150  it. 

VII.    (Page  39.) 

1.    200  ft.  ;  5  sees,  2.     16^3  ft.  per  sec.  j  f^3  sees. 

3.  30°.  4.     1:4. 

5.  (1)     -89fft.;   -  60£  ft.  per  sec. 
(2)    217fft.;  92£  ft.  per  sec. 

6.  30°.  7.    cos"1!,  i.e.  ,75°  31'. 

VIII.    (Pages  44—46.) 

1.    4080ft.          2.     1  sec.  ;  1£  sees.         3.    96  ft.  per  seo.  ;  zero. 

4.  The  first  will  have  fallen  through  one-quarter  of  the  height  of 
the  tower. 

OIL 

5.  -Q  •     6.    ojjh,  tj^gh,  and  0,  where  h  is  the  Jieight  of  the  plane. 

7.  At  the  end  of  time  -  (u  +  ^gt)  from  the  starting  of  the  first 

particle  and  at  a  height  of  =-  ("a~i  02*3)- 

8.  15  sees.  9.    96  ft.  10.    196  ft.  ;  112  ft.  per  see. 

11.  The  parts  are  32,  96,  and  160  feet;  3  sees. 


19.  cosec  a  sec  ft.  20.  f»  (  3  -  ^  . 

24.  H  ft'-sea  units;  J$  ft.-sec.  units;  40  miles  per  hour. 

25,  60  miles  per  hour;  44  sees.;  1936  ft.;  8  sees. 
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IX.    vPages  54—56.) 


4.  (1)    i,     (2)    f,      (3)     ^ft.-sec.  units. 

5.  (1)  200poundals;    (2)  6£  Ibs.  wt. 

6.  15  Ibs.  wt.  7.     15|  Ibs.  wt. 

8.  48  ft.-sec.  units;  720  ft.  9.     1  :  64;  5  ft.  per.  sec 

10.  7£  sees.  ;  13£  ft.  per  sec.  H.     2  min.  56  sees. 

12.  14  sees.  14.    180  feet. 

15.  363|  cms.  per  sec.  ;  181|  cms,  ;  21800  cms. 

16.  49-05  kilogrammes.  17.     144  Ibs. 

18.  12  Ibs.  19.     7H  lbs-  wt-  ;  237|  lbs-  w<- 

20.  They  are  equal.  21.    HO  lbs.  wt.c 

24.  133£  ft.  per  sec. 

X.    (Pages  66—68.) 


2.  (1)  4  ft.-sec.  units;  (2)  7^  lbs.  wt.  ;  (3)  20ft.  per  sec.;  (4)  50ft. 

3.  (1)    10$  ft.  per  sec.;     (2)    21$  ft.;     (3)   640  and   -512  ft. 
respectively. 

4.  18  ft.;  15foz.  wt.  6.    By  2  lbs.  wt. 
7.     ~.                          8.    f.  9.     16ft. 


10.      (1)        ;  (2)  v/5  sees.  ;  (3)  1J.J5  ft.  per  sec.  11.     2  sees. 

12.  (1)  2  ft.-sec.  units;  (2)  2H  lbs.  wt.  ;  (3)  6  ft.  per  sec.;  (4)  9  ft. 

13.  :^|^<7;  4(^2  +  1)  sec.  14.     40  ft.. 

15.  24  Ibs.  10  OZB.  16.     6  ozs.  17.    In  ratio  19  :  13. 

18.  2^  and  3£  lbs.  wt.  ;  |  .  19.    29  ft.  9  ins.  nearly. 

XI.    (Pages  71—73.) 

1.  \\g\  -3.  2.    40-6  ft.  per  sec.;  96  feet. 

3.  -1.  4.     ^sec.;  8^/2  ft.  per  sec. 

5.  £  N/5  sees.  ;  *£*J5  ft.  per  sec. 

6.  16v/5  ft.  per  sec.;  80  ft.  per  sec. 
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2  /3  —  3 

8.  The  larger  mass  descends  with  acceleration  -^L—  —  g. 

V 

9.  The  particles  do  not  move.  10.     2117£ft. 

11.  605  :  18.  12.     (i)  5  min.  8  sees.;  (ii)  6776  feet. 

13.  1  min.  42f  sees.;  2258$  feet. 

14.  5f  f  tons'  wt.  15.     1  mile  1408  yds. 
16.  1224|  yds.  17.     411Tyrfeet. 
18.  5f£  tons'  wt.  ;  1  in  77  about. 

XII.    (Pages  78-81.) 

1.     Zero.  2.     (i)  201bs.  wt.;    (ii)  20$  Ibs.  wt. 

3.    154  Ibs.  wt.;  70  Ibs.  wt.  4.    f. 

o 

5.     2057f  ft.  6.     i  lb.  wt.  ;  ^  Ib.  wt.  ;  £  Ib.  wt. 

7.  3|  ozs.  wt.;  |;  2£  ozs.  wt.;  3  ozs.  wt. 

8.  -938  ton's  wt.  9.     1260&  poundals. 

10.    7521  Ibs.  wt.  nearly.  13.     10  hang  vertically. 

14.     3  :  5.  16.     80  feet.  18.     6£  tons. 

21.     2:1.  22.     1-9...  sees.  23. 

24.    m  goes  up  with  ace.  -|  ;  M  goes  down  with  ace.  j^  . 

4.mmf  .  m-mf 

26.    M=       —  7;  the  ace.  is  -  ,g. 
m  +  m"  * 


27.    ^  ft.  -sec.  units.  28.    A0- 

29.     320  feet  ;  28  miles  per  hour. 

XIII.  (Page  86.) 

1.     4^T  ft.  per  sec.  4.     6£  ft.  per  seo. 

5.     17f  ft.  per  sec.  6.     6-8...  ft. 

7.     '-H  fl  tons>  wt.  8.     1431  ft.  per  sec.  nearly. 

XIV.    (Pages  88,  89.) 

1.     160.                                  2.    213£.  3.  119-46. 

4.     14-685  Ibs.  wt.                  5.     21f  6.  68^. 

7.     7,392,000ft.  Ibs.  ;  7-46  H.-P.  8.  152  ft.  Ibs. 
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XV.    (Page  93.) 

1.  (i)  5120,  (ii)  1280,    (iii)  0,  units  of  kinetic  energy. 

2.  15625.  3.     125x10°. 

4.  625  xlO10;  3125  xlO8.  5.     3160f£  ft.  Ibs. 

XVI.    (Pages  96-98.) 

3.  896000  units  of  impulse  ;  4  ft.  4.     ?  ft. 

5.  7*997  cms.  per  sec.  ;  40775  grammes'  wt.  nearly. 

6.  Wt.  of!04cwt. 

7.  The  masses  move  with  a  velocity  of  24  ft.  per  sec. 

8.  t\/6  ft.  per  sec.;  f^/30  ft.  per  sec. 

11.    ->  where  u  is  the  common  velocity.     13.     7  ft.;  2G|  sees. 

14.  The  velocities  become  ultimately  equal. 

16.  -169:1.  17.     20^/2  ft.  per  sec.;  560,000  ft.-lbs. 

18.  11H  tons'  wt.;  28,  233,  333}  ft.-lbs. 

19.  Uptons.  21.     3520  ft.  -Ibs. 

22.    10».  23. 


XVII.  (Pages  106,  107.) 

1.  (1)  16ft.;  2  sees.;  110-9  ft.;  (2)  75ft.;  4-33  sees.;  173-2  ft.; 
(3)  134-4  ft.;  5-795  sees.;  144  ft.;  (4)  225ft.;  7isecs.;  1200ft. 

2.  72  ft.;  112J  ft.;  312£  ft.       3.  7812J  ft.;  1953£  ft. 

4.  3-88  sees.;  60  ft.    6.  1333  £  ft.  per  sec.    7.  2fc;  2*J~gh- 

8.  50-1  at  tan"1  ^  (  =  28°  36')  to  the  horizon. 

9.  (1)  16  ^17  (=65-97)  ft.  per  sec.  at  tan-1  4  (=75°  58')  with  the 
horizon. 

(2)  16^/37  (=97-32)  ft.  per  sec.  at  tan"1  6  (  =  80°  32')  with  the 
horizon. 

10.     5543  yards  nearly.  U.     13  sees.  ;  3328  ft. 

13.  40  ^/6  (  =  97-98)  ft.  per  sec.  at  45°  to  the  horizon. 

14.  80  ^/HO  (  =  839-04)  ft.  per  sec.;  48  ^/HO  (  =  503-4)  ft.  per  sec. 

15.  l'v/3;  1:1.          17.     (1)  45°;  (2)  30°.  18.     15°  or  75°. 
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XVIII.    (Page  112.) 

1.  2500  yards;  21-7  sees. 

2.  At  a  distance  ^(v/3-1);  ~. 

3.  62-5  ft.  nearly;  f  (3  ^2-^6),  t.«.,  1-2  sees,  nearly;  85£  ft. 

4.  (1)  16000ft.;  (2)  112000ft. 

5.  11716  ft.  and  27  sees,  nearly;  10718  ft.  and  25-9  sees,  nearly; 
19048  ft.  and  34-4  sees,  nearly  ;  14444$  ft.  and  nearly  30  sees. 

6.  2929  yards  nearly;  17071  yards  nearly. 
8.    2063ft.;  1385-6  ft. 

XIX.  (Page  115.) 

1.  A  circle  of  about  91  miles  radius. 

2.  About  tan-1  ^  (i.e.  5°  43')  to  the  horizon. 

3.  3£  ft.;  9-185...  ft.  4.     About  121  ft. 

5.  In  -^th  sec.  at  a  point  whose  horizontal  and  vertical  distances 
from  the  first  gun  are  47'63...  and  27'46  ft. 

8.     30°.  14.     2  A/—  cos  a. 

v     9 

15.     The  rifle  must  be  pointed  at  the  balloon;  the  bullet  will  strike 
the  body  when  it  has  fallen  16  ft. 

18.     2}lbs.  19.     5  -6  ft.;  29-32  ft. 

20.  272^  ft.;  324ft.;  225ft. 

21.  -  (sin  a  -t  cos  a)  sees.,  where  u  is  the  velocity,  and  a  the  angle,  of 
projection.  23.     80  ft.  per  sec. 

XX.  (Page  124.) 
1.    7-29  ft. 

6.  2  ^/13  (=  7  -2)  ft.  per  sec.  at  tan-1       (  =  16°  6')  with  the  plane. 


8.     (1)  4^/43  (  =  26-2)  ft.  per  sec.  at  tan"1  -      (  =  52°  25')  with 

the  plane; 

(2)  20^/2  (  =  28-3)  ft.  per  sec.  at  tan"1  f  (  =  36°  52')  with  the 
plane; 

(3)  4  ^57  (  =  30-2)  ft.  per  sec.  at  tan'1  ^-  (  =  23°  25')  with  the 
plane. 

L.  D. 


viii  DYNAMICS. 

XXI.    (Page  130.) 
1.    4^  and  4?  ft.  per  sec.  2.    3£  and  5^  ft.  per  sec. 

3.     The  first  remains  at  rest;    the  second  turns  back  with  a 
velocity  of  6  ft.  per  sec.  8.    *• 

9.    (1)  The  masses  are  as  3  :  1  ;  (2)  the  velocities  are  as  1  :  2. 
11.    5-66...  and  2-5  sees. 
17.    5  V/SM  (  =M  x  11-180.  .  .)  at  tan"1  £  (  =  26°  34'),  and 


w  (  =  u  x  14-318...)  at  tan'1  T8T  (=12°  6') 
with  the  line  of  centres. 

XXII.    (Page  136.) 

3.     60ft.;  3-464  sees.  4.     8  sees.;  443-4  ft. 

6.    At  a  distance  h  from  the  foot  of  the  tower. 

9.    At  a  point  distant  ^th  of  the  circumference  from  the  starting 


point. 

16.     4^  sin2  a  cos  a.  17.     2  ^/S  ne  (1  +  e)  ft 

19.    Draw  £N  perpendicular  to  the  vertical  plane,  and  produce  to 
C  so  that  BN=e  .  CN;  the  required  direction  is  then  AC. 

XXIII.  (Page  145.) 

1.     60poundals.  2.     28-6.  3.     48'3. 

5.    24  ft.  per  sec.          6.    About  13-4.        7.     1^  tons'  wt. 

8.     2-42  tons'  wt. 

XXIV.  (Page  150.) 

1.    About  5-66  Ibs.  wt.  ;  about  8-24  ft.  per  sec. 

4.    12  ft.  per  sec.  6.    4-9  inches. 

7.    3-02  inches.  8.    6*18  inches. 


10.     60  A          =  about  108.  13.     371  :  369  :  370. 

16.    m(g-  4»«n»&)  poundals  ;  i  ^  .  18. 


21.     It  must  be  reduced  to  one  quarter  of  its  original  value. 


22.    1-V2;         Vsecs.       23. 


ANSWERS.  ix 


XXV.    (Page  159.) 

1.  (1)     20-8  ft.   per  sec.;   22-6  Ibs.  wt.     (2)     15-5  ft.  per  sec.; 
7'6  Ibs.  wt. 

2.  21-9  ft.  per  sec.;  30  Ibs.  wt.       3.     8^/3  ft.  per  sec. ;  3mg. 

4.  (1)  24  ft.  per  sec.;  (2)  12^2  ft.  per  sec.;  (3)  8^3  ft.  per  sec.; 
12  ft.  per  sec. 

5.  0  times  the  wt.  of  the  particle ;  40  ft.  per  sec. 

6.  448  ft.  per  sec.;  wt.  of  9  cwt. ;  wt.  of  4£  cwt. 
9.    7?  of  the  radius  of  the  circle. 

10.    HT  and  TTT  >  where  d  is  the  diameter  of  the  circle. 

ol  oJ. 


11.    «=i.  13.    7^3™  Ibs.  wt.;  6 ^m  Ibs.  wt. 

14.     \*Jga  (187  +  11^2). 

XXVI.    (Page  166.) 

1.  (1)  4*V2  secs- ;  (2)  J  sees. ;  (3)  1  see. 

2.  2^/2,  1£,  and  TT  ft.  per  sec. 

3.  (1)  TT,  (2)  327T,  and  (3)  2  ft.  per  sec. 

4.  3-46  ft.  per  sec.  5.     TT  sees.;  20  ft.-sec.  units. 
7.  25  centimetres  nearly. 

XXVH.    (Page  169.) 

1.    20-4  ft.  3.     32-249. 

4.     (1)  9-78  ins.;  (2)  2-445  ins. ;  (3)  156-48  ins.  5.     330. 

7.    32-16...  8.    77756  nearly. 

XXVHI.    (Page  175.) 

1.  32-185.  2.     1-00046:1.  3.     About  215. 

4.  It  must  be  shortened  by  -008  inch. 

5.  It  must  be  lengthened  by  '0045  inch. 

6.  432.  7.    55.  8.    981. 

9.    It  loses  about  10  sees.  10.     1630  yards ;  5  secs. 

11.     1-0005  :  1;  1-852  miles.          12.     10-8  sees.;  about  -01  inch 


DYNAMICS. 

XXIX.    (Page  183.) 

1.  88  ft.  per  sec.;  ff  ft.-sec.  units. 

2.  1320  ft.  per  sec.;  330  ft.-sec.  units. 

3.  880  yards;  ft  ft.-sec.  units. 

5.    57ffeet.  6.     88yds. 

8.     (1)  8,  (2)  ft,  (3)  384000.         9.     3511303. 
10.     126tf.  11.     11  sees. 


XXX.    (Page  188.) 


1. 

3. 

6. 

8. 
12. 
14. 
16. 
17. 
18. 
19. 


40|  poundals.  2. 

i  sec.  5. 

342f  yards.  7. 

11  Ibs.  10. 

fx!204;  115200.  13. 

800ft.;  5  sees.;  2 Ibs.  15. 


18-21...  metres;  5-45  sees.;  4-30...  grammes 
1  mile;  8  minutes;  99ff  tons. 
600  ft. ;  74  sees. ;  1200  Ibs. 

miles;  15|  minutes;  88  tons. 


1  poundal;  10  foot-poundals. 

8800  yards ;  300  sees. ;  54^  tons. 

400ft.;  90  Ibs. 

1  :  9;  1  :  3;  2  :  15. 

lTVft.;  |  sec.;  8  Ibs. 

14112  yards;  21  sees. ;  ^  Ib. 


20.    fibs. 


MISCELLANEOUS  EXAMPLES  [Pages  193-202]. 

1.    144  feet.  2.    576  feet  ;  6  sees.  3.     H  incl1- 

4.    7£oz.  wt.;  5|oz.  wt.  7.     -77  ...sec.;  217  :  162. 

14.     ~.  15.     South-west.  18.    ~    >/f  . 

20.    60°  on  each  side  of  the  vertical. 

27.    With  an  acceleration  g  tan  a  toward  the  side  on  which  the 
particle  is  ;  sec  a  times  the  weight  of  the  particle. 

29.    5|*lb,w,;.  33. 


1      4\      /I      1      4\  /I      1      4 


43.    -S*  times  the  weight  of  the  man. 

47.    W2  sees.  54.         ;  2^  Ibs.  wt.;  lOtf  Ibs.  wt. 


59.     \J  -|-;   at  the  point  where  the  radius  makes  an  angle  of 
30°  with  the  horizon. 

M  +  M'-M'  tana 
64.    •V«°»«g^+mBSll.a- 

69.    The  coefficient  of  friction  must  be  <  ^  0    . 

M  +  m  cos-  a 
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COMPLETE    LIST. 


GREEK. 

Author 

W<7r£ 

Editor                  Price 

Aeschylus 

Prometheus  Vinctus 

Rackham                      2/6 

Aristophanes 

Aves  —  Plutus  —  Ranae 

Green                   3/6  each 

91 

Vespae 

Graves                          3/6 

Nubes 

3/6 

Demosthenes 

Olynthiacs 

Glover                          2/6 

Euripides 

Heracleidae 

Beck  &  Headlam        3/6 

fj 

Hercules  Furens 

Gray  &  Hutchinson    2/- 

M 

Hippolytus 

Hadley                        */- 

M 

Iphigeneia  in  Aulis 

Headlam                      2/6 

M 

Medea 

2/6 

ii 

Hecuba 

Hadley                         2/6 

Helena 

Pearson                        3/6 

M 

Alcestis 

Hadley                        2/6 

9  1 

Orestes 

Wedd                          4/6 

Herodotus 

Book  iv 

Shuckburgh  In  the  Press 

j 

ii       V 

'i                          3/~ 

}> 

„       VI,  VIII,  IX 

4/-  each 

H 

,,       VIII  I  —  90,  IX  I  —  89 

,,                  2/6  each 

Homer 

Odyssey  ix,  x 

Edwards              2/6  each 

JS 

ii          XXI 

i>                                            2/- 

n          XI 

Nairn                             i\- 

Iliad  vi,  xxii,  xxni,  xxiv 

Edwards               2/-  each 

M 

Iliad  ix,  x 

Lawson                       2/6 

Lucian 

Somnium,  Charon,  etc. 

Heitland                      3/6 

>? 

Menippus  and  Timon 

Mackie                         3/6 

Plato 

Apologia  Socratis 

Adam                          3/6 

M 

Crito 

2/6 

Plutarch 

Euthyphro 
Protagoras 
Demosthenes 
Gracchi 

2/6 
J.  &  A.  M.  Adam       4/6 
Holden                         4/6 

• 

Nicias 

n                               5/- 

(J 

Sulla 

6/- 

M 

Timoleon 

»                           6/- 

Sophocles 

Oedipus  Tyrannus 

Jebb                             4/- 

Thucydides 

Book  in 

Spratt                           s/- 

Book  vi 

,,                lyi  the  Press 

,, 

Book  vn 

Holden                         5/- 

I 

50,000 

9/7/04 
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GREEK  continued. 

Author 

Work 

Editor 

Price 

Xenophon 

Agesilaus 

Hailstone 

2/6 

M 

Anabasis  Vol.  I.     Text 

Pretor 

„        Vol.  II.    Notes 

ii 

43/6 

I,  " 

it 

4/~ 

I,  III,  IV,  V 

2/-  each 

,,        n,  vi,  vn 

M 

2/6  each 

Hellenics  i,  n 

Edwards 

3/6 

Cyropaedeia  I 

Shuckburgh 

2/6 

,,            n 

it 

2/- 

„               III,  IV,  V 

Holden 

5/- 

„               VI,   VII,  VIII 

M 

5/" 

Memorabilia  i 

Edwards 

2/6 

>i           ii 

ii 

a/6 

LATIN. 

Bede 

Eccl.  History  in,  iv 

Lumby 

7/6 

Caesar 

De  Bello  Gallico 

Com.  i,  in,  vi,  VIII 

Peskett 

i  /6  each 

,, 

„      H-III,  and  vn 

„ 

2/-  each 

,, 

„      i-m 

,, 

3/" 

j  i 

11        IV-V 

ii 

1/6 

De  Bello  Civili.    Com.  I 

Peskett 

3/- 

ii 

„         ,,           Com.  in 

j. 

2/6 

Cicero 

Actio  Prima  in  C.  Verrem 

Cowie 

1/6 

M 

De  Amicitia 

Reid 

3/6 

M 

De  Senectute 

n 

3/6 

De  Officiis.     Bk  ill 

Holden 

M 

Pro  Lege  Man  ilia 

Nicol 

1/6 

M 

Div.  in  Q.  Caec.  et  Actia 

Prima  in  C.  Verrem 

Heitland  & 

Cowie       3/- 

" 

Ep.  ad  Atticum.     Lib  II 
Orations  against  Catiline 

Pretor 
Nicol 

23/6 

M 

Philippica  Secunda 
Pro  Archia  Poeta 
Balbo 

Peskett 
Reid 

3/6 

2/- 

1/6 

M 

Milone 

2/6 

VI 

Murena 

Heitltnd 

Plancio 

Holden 

4/6 

)) 

Sulla 

Reid 

32/6 

II 

Somnium  Scipionis 

Pear  man 

Cornelius 

Nepos  Four  parts 

Shuckburgh 

1/6  each 

Horace 

Epistles.     Bk  I 

ii 

2/6 

'. 

Odes  and  Epodes 

Gow 

bi 

Odes.    Books  I,  ill 

9  J 

ll-  each 

\\ 

„        Books  n,  iv  ;  Epode 

s   „ 

i  :/6  each 

Satires.     Book  I 

» 

»/• 

Juvenal 

Satires 

Duff 

5/- 
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LATIN  continued. 

AutJior 

Work 

Editor                  Price 

Livy 

Book  I                                H. 

J.  Edwards    In  the  Press 

ii 

Conway                        2/6 

IV,  IX,  XXVII 

Stephenson          2/6  each 

VI 

Marshall                       2/6 

V 

Whibley                      2/6 

XXI,   XXII 

Dimsdale             2/6  each 

(adapted  from 

)  Story  of  the  Kings  of  Rome 

G.  M.  Edwards           1/6 

Lucan 

Pharsalia.     Bk  I 

Heitland  &  Haskins   1/6 

» 

De  Bello  Civili.     Bk  VH 

Postgate                       2/- 

Lucretius 

Book  ill 

Duff                             2/- 

.. 

j»     v 

»>                                              2/- 

Ovid 

Fasti.     Book  VI 

Sidgwick                      1/6 

H 

Metamorphoses,  Bk  I 

Dowdall                       1/6 

5J 

„               Bk  vin 

Summers                       1/6 

Phaedrus 

Fables 

Flather                         1/6 

Plautus 

Epidicus 
Stichus 

Gray  '                           3/- 
Fennell                         2/6 

M 

Trinummus 

Gray                             3/6 

Quintus  Curtius 

Alexander  in  India 

Heitland  &  Raven       3/6 

Sallust 

Catiline 

Summers                       2/- 

Jugurtha 

a/6 

Tacitus 

Agricola  and  Germania 
Hist.     Bk  I 

Stephenson                   3/- 
Davies                          2/6 

u 

,,        Bkin 

Summers       In  the  Press 

Terence 

Hautontimorumenos 

Gray                               3/- 

Vergil 

Aeneid  I  to  XII 

Sidgwick               1/6  each 

,, 

Bucolics 

1/6 

|} 

Georgics  I,  II,  and  ill,  IV 

,, 

Complete  Works,  Vol.  I,  Te 

xt      ,,                            3/6 

» 

Vol.  II,  N 

otes  „                            4/6 

FRENCH. 

Volumes  marked  *  contain  Vocabulary. 


About 

Le  Roi  des  Montagnes 

Ropes 

2/- 

*Biart 

Quand  j'etais  petit,  Pts  I,  II 

Boi'elle 

2/-  each 

Boileau 

L'Art  Poetique 

Nichol  Smith 

2/6 

CorneUle 

La  Suite  du  Menteur 

Masson 

a/- 

,, 

Polyeucte 

Braunholtz 

»/• 

De  Bonnechoso 

Lazare  Hoche 

Colbeck 

»/- 

t| 

Bertrand  du  Guesclin 

Leathes 

2/- 

* 

,,     Part  II 

» 

1/6 

Delavigne 

Louis  XI 

Eve 

2/- 

., 

Les  Enfants  d'Edouard 

M 

2/- 

De  Lamaxtine 

Jeanne  d'Arc 

Clapin  &  Ropes 

1/6 

De  Vigny 

La  Canne  de  Jonc 

Eve 

1/6 

3 
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FRENCH  continued. 

Author  Work 

*Dumas  La  Fortune  de  D'Artagnan 

*Enault  Le  Chien  du  Capitaine 

Erckmann-Chatrian     La  Guerre 
,,  Waterloo 

,,  Le  Blocus 

,,  Madame  Therese  „ 

,,  Histoire  d'un  Consent  ,, 

Voyage  en  Italic  (Selections)  Payen  Payne 
Discours  sur  1'Histoire  de  la 
Revolution  d'Angleterre 
Les  Burgraves 
Remi  et  ses  Amis 
Remi  en  Angleterre 
Colomba   (Abridged} 
Louis  XI  &  Charles  the  Bold 
Le  Bourgeois  Gentilhomme     Clapin 
L'Ecole  des  Femmes 
Les  Precieuses  ridicules 

(Abridged  Edition) 
Le  Misanthrope 
L'Avare 
Fairy  Tales 
La  Metromanie 
Charlotte  Corday 
Les  Plaideurs 

„       (Abridged  Edition] 
Athalie 
Picciola 
Mdlle  de  la  Seigliere 

Bataille  de  Dames  Bull 

Le  Verre  d'Eau  Colbeck 

Le  Philosophe  sans  le  savoir     Bull 
Un  Philosophe  sous  les  Toits    Eve 
Le  Serf  &  Le  Chevrier  de  Lorraine     Ropes 
Le  Serf 

A  Primer  of  French  Verse 
Le  Directoire 
Dix  Annees  d'Exil  (Book  II 

chapters  i — 8) 
Lettres    sur    1'histoire     de 

France  (xni — xxiv) 
Recits  des  Temps  Merovin- 

giens,  I — in 

Lascaris  ou  les  Grecs  du  xve  Siecle 
Histoire  du  Siecle  de  Louis 

XIV,  in  three  parts       Masson  &  Prothero    2/6  each 
I  La  Jeune   Siberienne.     Le)    Ma_son  ./g 

Le'preuxdelaCite-d'Aostel   Masson  «l» 


Gautier 
Guizot 

Hugo 

*Malot 

• 
» 

Merime"e 
Michelet 
Moliere 


*Perrault 
Piron 
Ponsard 
Racine 


Saintine 

Sandeau 

Scribe  &  Legouve" 

Scribe 

Sedaine 
Souvestre 


Spencer 
Stael,  Mine  de 


Thierry 


Villemain 
Voltaire 

Xavier  de 

Maistre 


Editor 

Ropes 
Verrall 
Clapin 
Ropes 


Eve 
Verrall 

5  J 

Ropes 


Saintsbury 
Braunholtz 


Rippmann 
Masson 
Ropes 
Braunholtz 

Eve" 
Ropes 


Price 
*h 


3/- 


2/6 
2/6 


1/6 

2/6 


2/6 
2/6 

^ 

I'' 
I/' 

a/- 


2/- 

a/- 
a/- 

1/6 


Masson  &  Prothero 


Masson  &  Ropes 
Masson 


2/6 
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GERMAN. 

The  Volumes  marked  *  contain   Vocabulary. 


Author  Work 

*Andersen  Eight  Fairy  Tales 

Benedix  Dr  Wespe 

Freytag  Der  Staat  Friedrichs  des 

Grossen 

,,  Die  Journalisten 

Goethe  Knabenjahre  (1749— 1761) 

,,  Hermann  und  Dorothea 

,,  Iphigenie 

*Grimm  Selected  Tales 

Gutzkow  Zopf  und  Schwert 

Hacklander  Der  geheime  Agent 

Hauff  Das  Bild  des  Kaisers 

„  Das  Wirthshaus  im  Spessart 

,,  Die  Karavane 

*  ,,  Der  Scheik  von  Alessandria 

Immermann  Der  Oberhof 

*Klee  Die  deutschen  Heldensagen 

Kohlrausch  Das  Jahr  1813 

Lessing  Minna  von  Barnhelm 
Lessing  &  Gellert     Selected  Fables 

Mendelssohn  Selected  Letters 


Editor 
Rippmann 
Breul 

Wagner 

Eve 

Wagner  &  Cartmell 

Breul 

Rippmann 

Wolstenholme 

E.  L.  Milner  Barry 

Breul 

Schlottmann 

&  Cartmell 
Schlottmann 
Rippmann 
Wagner 
Wolstenholme 
Cartmell 
Wolstenholme 
Breul 
Sime 
Wagner 


Price 
2/6 


$ 

I 
$ 


Raunier  Der  erste  Kreuzzug 

Riehl  Culturgeschichtliche 

Novellen      Wolstenholme 
*  ,,  Die  Ganerben  &  Die  Ge- 

rechtigkeit  Gottes  ,, 

Schiller  Wilhelm  Tell  Breul 

„  ,,         (Abridged  Edition)         „ 

„  Geschichte  des   dreissigjah- 

rigen  Kriegs  Book  in.  ,, 

„  Maria  Stuart  » 

,,  Wallenstein  I.  (Lager  and 

Piccolomini)      ,, 
Wallenstein  II.  (Tod) 

Sybel  Prinz  Eugen  von  Savoyen       Quiggin 

Uhland  Ernst,  HerzogvonSchwaben   Wolstenholme 

Ballads  on  German  History    Wagner 
German  Dactylic  Poetry  ,, 


1/6 


3/6 

3/« 
II 

# 


SPANISH. 

Le  Sage  &  Isla     Los  Ladrones  de  Asturias       Kirkpatrick 


THE  PITT  PRESS  SERIES, 


Price 


1/6 

1/6 
1/6 
2/6 
1/6 

3/6 

2/- 
3/6 
3/6 

3/- 


ENGLISH. 

Author  Work  Editor 

Bacon  History  of  the  Reign  of 

King  Henry  VII  Lumby  3/- 

„  Essays  West  3/6  &  5/- 

New  Atlantis  G.  C.  M.  Smith  1/6 

Cowley  Essays  Lumby  4/- 

Defoe  Robinson  Crusoe,  Part  I  Masterman  i\- 

Earle  Microcosmography  West  3/-  &  4/- 

Gray  Poems  Tovey         4/-  &  5/- 

Kingsley  The  Heroes  E.  A.  Gardner     i\- 

Lamb  Tales  from  Shakespeare  Flather 

Macaulay  Lord  Clive  Innes 

„  Warren  Hastings  ,, 

,,  William  Pitt  and  Earl  of  Chatham     ,, 

Lays  and  other  Poems  Flather 

Mayor  A  Sketch  of  Ancient  Philosophy 

from  Thales  to  Cicero 
„  Handbook  of  English  Metre 

More  History  of  King  Richard  III  Lumby 

,,  Utopia  „ 

Milton  Arcades  and  Comus  Verity 

Ode  on  the  Nativity,  L'Alle-' 
gro,  II  Penseroso  &  Lycidas 
„  Samson  Agonistes 

,,  Sonnets 

„  Paradise  Lost,  six  parts 

Pope  Essay  on  Criticism 

Scott  Marmion 

,,  Lady  of  the  Lake 

„  Lay  of  the  last  Minstrel 

,,  Legend  of  Montrose 

,,  Lord  of  the  Isles 

,,  Old  Mortality 

,,  Kenilworth 

Shakespeare         A  Midsummer-Night's  Dream 
„  Twelfth  Night 

Julius  Caesar 
The  Tempest 
King  Lear 
Merchant  of  Venice 
King  Richard  II 
As  You  Like  It 
King  Henry  V 
Macbeth 

Shakespeare  &  Fletcher  Two  Noble  Kinsmen 
Sidney  An  Apologie  for  Poetrie 

Wallace  Outlines  of  the  Philosophy  of  Aristotle  4/6 


II 

2/6 

»» 

1/6 

«/- 

each 

West 

*/• 

Masterman 

2/6 

M 

2/6 

Flather 

2/- 

Simpson 

2/6 

Flather 

2/- 

Nick  1  in 

2/6 

Flather 

2/6 

Verity 

1/6 

1/6 

1/6 

1/6 

1/6 

1/6 

1/6 

1/6 

1/6 

1/6 

Sk'eat 

3/6 

Shuckburgh 

3/- 

THE   PITT  PRESS  SERIES. 
ENGLISH  continued. 

Author  Work  Editor 

West  Elements  of  English  Grammar 

,,  English  Grammar  for  Beginners 

,,  Key  to  English  Grammars 

Carlos  Short  History  of  British  India 

Mill  Elementary  Commercial  Geography 
Bartholomew       Atlas  of  Commercial  Geography 


Price 

If- 

3/6  net 

I 


Robinson  Church  Catechism  Explained 

Jackson  The  Prayer  Book  Explained. 


Parti 
Part  II 


2/6 
In  preparation 


MATHEMATICS. 


Ball  Elementary  Algebra 

Euclid  Books  I — vi,  xi,  xil  Taylor 

„  Books  i — vi  „     . 

„  Books  i— iv  „ 

Also  separately 

,,  Books  I,  &  n;  in,  &  IV;  v,  &  vi ;  xi,  &  xil  1/6 

, ,  Solutions  to  Exercises  in  Taylor's 

Euclid  W.  W.  Taylor 

And  separately 

,,  Solutions  to  Bks  I — iv  ,, 

,,  Solutions  to  Books  vi.  xi  ,, 

Hofoson&  Jessop  Elementary  Plane  Trigonometry 


Loney 


Smith,  C. 


Hale,  G. 


Elements  of  Statics  and  Dynamics 

Part  i.    Elements  of  Statics 

„     II.    Elements  of  Dynamics 
Elements  of  Hydrostatics 
Solutions  to  Examples,  Hydrostatics 
Solutions  of  Examples,  Statics  and  Dynamics 
Mechanics  and  Hydrostatics 
Arithmetic  for  Schools,  with  or  without  answers 

Part  i.   Chapters  I— vill.   Elementary,  with 

or  without  answers 

Part  II.     Chapters  IX — XX,  with  or  without 

answers 
Key  to  Smith's  Arithmetic 


4/6 

5/- 

I'i- 

each 

10/6 

61- 

4^ 
7/6 
4/6 
36 
4/6 

75/6 
4/6 
3/6 

»/- 
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GENERAL  EDITORS  : 
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New  Volumes. 

I  and  II  Chronicles.  Rev.  W.  E.  BARNES,  D.D.     2s.  Gd.  net. 
Psalms.    Books  II  and  III.    Prof.  KIRKPATRICK,  D.D.    2s.net. 
Psalms.   Books  IV  and  V.   Prof.  KIRKPATRICK,  D.D.   2s.  net. 
Song  of  Solomon.    Rev.  ANDREW  HARPER,  B.D.     Is.  Gd.  net. 
Book  of  Daniel.    Rev.  S.  R.  DRIVER,  D.D.     2s.Gd.net. 
Second  Epistle   to  Corinthians.     Rev.  A.   PLUMMER,  D.D. 

Is.  Gd.  net. 
Epistles  to   Timothy   &  Titus.     Rev.  A.  E.  HUMPHREYS, 

M.A.    2s.  net. 

Smaller 
asible  fo 


Now  Ready.     With  Maps.     Price  Is.  each  volume. 
Book  of  Joshua.    Rev.  J.  S.  BLACK,  LL.D. 
Book  of  Judges.    Rev.  J.  S.  BLACK,  LL.D. 
First  Book  of  Samuel.     Prof.  KIRKPATRICK,  D.D. 
Second  Book  of  Samuel.     Prof.  KIRKPATRICK,  D.D. 
First  Book  of  Kings.     Prof.  LUMBY,  D.D. 
Second  Book  of  Kings.     Prof.  LUMBY,  D.D. 
Ezra  &  Nehemiah.     The  Rt.  Rev.  H.  E.  RYLE,  D.D. 
Gospel  according  to  St  Matthew.     Rev.  A.  CARR,  M.A. 
Gospel  according  to  St  Mark.     Rev.  G.  F.  MACLEAR,  D.D. 
Gospel  according  to  St  Luke.   Very  Rev.  F.  W.  FARRAR,  D.D. 
Gospel  according  to  St  John.     Rev.  A.  PLUMMER,  D.D. 
Acts  of  the  Apostles.     Prof.  LUMBY,  D.D. 

€i)t  Cambrftcje  <8rofc  Ce*tament 

for  ^cjjools  nnb  (Eolkges. 

GENERAL  EDITORS:   J.  J.  S.  PEROWNE,  D.D., 
J.  ARMITAGE  ROBINSON,  D.D.,  F.  H.  CHASE,  D.D. 

New  Volumes. 

Second  Epistle  to  Corinthians.   Rev.  A.  PLUMMER,  D.D.    3s. 
Epistle  to  the  Philippians.  Rt.Rev.H.C.G.MouLE.D.D.  2s.  Gd. 
Epistle  of  St  James.     Rev.  A.  CARR,  M.A.     2s.  Gd. 
Fastoral  Epistles.   Rev.  J.  H.  BERNARD,  D.D.     3s.  Gd. 
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